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CHAPTER L 

feLEHENTABT PRINCIPLES. 

1. Alg^ebra treats of numbers, the numbers being repre- 
sented by letters (symbols of qtiantityjy affected with certain 
symbols of qvxility, and connected by symbols of operation. 

It is easy to see that these symbols of quantity may be 
dealt with very much as we deal with concrete quantities in 
arithmetic. Thus, allowing the letter a to stand for the 
number of tmits in any quantity, and aUowiug also 2 a, 3 a, 
4 a, kCy to stand respectively for twicey thrice, fowr times, 
&c., as large a quantity as the letter a, it at once foUows 
that we may peiform the operations of addition, subtraction, 
multiplication, and division upon these symbols exactly as we 
do in ordinary arithmetic upon concrete quantities. For 
instance, 4 a and 6 a make 10 a, 9 a exceeds 5 a by 4 a, 15 (s 
is 5 times 3 a, and 7 a is contained 8 times in 56 a. 

Neither is it necessary in these operations to state, or even 
to hnjow the exact number of imits for which any symbol of 
quantity stands, nor indeed the nature of these imits ; it is 
simply sufficient that it is a symbol of quantity. Thus, in 
the science of chemistry, we use a weight called a crith ; 
and a person imacquainted with chemistry might not kno^ 
whether a crith were a measure of length, weight, or 
capacity, or indeed whether it were a measure at all, yet he 
would at once allow that 6 criths and 5 ciitb^ dje 11 criths^ 
that twico 4 critha ai^ 8 criths^ 4^ 



ALGE2EA. 



The Signs + ftnd - ad Symbols of Operation. 

2. In purely arithmetical operations^ the signs + and -' 
are respectively the signs of addition and subtraction. .. In 
this sense, too, they are used in algebra. 

Thus, a + 5 means that b is to be added to a, and a — 6 
means that 5 is to be suibtracted from a. 

Hence, as long as a and b represent ordinary arithmetical 
numbers, a + b admits of easy interpretation, as also does 
a — b, when b is not greater than cs. But when b is greater 
than a, the expression a - & has no arithmetical meaning. 
By an extension, however, of the use of the signs + and 
— , we are able to give such expressions an intelligible signi- 
fication, whatever - may be the quantities represented by 
a and b. 

Positive and Negative Quantities.— The Signs + and - 
as Symbols of Affection or Quality. 

3. Dec". — ^A positive quantity is one which is affeeted 
with a + sign, and a negative quantity is one which is 
affected with a - sign. 

Let BA be a straight line> and O a point in the line) 
and suppose a person, starting 

from O, to walk a miles in the ° "*" 

direction OA. Suppose also another person, starting from 
the same oir any oiiier point in BA to walk a miles in the 
direction OB. These persons will thus walk a miles each in 
excuiUy opposite directions. Now, we call one of these direct- 
tions positive (it matters not which) and the other Tiegatioe, 
Let us take tiie direction OA as positive. We then havd 
the first person walking a miles in a positive direction, and 
the second walking a miles in a negative direction. We 
represent these distances algebraically by + a and — a 
respectively. 

It will therefore be seen that the signs + and — have no 
effect upon the magnitudes of quantities, but that they express 
the quaiity or affwti^n of the quantities before which they 
staftd. 
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Again^ Siipposd li person in busineas to get a profit of £6, 
while another suffers ft loss of £6; We may express these 
facts algebraicall J in two ways. We may consider gain as 
positive, and loss as negative gain, and say that the former 
has gained + 6 pounds, while the latter has gained — 6 
poimds. Or we may considei^ toss as x>ositive| and gain as 
negative loss, and say that the former has lost — 6 poonds, 
while the latter has lost + 6 pounds. We henoe see that 
the gain of + 6 is equal to a loss of j^ 6| and that a gain of 
— 6 is equal to a loss of 4- 6. 

The Snm of Algebraical Qnantitidl 

4. Let a distance AB be measured to the righi along the 

line AX. And let a further — * a ^■ 

distance BO be measured from' ^ * "^ ^ 

B in the same direction* > By the sum at these lineis we ineaH 
the resulting distance of the point C from the original point 
A, that is to say, the distance AC. 

(It may be temarked that We add the line ^ to the line AB by 
measuring BC in its Oion proper direction from the extremity B of 
AB. It IB hardly lieceasary to remind the student that both lines 
are in the same sbraight line AX.) 

Let us represent the distanced AB and ISC by + a and 
+ b respectively j then the algebraiccU sum of the lines will 
be represented writing these quantities side by side^ each 
with its own proper sign of affectioAi 

Thus the sum of the distances AB and BC is ciiqJressed by 

+ a + &, or, as it is usual to Omit the + sign of a positive 

quantity when the quantity standi alone or at the head of 

an algebraical^xpression^ the sum of AB and BC is expressed 

by a + 6.r ^ 

Hence, the interpretation of a + ( is that it represents the 
distance AC. 

Again, taking as above + a to represent the distance AB 

along the straight line AX, and ^ c j 

measured to the right, let a dis- j^^^ « 

tance BC be measured frx>m B in ' * ^ 

the same straight line AX, but v ' * 

this time to the l^ 
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Let the latter distance be represented by - S. 

T^en, on the principle above, AC is the sum of these dis- 
tances, and this sum is represented algebraically by + a — b 
or a - 6. 

(It will be seen that the distance BC is again measured from B in 
its oum proper direction, and that the resultant distance AC u£ the 
point C is again the sum of the line AB and BC.) 

There ^1 evidently be three cases, tIz. :- 

1. When the distance £C is less in magnitude than AI>, 
in which case the point C is on the right of A, and the dis- 
tance AC is positive. ^ 

2. When the distance BC is eqiuil in magnitude to AB, 
in which case the point C coincides with A, and the distance 
AC is zero. 

3. When the distance BC is greater in magnitude than 
AB, the point C being then on the left of A, and the distance 
is negative. 

Now, a — 5 in all these cases represents the distance AC 
It therefore admits of intelligible interpretation whether b 
be less than, equal to^ or greater than a. 

And, since the distance AC is obtained in; the first two 
cases by subtracting the distance BC from that of AB, and 
in the second case by subtracting as far as AB will allow of 
subtraction, and measuring the remainder to be subtracted in 
an opposite direction, it follows that — 

The sign - , which, standing before a letter, is a symbol 
of quality, becomes at once a symbol of subtraction in all 
cases when the quantity in question is placed immediately 
after any other given quantity with its proper sign of 
afiection. 

Hence also we may conclude that the' addition of a nega- 
tive quantity is equivalent to the subtraction of the corres- 
ponding positive quantity. 

5. We may prove in a similar way that — 

The subtniction of a negative quantity is equivalent to the 
addition of the corresponding positive quantity. 

Let, as before, + a represent the distance AB, measured 
from the point A to the right, - 

and let it be required to sub- "^ "** 

tract from + a the distance represented by - 6. 
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Ifotr, in the last article, we added, a distance to a given 
distance AB, by measuring the second distance in its own 
direction from the exti^mity B. We shall therefore be con- 
sistent if we 8id>iract a given distance — 6 by measuring this 
distance in a direction exactly opposite to its own direction, 
from the same extremity B. 

Kow, thee direction of — 5 is to the left. If, therefore, we 
measure a distance BC to the right, equal in magnitude to 
the distance to be subtracted, we obtain a distance AC which 
is correctly represented by a — ( - 6). But AC is also 
correctly represented by a + h, and hence it follows that 
a - ( - 5) = o + 6. . 

We may apply the above principle to all magnitudes which 
admit of continuous and indefinite extension; as, for instance, 
to forces which pull and push, attract and repel ; to time 
past and time to come, to temperatures above zero and below 
zero, to money due and money owed, to distance up and dis- 
tance down, &c., in all which cases, having represented one 
by a quantity affected with a + sign, we may represent the 
other by a quantity affected with a - sign. 

6. In caressing the sum of a 7vumber of quantities, the 
order of the terms is immateriaL 

We will take, as our illustration, a body subject to various 
alterations of temperature, and we will suppose the tempera- 
ture of the body, before the changes in question, to be zero 
or 0®. . Xiet the temperature now undergo the following 
changes — ^viz., a rise of a°, a fall of 5% a fall of c°, and, lastly, 
a rise of d^. Let us consider a rise as positive, and therefore 
a /all as negative. We may then represent these changes 
respectively by + a, — 6, — c, + d. 

And it is further evident that the resulting temperature 
will be represented by the sum of these quantities, which, as 
previously written, will he a - b — c + d. 

But again, it is plain that the resulting temperature of the 
body will not be affected if these changes of temperature take 
place in the reverse order, or in any other order. Thus, 
suppose the temperature first falls c°, then rises a% then rises 
d°, and, lastly, falls b°, it is e-vident that the final temperature 
will be the same as before. And the sum of the quantities 
^ Cf + »; + rf; — 6, represents this final temperature. 
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Now, expressing ttid sum of these quantities by -writing tkenl 
(Art. 4) side by side with their proper signs of affection^ 
and in the order in which they stand^ we have ^^ c -i- a + d 
— h for the sum. 

It therefore follows, since we might have chosen any othei^ 
order of these terms with a similar result, that the sum o^ 
any number of quantities, + a, — 6, — c, + d, may h& 
expressed by writing the terms side by side with their propei^ 
signs of afifection in any order whatever* 

Nevertheless, for convenience, and for other reasons, wd 
write the terms generally in alphabetical order, or we arrange 
them according to the power (see Art. 16) of some particular 
letter. 

7. We may sum up the results and remarks of the last 
four articles as follows : — 

1. Positive and negative are used in exactly oppositd 
senses. 

2. The sign + before an algebraical quantity affirms thd 
quality of the quantity as represented without the sign in 
question. 

Thus, + (+ a) = + a, and + (— J) = — J. 

3. The sign — before an algebraical quantity r&oerses the 
quality of the quantity as liepresented without the sign in 
question. 

Thus, — (+ a) = — a, and — (- 6) = + 6. 

4. The algebraical subtraction of a quantity is the same as 
the addition of the quantity Irith the sign of affection 
r&o&rsed, 

5. The algebraical ^.dditibii 6^ quantities is Expressed \xf 
^ting the Wties down side % side with ii^ir pVop^ 
signs of affection. And they may be written down in any 
order, though we gfenerally write them in alphabetical order^ 
or arranged according to the power (Ark 16) of some 
letter. 

Brackets. 

8. Brackets — ( ), { }, [ ] — are used, for the most part, 
whenever we wish to consider an algebraical expression con- 
taining more than one term as a whole* 
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Thns, if we wish to express that the quantity 3 a + 7 i is 
to be added as a whole to 4 a, we write^- 

4a + (3 a + 7 6), 
and, while iQclosed within brackets, we think and speak of 
3 a + 7 6 as one qtumHtf/, 

Again, if we wish to express that 6 — e is to be sabtraoted 
from a, we write— 

a — ^ J - c). 

Let us consider what is the result of subtracting (5 — e) 
from a. We may evidently, if we please, subtract 6 firs^ 
then afterwards - c from the quantity so obtained, without 
affecting this result. 

Now, we know by Art. 7 (4.) that this is equivalent to 
adding the quantities - b and + e successively. 

Now, the sum of a, — 6, + c, is a * 6 + c. 

"We have therefore a*-(6-c) sa-ft + c. 

We observe that the sign of b within the brackets is 4 , 
and that of c is — , whereas, in our final result, these signs 
are both reversed. And we hence arrive at the following 
important principle : — 

When a minus sign stands before a bracket, its effect on 
removing the brackets is to TQV&raQ the sign of affection o£ 
every term vnJthin. 

Aiid it is evident that we may, by a similar course 
of reasoning, arrive at a principle equally important^ 
viz. : — 

When a phja sign stands before a bracket, its effect on 
removing the bracket is to affirm the sign of affection of 
every term within. 

We shall show, in Art. 9, the use of brackets in expressing 
the product or quotient of quantities. 

Though, as stated above, brackets are, for the most part, 
Used to group together as a whole a nimiber of quantities, 
they are sometimes used to inclose single terms. Thus, in 
Art. 5, we have the expression a — (— 6). Now, the 
brackets are used here to express that the negative quaniity 
is to be subtracted as a negative quarvtity. And, in tile same 
way, the expression a + {^ b) indicates that the negative 
qua/ntity ( - 6) is to be added to the quantity a. When one 
pair orJy is required vre generally use the brackets ( ) ; i^ 
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however, a quantity already in brackets is to be inclosed in 
a second pair, we use ) |, as in the expression — 

3a - |66+ (4c - d)|. 

If a third pair be required we use the brackets [ ], and 
finally, we sometimes find it convenient to group a number 
of terms by means of a viricuki/rn^ thus — 

4a;- feoj- {5y+ (3« - 7 a; - y)} + 2y\ 

It must be remembered that the mnevhim has in an 
expression exactly the same force as brackets. 

9. We shall, in this Article, show how to find the value of 
a few algebraical expressions^ as illustrations of the foregoing 
principles : — 

Ex. 1.— If a = 1, 6 = 2, c = 4, find the value of 
3a + 56 + 7c. 

"We have only to substitute the value of the letters in the 
given expression, putting a sign of multiplication to avoid 
ambiguity. 

Thus we have — 

3a + 56 + 7c = 3xl + 5x2 + 7x4. 

= 3 + 10 + 28 = 41. 
Ex. 2.— If a = 5, y = 2, » = 6, find the value of 
4a; + 33/ - 9«. 

Here, 4a; + 3y - 9« = 4 x 5 + 3 x 2 - 9 x 6 

= 20 + 6-54 
= 26-54. 
The negative quantity is here the larger, and exceeds the 
positive quantity by 28, and hence (Art. 4 (3),) the result will 
be negative. 

We therefore have— 

4a; + 33/-9«=-28. 
Ex. 3.— If a; = 1, y = 3, » = 0, find the value of— 

3a; - |2y + (6» --bx - 2/)|* 
The given expression — 

= 3xl-|2x3 + (6x0- 5x1-3) | 
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= 3 - I 6 + (0 - 2) I . 

= 3- (6 -2) = 3-4= -1. 

It may be advisable to simplify expressions of this kind 
before substituting the given value of the letters. The 
method of doing this, however, is deferred till we come to 
Chapter II. 

Ex. I. 

If a = 1, 6 = 2, c = 3, c^ = 0, e = 4, find the value of the 
following : — 

1. 4a + 2 6, 36 + 7c, 6a + 4rf, 4c — 7e. 

2. a + h + c, a-'b + c, b + C'-a, a + b — c. 

3. 3a + 76 - 4c, 2a + 7d + 3c, 7a - 106 + 2c 

4. 6a- (26- 3c), 76 + (2a - 4c^). 

5. 3c + (6a - 76 + c), 26- | 7c + (4d- 6)|. 
C. J76 - (2(i-c)j - (46 - c + e). 

1£ X = 2, y = 3, z = 4, find the sum and difibrence of the 
following expressions : — 

7. 3 a; — 4 y and 3 y - 4cX, 

8. 7 (a; - y) and 4 (y - z). 

9. 3 03 - (7 y + 4 «) and 8y + 6« — 3a?. 

10. 12 y - 6 y + 4^ and 12 y + 6 y + 4 «. 

11. X - y - z and a? - (y - «). 

12. a; - (- 3y)and y - |6ic- (- 3«)L 

Product of Two or more Quantities. 

10. The product of two or more quantities may be 
expressed in several ways. 

Tiius, the product of a, 6, c may be written as follows :— 

1. a6c, by placing the letters side by side without any 
sign between them. 

2. a X 6 X c, by placing between them the sign x • 

3. a . 6 . c, by placing a dot between them. 



4. (a) (6) (c), by inclosing the quantities in brackets, 
writing thein without any sign between the brackets. 

When, however, the quantities are negative, or either of 
them consists of more than one term, it is best to inclose such 
quantities in brackets, and, in most csises, it is necessary to 
do so. 

Thus, the product of a, - h, c would not be correctly 
expressed by a - 6c (for this means, that the product of 
1) and c is to be subtracted from a), but must be written 
a ( - h) c. Again, the product of 2 a + 3 6 and a + 5 6 
cannot be written 2a+ 3&a+ 5 6, as this expression means 
that three times the product of 6 x a is to be added to 2 a, 
and then 5 6 to tho result. The product is correctly ex- 
pressed thus— 

(2 a + 3 6) (a + 5 h). 

(The student cannot be too strongly cautioned against leaving out 
brackets in cases of this kind.) 

The Order of the Letters. 

11. It is evident that a times h = h times a ; for, if we arrange 
a rows of h things so as to have a horizontal rows and h 
vertical columns, we may either consider the number of rows 
or the number of columns. In the former case we have 
a times h things, and, in the latter, h times a things. 

We may therefore write the letters whose product we 
wish to express in any order. 

Thus, the product of a, 6, c may be written in either 
of the following ways : — 

dbcj achf hoc, cha, hca, cab. 

For convenience, however, and for reasons which the 
rjtudent will see as he proceeds with the subject, we write 
them in the order of the alphabet, unless there happen to be 
special reasons to the contrary. 

Bule of Signs in Multiplication. 

12. It was shown (Art. 3) that a minus sign does not affect 
\he magnitude of a quantity, but simply its affection . or 
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qualiti/. It therefore follows that the product of + a and 
- b wiH be the same in magnitude as that of + O' and + 6, 
or of a X b — ^that is, will be equal in magnitude to ab. 
But it is evident that the quality of the product will be the 
same as that of - b, for it is a times a negative quantity. 

We therefore have + a ( - J) = - 06. 

So also, the product of - a and + ft, will have the same 
magnitude as that of + a and + b — that is, its magnitude 
will be ah. But since, to take a geometrical illustration, a 
line of length, 6, drawn negatively once, negativek/ ttoice, &c., 
must give a negative result, the quality of the product in 
question mtiat be negative. 

We therefore have ( - a) ( + 5) = - ao. 

Again, the product of - a and - b will be equal in 
magnitude to 06, and its quality will be evidently the 
reverse of the quality of the product of — a and + b, and 
the quality of the latter product is above shown to be 
negative. The product of -ax - 6 will be therefore 
positive. 

Hence we have {- a) {- b) = •\- ah. 

Collecting these results, and remembering that (+ a) 
( + &) = + a6, we have — 

{+ a) (+ J) = + ah, 

1+ cb\ {- b) = -ah. 

( - aW + 5) = -ah. 

( - a) ( - 6) = •{- ab. 

We have then the following rule of signs in multiplica- 
tion : — 

Bulb. — Like signs give + , and unlike signs give - • 

Quotient of Two Quantities. 

13. The quotient of two quantities is expressed in either 
of the two following ways : — 

1. By placing the divisor under the dividend^ separated by 
aline. 

Thus^ the Quotient of a by 6 = ^. 
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2, By placing the divisor after the dividend with a sign 
-r between them ; thus, a -^ b. 

When either of the quantities is negative, it is better, if the 
second be used, to inclose the negative quantity, if the 
divisor, in brackets. 

Thus, the quotient of a by - 5 may be written a ^ - 6, 
but it is better written a -f (- b). 

And when either of the quantities contains more than one 
term, it must '^always be inclosed in brackets when expressed 
by the second method. 

Thus, the quotient of a + 2 6 by 2 c = (a + 2 5) -f 2 c, 
not a + 2b -T 2c, for this would mean that the quotient of 
2 ^ by 2 c is to be added to a. 



Bule of Signs in DivisioB. 

It is evident from the last article that — 

{+ ab) -^ (+ a) = + b. 

{- ab) -r (+ a) = - 5. 

(" ab) -T {- a) = ■¥ b. 

{+ ab) -r {- a) = - 6. 

"We have therefore the following rule : — 

HuLE. — In division, as in multiplication, like signs give 
+ , and unlike signs give - . 

Coefficients. 

14. When a quantity can be broken up into two factors, 
each of those factors is called a coefficient of the other. 

Thus, taking the quantity 4 abc, we see that 4 is the 
coefficient of abc, 4 b that of oc, 4 c that of ab, 4 be that of 
a, <kc. We call 4 a numerical coefficient; but when tho 
coefficient contains a letter or letters we call it a literal 
coefficient. We often speak of the numerical coefficient of 
a quantity as tlie coefficient of the quantity. It is, moreover, 
unusual to write down unity as a numerical coefficient, and 
BO, when an algebraical quantity has no expressed numerical 
coefficient, we may, conversely, consider unity as such. 
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15. Like quantUiea are generally defined as those which 
differ only in their numerical coe&cients. Thus, 9x, 3 y, 
Axyz, \2 ah are respectively like to the quantities 10 a;, 5 ^, 
6 xyZf 4 ahf while 3 x', ^xy, 7 6^ are called unlike. 

It is sometimes convenient, however, to consider as like 
qiumtities those which may contain perhaps one common 
letter only, though containing other letters which are not 
common. Thus, for the purposes of addition and subtrac- 
tion, we may consider 3 ax and 4 &» as like quantities, 
having 3 a and 4 b respectively as their coefficients. Now, 
their sum, since they are respectively equivalent to 3 a and 
4 b times x, will be equivalent to (3 a + 4 6) times x, and 
may then be written (3 a + 4 6) a. 

Hence we learn that addition and subtraction of quanti- 
ties having any common factor may, considering the un- 
common factor as coefficient, be expressed according to the 
following rule : — 

Add together tlie coefficients of the convnum factory amd take 
the sum as a new coefficient of the common factor. 

And a similar rule will apply to the subtraction of such 
quantities. 

Thus, we have the sum of 4 axy, - 2 bey, 3 dej/, 

= (4 oa; - 2 6c + 3de) y. 

Powers. 

16. We have seen (Art. 10) that ahc means that a is to be 
multiplied by b, and die product by c. And so, if we wish 
to express that a is to be multiplied by a, and this product 
again by a, we might write the expression thus : a^xa. 
Instead of this, however, we usually place a small figure at 
the top and on the right hand of the letter a, to indicate how 
many times the letter appears as a factor. In this case, 
therefore, we write a*. We call quantities of this form 
powers of the letter in question; and so, remembering that a 
may be considered as a^ on this principle, we have : — 

a, the first power of a ; a», the second power of a ; a», the 
third power of a, &c. The figure written at the right hand 
at the top of the letter is called the index or exponent, and it 
is usual to call a*, a^ respectively the square and cube of a, 

B 
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firom thd fact they express respectiYely the ofsa of a square 
whose side is a, and the volume of cube whose edge is a. 

17. The square root of a quantity is that quantity which, 
when raised to the second power or sqiuxredj will give the 
original quantity. 

It is generally written ^. Thua^ ^/^6 = 4, VI 44 = 12. 

The cube root of a quantity is that quantity which, 
when raised to the third power or eubed^ will give the 
original quantity. 

It is generally written ^. Thus, ^^8 = 2, 1^27 = 3, 

'j^l728 = 12. And so the fourth, fifth, &c., roots are 

indicated by the symbols >J/ , Jl/T&c, respectively. 

18. The dimensions of an algebraical quantity ai*e the 
sum of the indices or exponents of the literal factors. 

Thus, the dimensions of Sc^Vc^ = 2 + 3 + 4 = 9, and 
the dimensions of abs? = 1 + 1+2 = 4. 

19. A homogeneons expression is one in which the dimen- 
^ons of every term are the same. 

Thus, a' + 3 a'6 + 3 a6' + ^ is homogeneotu, 
Whereas, 5 a + 3 a5 + 7 a^bc is not homogeneous, 

Ex. n. 

Ifa= 2, 6 « S,> = 0, d = 1, 

Find the values of — 

1. 6a' + 3 J3 - Sc"; oft + CM + 6c, 5c + M + e(f. 

3. a* + 3a»5 + 3a6» + 6»; o» + 6' + c» - 3o5c. 

3. (3a + 76) (4a - 95) j (a« + 5«) (a + 5) (a - 5). 

4. 6 {2a> - 4 (3 6» . go' - <^} ; a*5 + a5» + a'c + 
ac* + 6'c + 50*. 

If a = 1, 6 = - 2, c = - 3, (i =5 0, 6 = 4, 
rind the values of — 

5. (a + 6 + c + rf + eYi (a' + 2a6 + 6' - c^) + (a + 

6 + c). 

rt*-d^ / c» + 3c«cl + 3ccP + <P 



6, 



a» + a'd + «? + ci»' J» ,- 3 6% + 3 6c» - c» 



a6 t w + 6o '^ 'v 
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8. 3(45 + 6c)* + 4((j +e)*; ahcde. 

IfjB = 3, y = 4, « = 0, 

Knd the valu e of — 

9. (Soj - V? + ff (2aj + ^ai» + 2^ + 2). 

10. {5a? + 2(y+ 2)*} {6a*- 2(y + «)'}• 

11. a* + y* + a*. 

12. (a? - y«) ^ ^ {3«» + 3 (3a? + 3«y + y*)y}. 

If a = 7, 6 = 4, c = 9, then— 

13. (a, - Vc) (a» - J) + Jcf -'h-cf^^h - V«)« = 186. 

14. a»(c - JW^^) + 6»(a - Ja - l^ -^ c) = 406. 

^^ 3a-655 + a7c-a__ 6 
'2a - c b " c a + 2c 26* 

-^ a* J* *^ on 

• (a-6)(a-c) ■*■ (6-c)(6-a) **" fT^SyTTT) " 

17 <^^5 - fl6^ + 5'o - 5c^ + a<? ■- g'o _ _ 5 

(a - c) (a - 6) 

TQ a + 6c /« 6 - 10\ ^^ OQ 2 

If a? = 10, y = 11, z = 12, then— 

19. (x-y) (y-«) + (y-z) (z-x) + («-«) (aj-y)= -3. 

20; (i±y + Jti^) ^ (?^ - ^?J) = - 334 1 . 

Va;-y ar-y-/ Va + y ir + jr/ 110 

21. V - (y + «)'} • '"^^"'' = - 117. 

22. {{as + y)» - (as - yf - iy") -f (a; - y) = 44. 

23. ix + --i-7\ (»'«'- 1) = 175802. 



' (■ • ^] 
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24. ^-±y — ?Ji? -a?-y' -2x2,) = 1089. 



25. 



X + y z 
y(x 



+ z) - 2z jz{ y + 1) - 2 



CHAPTER 11. 

ADDITION, SUBTRACTION, MULTIPLICATION, AND DIVISION. 

Addition. 

20. Hulk — ^Anunge the terms of the giyen quantities so 

that like quantities may be under each other ; add separately 

the positive and negative coefficients of each column ; take 

the difference and prefix tlie sign of the greater, and annex 

the common letter. 

(When the coefficients are all positive or all negative, we, of course, 
simply add them together and prefix the common sign for the coeffi- 
cient of the sum.) 

Ex 1. Ex. 2. 

3a + 56-3c -3a + 76+ c - id 

2a-76 + 4c 2a-25 + 6c+3(^ 

5o+ 6-2c -7a-36 + 2c-6(i 

4a-36 + 8c 2a + 56-8c+6c2 

Ans. 14:a-46 + 7c Ans. -6a + 76 - d 

Ex. 3. Add together 5a» - 3^/^ + 3y, Cj/* + 1 xy - ix, 
4a?y + 6aj-6, -2a?-3a5y+2. 

Arranging l^e quantities in each expression under each 
other, we have : — 

b7? " 3y^ + Zy 

7xy + 6y^ " ix 
ixy + 6aj - 5 

- 2g* - Zxy 4^2 

Ans. 3a? + 8a:y + 3y^ + 2a + Sy - 3 
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Ex. HL 

Add togetlier — 

1. 3a - 2 6, 4a + 76, 2a + 36, a - 56. 

2. 9a» + 76«, - 3a« + 46", a" + h\ 4a« - 1261 

3. a + 6 + c, 3a + 26 + 3c, -4a+76-c, 26 + 5c. 

4. a; — y-s, y — 05-5, s-a;-y, aj + y + Sf. 

5. 3a* - 4a6 + 6 6^ 7a6 - a' - 6», 2a» - 3a6 - 4 6», 
4 a' + a6 - 6'. 

6. 2iC*-7a' + 3, -4a? + 6ar*-2a; + 7, aj*-2ic»-.4aj, 
6ic»- 9iB - 12. 

7. 2a* + 7a6 + 36* - 6a -56 - 2, a* + 3a- 26 + 9, 
9a6 -2a-36 + 4, -3a*- 12a6 - 3 6*+5a+ 106- 15. 

8. a? - ary - a^s + a^ - xyz + aa*, a^y - a?y* - a?y« + 
^ — ^z + ysTj 9?z - a?y5 - a»* + y*s - y2* + «*. 

9. aJ* + a5*y* + a'y, - a?y — a^y* - x}^, y* + ary* + a?y^. 

10. a' + a6* + ac* + 2a*6 - 2a*c - 2a6c, a=6 + 6* + 6c* + 

2 a6= - 2a6c - 2 6*c, a*c + 6*c + c» + 2 a6c - 2 oc* - 2 6c*. 

11. aj* - ajy* + as;* - 3a:*y + 3a:'«, 3ary* + 3a:*a* + 3a^5; 

— 3 xy:!? - 6 aryZy y* - v?y - y«* + 3 or if - 3 ary;?, - 3 xif 

— 3 xyz^ — 3 y*s + 3 y*sr + 6 a;y-«, «* + sc'a; - y*5 - 3 a:*y» + 
Zx'z', Zxy^z + 3a»* + 3y*s* - 3y;5* - (Sxys?. 

12. a* - a'6 + 3 a^<? 4- a6-(j - 3 a6c* — 6*c, a'6 - a'c + 

3 a6c* - 3 ac* - 6*c* + 6*c, a*c - a*c? + 3 ac* - 3 ac*c; + 6 V 

— b'cdy - a* + a*cZ - 3 aV + 3 ac-c£ - a6'c + h^cd. 

Subtraction. 

21. We have seen, Art. 7 (4.), that the subtraction of a quan- 
tity is equivalent to the addition of the same quantity with 
its sign of affection reversed. We therefore have the follow 
ing rule : — 

Rule. — Change the sign of each term of the subtrahend, 
and proceed as in addition. 

Ex. 1. Ex. 2. 

5a; + 6y - 3s 6a* - 3a6 + 46* 

2 a; - 2y + 2g - 2 a* - 3a6 - 26* 

Ans. 3 aj + 8 y - 5 «. Ans. 8 a* + 6 6*. 
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Ex. 3. 

2a? + exy^ + Sy^ 

a? + 3 a^y + 3x1^ + 2^ 

«•— 30*^ + 30^+ y* 

Ex. IV, 

1. From 6a + 75 + 3c take 2a + 6b - 2c. 

2. From 2aj — 3y-8« take 6a5-5y — 2». 

3. Take5a' + 3o5 + 46' + 3a+76 + 8fix)m6a» + 35*-2a* 

4. Take 6a* + 8oW + aJ*from8a*+ 6aW + 2a?*. 

5. Subtract the sum of the quantities a* + 2 aW + b*, 
o* - 2a=6» + 6* from 6a* + Sa?l^ + 66*. 

6. From a? + y* + a? — 3 xt/z take 4a? + y* + 4«"+3ai'3 
+ 3ac«? - 3a^2r. 

7. From3ai* + 3aiB*- 9a*a? + a'a: - a* take 2 aJ* + 4 aa;' 
+ 4a'aj + a*. 

8. Takea* - 6a«6 + 7dt^ - 2 6* from the sum of 2 a* -' 
9a»6+ lla6»- 3 6«aiid6»- 4a6« + 4a26 - a». 

9. Subtract a + 5 + c + (2 from 6 +/+</ + & 

10. Take a? - 40*^ + 6a?3/* - 4ajy' + ^ from a^ •{- A:a?y 
+ 6 a?^ + 4 a^ + j^, and subtract the result from their sum. 

11. Add together the given quantities in the last example, 
and subtract the result from 3 iC* + 10 a?^ + 3 y*. 

12. Take a'+ 6^+c* + 2a6+ 2ac + 2&c fix>m 2 a* + 2 5* 
+ 4a5-c'. 

Brackets — continued. 

S2. It was shown, in Art. 8, that, when a quantity inclosed 
in brackets is to be added, we maj remove the sign ( + ) of 
addition and the brackets without changing the sign of the 
terms within the brackets. On the contrary, when the 
quantity in brackets is to be subtracted, or has the sign 
minus before it, we must change the sign of every term 
within the brackets on removing the brackets and the sign 
of subtraction. 

We shall now see how to simplify expressions involving 
brackets connected by the signs of addition and subtraction :->« 
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Ex. 1. Simplify (3 a + 6 6) - (6 6 - 2 c) + (- 2 a + 6 
-3 c). 

The given expression = 3a + 66- 66 + 2c-2a+i-^ 
3 c, or adding together the like quantities^ 

= o - c 

Ex. 2. Reduce to its simplest form-^ 

a - {b " c) + I 6 + (a - c) I - | (a - 6) - c | . 

(When a pair of brackets is inclosed vithia another pair, it is con« 
venient to remove the inner one first.) 

Hence the given expression — 

= a-6 + c+ |5 + a — c| - }a-6-c| 

= a-6 + c + 6 + a-c-a+6 + c = a + 6 + c. 

3aj aj — 7 6aj— 9 
Ex. 3. Simplify the expression -j — + — - — . 

The line separating the numerator and denominator of a 
fraction is a species of vinculum, since it serves to show that 
the wlwle numerator is to be divided by the whole denominator. 
Hence, on breaking up the two latter fractions into fractions 
having one term only in the numerator, we have — 

3>« aj - 7 6a; -9 3 1 7 6 9 19 

— + =— a;— -35+ - +— aj — — = 3/ + — 

4 2 8 4 2 2 8 8 8- 

23. As it is often necessary to inclose quantities within 
brackets, we shall now show how this is done. 

The following rule needs no explanation : — 

Rule. — When a number of terms is inclosed within 
"brackets, if the sign placed before the brackets be +, the 
terms must be written down with their signs of affection 
uncluinged ; but, if the sign placed before the brackets be - , 
the sign of affection of every term placed within the brackets 
must be changed. 

Thus we may express a+6-c-c2in any of the follow- 
ing ways : — 
a + 6-c-(i = a+(6-c-c^) = (a+6)-(c + (^ 

= a-(-6 + c + c?) = (a + 6-c?) ^ c, &c. 

(When the word ^nis used in future^ the student ia to under* 
stand sign of affection, unless otherwise expressed.) 
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Ex. V. 

Simplify tlie expressions— 

1. 3 a; - (2 a; - y) + (5 a; + 3 y - 2 «) - (7 a; - 4 y - 3 5;). 

2. (2 a» + 2 a^h + 2 o^^ - (2 a» + a«6 + aJiP^ - fc') + (a» 

- a^ft - a52 - 2 ft^). 

3. 1 - (1 - 2 a) - j 3 - (4 - 3 a;) j + j 5 - (4 a; -; 

4. 6a?-(2-3a; + a:^+ | -7 + (5a;-8aj-2)| 

Group together the terms of the four following expressions, 
BO that— 

(i.) The first two and last two are inclosed in brackets, 
(ii.) The last three are inclosed in brackets, 
(iii.) The first three are so inclosed, and an inner pair of 
brackets used to inclose the second and third. 

5. a - 6 + c - c?. 

6. -6a + 76-3c + 5c?. 

7. - 40* + 12a^y - 12a;y» + 4y». 

8. a» - y - c» + 3 ahc. 

Add together — 

9. oa^ + hxy + cy", - ds^ - ojxy + ey^^ ha^ + S coey + fi^, 
" 2aa?'- 2hf. 

10. ax " cy - ez, - bx + dy + /z, ex - ey - gz, ^ dx + 
fy + hz. 

Subtract — 

11. (2 a + 6) a; - (3 6 + c) y + (4 c + cZ) s from (3 a - c?) a; 
+ (4 6 - a) y + (5 c - 6) «. 

12. (y - «) a' + (« - a) a6 + (a; - y) 6' from (y - a) a? 

- (y - 2) 06 - (« - a;)6** 

Show that the sum of : 

13. oaj + 6y + c«, ay + i« + ca:, a« + 6aj + cy is (a + 6 + c) 
(a: + y + «). 

14. (a + 6) a; + (6 + c) y + (a + c) «, (6 + c) aj + (a + c) y 
+ (a + 6) 2;, and (a + c) a; + (a + 5) y + (6 + c) » is 
2 (a + 6 + c) (a: + y + «). 
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15. (a - J) a? + (6 - c) y + (c - a) «, (6 - c)x + (c - a) y 
•¥ (a - h) z, and (c - a) jc + {a - h)y ■¥ (6 - c) « is zero. 

16. 3 (a - 6) - 2 (c - rf), 4 (a - c) - 3 (6 - (/), 7 (c? - a) 

- 6(c - 6)isl2(£« - c). 

17. 2 (a + 6) - 3 (c + c?), 3 (a + c) - 4 (6 + c£), (6 + c) 

- 3(a + cQis2a- 36- 10 cf. 

18. (a: - y - «)«, (a? - y - «)y, (y - «) «, (« + a) « is a^ - y*. 
Prove that : 

19. 3aj-6[7aj-6a;+3{9-4(2a;+2)}] = 15 - 122 aj. 

20. (5 - 3a;) {9a: - (5a; - 6 - 4a?)} = 30 - 18as. 

21. (a; - y) (« + w) + (y - «) (a; + w) + (« - a:) (y + w) = 0. 

22. {a - 6) (a + 6) + (6 - c) (6 + c) + (c - o) (c + o) = 0. 

23. 7 {a;-2a; + 5}+9{3^-6(2-4a;)}=200a;-116. 

o. 2a;+7.9-8aj5 + 6aj_.7 
^*- ~^-" ■*" ~6~ ■*■ "~9 ^18' 

25. 4aj-3[7a;- {4a; + 5 (6a; - 3 + 5a;)}] = 10 a;- 45. 

26. 8 {a; - (4aj + 3)} + {6a;- 3(2a; + 3) - l}(3-2a;) 
« - 8 a; - 48. 

27. {5(a; + y) -.3(a; - 2/)} {2a; + 4y + 2. 4-a-2y} 
«= 16 a; + 64 y. 

28. a - [2 C6 - {3a - (4a - b a ■¥ 7)}] = 3a + 7. 

Hnltiplication. 

S4. Remembering the definition (Art. 14) of a coefficient, 
it follows that the product of two terms having coefficients 
is found by multiplying the product of the coefficients by the 
product of the remaining factors. 

Thus^ the product of 4 a and 3 5, or 4 a x 3 & = 12 a& 
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Again, the terms to be multiplied may contain like 
letters. 

Now, c? ^ aaa, cf = aaaaxty and hence it follows that 

c? y, a^ =z aaa x cuiaaok = CLWWXMUWb = a\ 
And| generally, we have 

a^ ^ a^ z=x aaa.,»U} m factors x aaa...to n factors, 
= ooa... to {m + n) factors = a^ + \ 

It therefore follows that the product of the powers of like 
letters is found by adding together the exponents of the liko 
letters. 

Thus, a* X a^ = a\ and a? x a = a\ &o. 

And, further, as regards the sign of the product, we have 
seen, in Art. 12, that like signs give +, and urdike signs 
give -. 

There are three things, then, which must be attended to 
in the multiplication of algebraical terms, viz. : — 

1. The signs, — like signs give +, and unlike signs 
give -. 

2. The coefficients. — These are to be multiplied like ordin- 
ary numbers. 

3. The letters. — ^The exponents of like letters are to be 
added together, and the powers so obtained written side by 
side with the unlike letters. 

Ex. 1. Ex. 2. Ex. 3. 

6 a-6 — 3 ocyz - 5 abd 

2 a^e ^y:^ - 2 hcd^ 



Ans. 12a»6c Ans. - Z^x^t^ Ans. 10a6W^ 

25. Whenever the multiplicand or multiplier, or both, 
contains more than one term, it is evident the product is 
found by multiplying each term of the multiplicand 
separately by each term of the multiplier, and adding 
together the separate products. 

Ex. 4. Ex. 5. 

3a' -706+56" a* - 3ar*y + 3ay» - if 
6 oft - 2ocy 

Ans. i8a»6-42a»6« + 30a6» ]^^f2l?y + 6 a?y* - 6 ;^T2"^ 
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Ex. 6. 

a? + ay + y" 

Q? — QSy -fir }^ 

** + a!*y + a^y" 

g'y* -f gy* + y* 

Ans. aJ* + a^y* + y\ 

Ex. 7. 
a^ + (a + 5)aj + oft 
a; + c 



a*+ (a + 6)a^ + o&u 
ca^ + (oc + 5c) rg + otc 

a* + (a + 6 + c) ar* + (oft + ac + 6c) a; + a6c. 

It lyill be observed that the terms in the above examples 
are all arranged according to the power of some letter. 
ThuSy in Ex. 4, thej are arranged according to the descend- 
ing powers of a; and in Exs. 5, 6, 7, thej are arranged 
according to the descending powers of x. It matters not 
whether thej are arranged according to ascending or descend- 
ing powers, and the result would be the same if they are not 
so arranged. It is then, however, much easier to collect like 
terms, as they generally fall under each other. When we 
come to division we shall find it necessa/ry to arrange the 
terms according to the power of some letter. 

Ex. YI. 

1. Multiply 3 a + 2 5 by 4 a - 3 5, and 6 a: + 7 y by 
3 a; — 5y. 

2. Mtdtiply a? + 2 xy - 2 y* by a; - 2 y, and 15 ar* + 
17a^ - 4:y*by 2aj + y. 

3. Midtiply a= + 2 a6 + ^ by a^ - 2 a6 + b\ and a^ 
+ V by a« - h\ 

4. Multiply a? + ary + ay* + y^ by aj - y, and the pro- 
duct by aJ* + y*. 

6. Multiply a^4-6^ + c* — a6-oc-&; by a + 6+c. 

6. Knd the continued product of aJ* + y\ u^ -k- y^^ x -{■ y, 
fl5 - y. 
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7. Develop the expressions (a + 6)', and {x - y)\ 

8. Multiply6a'+ 15a^+ 45a + 135bya»- 2a - 3. 

9. Multiply l + 3a;-7a;^byiB-2, and a - a; by ic* + 
cix + a^ 

10. Multiplya* - 2a?h + 3a=6» - 2a6» + 5*bya* + 2a»6 
+ Za^h^ + 2a5' + 5*. 

11. Multiply a + 6a3 + car' + (fic' by ca5 + / 

12. Find the product of a? + px + q and a; - a. 

13. Find the continued product of a? + a, as + 6, 05 + <?. 
Show that : 

^^' (2- - 3 '" 4) (2 "■ 3 ■*■ 4) = I - -9- -^ 1 ■" 16 • 

l^^(^^-i--^2'5)(^^'*-B) = «^^T|-5- 

16. (a^ + a£c» + a-ar* + a'a; + a*) (a^^ + a'') (aj-a) = a^^-a'^ 

17. (a;^ + oa; + a^) (ar* - aa; + a^) {x + a) {x - a) = a^ - a\ 

18. (a;+l)(a;+3)(a; + 4)(a:-8) = aj*-45ar»- 140aj-96. 

19. (3a'^ + 46") (4a"'-36") = 12 a2'* + 7a'»6'»-12 5»". 

20. (a;8 + 2aar^ + 2a2a; + a«) {x' - ^ aa? + ^ a^x - cf) = aS" - a\ 

21. {h - c) (a^ + wia + w) + (c - a) (5^ + wi6 + w) + (a - h) 
{(? + mc -{■ n) = ah (a - h) + 6c {& - c) + ac (c - a), 

22. (a'^a:** + 6^a;') {oT - i^aJ*--) = a=~af* - 6= V^"**. 

23. (a + 6 + c + c?)(a + 6-c-c?)(a-6-c + cZ)(a-6 + c-cQ 
+ (6 + c + c?-a)(a + c + c?-6) (a + 6 + c?-c) (a + 5 + c-(£) 
= 16a5c(f. 

24. (a + 6 + c) (a + 6 - c) + (6 + c - a) (c + a - 6) = 4 06. 

25. {a<*-^>'' - 6t''-^>*}(a«' + 6«) = a«>' - 6^ + o<«- *»>'6* 

26. (i a* + i 6i - i c*) (^ ai - X 6i + ^ c*) 
P= J a - J &^ - -i^ff c'^ + I- 6^c^- 
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27. (3a + 66^-^ Oc* + I2(fi) {2a + ibi + 6ci ^SS) 
= 6 (a« + 4 & - 9 cJ - 16 ci* + 4a6i + 24 ddi). 

28. («» - 3/^ (aJ + y) - (a^ + 2^ (a - y) = 2aj»y- 2ary». 

29. (2a;-3y)« + (4y- 5a:)« + (3aj-y)»- 3 (2 a;-3y) 
(4y - 5a;)(3iB- y) = 0. 

30. (a: + yY + (« - y)* - 2 (a^ - j/^)' = 16 aj»y". 

23. We have explained in the last Article the general 
method to be pursued in Multiplication. There are, 
however, many algebraical expressions which m&j be mul« 
tiplied by inspection. 

I. Expressions of the form (a + by. 

It is easily found by long midtiplication that 

(a + by = a= + 2ab + b\ 

and this, expressed in ordinary language, may be read thus : — 
The aqtuire of the sum of two quantitiea is the sqaa/re of 
the first ^ plus twice their product, plus the square of the 
second. 

(This rale is evidently true whether the quantities are poailive or 
negative.) 

Ex. 1. (3a + 7by = (3a)2 + 2 (3a) {7b) + {7 by = 9a» 
+ 42a6 + 49 6'. 

Ex. 2. (6a: - 5)' = (6a;)' + 2 (6^;) ( - 5) + ( - 5)» = 
36a" - 60x + 25. 

Ex. 3. (a + b + cy = I (a + 6) + c I ' 

= (a + 6)' + 2 (a + 6) c + c" 

= (a* + 2a6 + ft') + 2 (ac + be) + c* 

= a* + ft' + c* + 2 aft + 2 ac + 2 ftc. 

Rebcabk. — It is a very common mistake with beginners to write 
down a* + ft' as the square of (a + ft), thereby leaving out twice 
the product of the quantitiea a and b. They should impress this for- 
mula, viz, :— 

(a + ft)« = a» +2oft + 6« 

thoroughly upon the mincL 
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II. The form (a + i^) (a - h). 

It may be easily found by long multiplication that 

(a + 6) (a - « = a« - h\ 

which, in ordinary language, may be thus expressed : — 

The product of the swm and differerijce of two quantities ia 
tJie difference of the squares of the quantities. 

This formula may be applied in all cases where the terms 
of the quantities to be multiplied are of the same magni- 
tude, but when some of them differ in sign. 

Ex. 1. (a + b + € + d){a + b-e-d) 

= \{a + b) + {c + d)l I (a + h) - (c + cQ | 

= (a + by -- (c + df = (a»+ 2a5 + 6=) - (c' + 2cei + cf^) 
= a'^ + 6» - c^ - c?» + 2a5 - 2cd. 

Ex. 2. («»-- 3a^b+ 3a^- 6») (a»+ 3a«6 + 3o5»+ 6») 



^a» + 3 ab'f - (3 a^J + b^f 



= a^-^a'y' + 3a«6*-6«. 

The principle to be adopted in all such cases is to find 
what terms in the given quantities are exactly aMke, and put 
them frst in brackets, when the remaining terms will fall 
into the proper form. Thus — 

(3a + 76 + 5c -d!) (3a-75 + 5c + cQ = |(3a + 5c) 
+ ( 7 6 - (f) j j (3 a + 5 c) - (7 6 - (^ I . 

And (3 a- 76-5c;+(^(3a+75 + 5c + d)=|(3a + d) 
- (76 + 5(j) j j(3a + <i) + (76 + 5c)|. 

(TIL) The form (x + a) (x + 6). 
By multiplication we find that— 

(a; + a) (oj + 6) = sc* + (a + 6) aj + oJ, 

which in ordinary language may be thus expressed : — 

Theprodv/ct of two binomials containing a comnum term and 
an uncom/mon term, is the square of the comnum term, plu^ 
the sum of the uncommon terms multiplied into the common 
term,plus theproduct of the uncommon term» 
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ThTis— 

(a; + 2)(aj + 3)=ar*+(2 + 3)aj+2x3 = a^ + 6a5+6. 
(x + 6)(aj^ 1) =ar»+(6-.l)a5+6(-l) = aj» + 6» - 6. 
(oj ^ 5) (» ^ 7) = ar* - (5 + 7)aj + (- 5) (- 7) = oj" - 12a 
+ 35. 
(a: + 3a) (x - 5o) =5:a?+ (3a-5a)a;+(3a)(- 6 a) = a? 

— 2 005 - 15 a'. 

• And so, 

(a; + a + 6) (aj + c + d) = (aj + a + 6) (aj + c + rf) 
= a? + (a + 6 + c + d)a; + (a + 6)(c + d). 

We may extend this formula to any number of factors. 
Thus, by multiplication, we find that — 

(a; + a) (aj + J) (a; + o) = a? + (a + 6 + c) aj* + (ab + ac 
-\- be) X + abOf 

(x + a) (a? + 5) {x + c) {x + d) = a^ + (a + b + e + d) 
a? + (ah •{■ae + ad-\'bc-^bd + cd)iKp+ {abc + dbd + acd 
•h bod) x + dbcd^ 

Law of Formation of the Terms, 

1. It will be seen that the coefficient of the first term is 
in each case unity ; that of the second term, the sum of the 
uncommon letters taken singly; that of the third term, the 
sum of the uncommon letters taken two together; that of the 
fourth term, the sum of the uncommon letters taken three 
together J &c. 

2. The power of the common letter is in the first term that 
of the number of the binomials, and it sinks one every term. 

Ex. (a: + 1) (a? + 2) (a; + 3) = ar» + (1 + 2 + 3) a? + 
(Ix2 + lx3 + 2x3)a;-i-l x 2 x 3 = a;»+ 6 a:»+ 11 a;+6. 

(IV.) The form (a + 6 + c + c? + &c.)l 

By ordinary multiplication or otherwise we have (a + 6 + c 
+ di)« = a2 + &« + c^ + c? + 2a6 + 2ac + 2a<i+2 6c + 
2hd + 2cd; and a similar result follows if we take a larger 
number of terms. 

We may hence deduce the following rule : — 

The square of the sum of any number of quantities is the 
sum of the squares of the quantities together with twice the 
sum of the products formed by multiplying the first quantity 
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into all that follow separately, then the second into all that 
follow, tlie third into all that follow, &c. 

Ex. 1. (1 + 2a: + 3a?)« =1 + 4aj* + 9aJ* 

4x + 6a^ + 12a» 

= 1 + ix+ 10«' + 12a»+9aJ*. 

Ex. 2. (a» + 3o»6 + 3a6« + 5»)» 

= a« +9 a*6« + 9 a»6* 

6a"6+ 6o*6» + 2a«6' +5« 

Ex. VIT. 

1. Find by inspection the squares of a: - y, 3 a - 5 5, 4 c* 
•+ (P,3a? - 23/'. 

2. Find the continued product of a + 6, a' + Ir, a* + h\ 
and a - 6. 

3. Midtiply mx + wy by ww? - wy, and 5 a' - 3 6^ by 10 a* 
+ 6fc«. 

4. Find the value of (a + 6 + c + rf) (a - 6 + c - cZ), and 
of (a + 6 - c - c£) (a + 6 + c + c?). 

5. Show that (a^ + 2 x^/ + 1/^) (a? - 2 x^j + if) = a^ - 

6. Multiply x + 5 separately by aj - 1, a: + 2, a: - 3, a; - 5. 

7. What is the continued product of a - 2, a; + 3, a; - 6, 
a; + 5? 

8. If 2 « = o + 6 + c, find the value of « (« - a) (« - 5) 

9. If2« = a + 6 + c + df, what is the value of— 

(2 « - 2 a)« + (2 « - 2 6)^^ + (3 tf - 2 c)« + (2 « - 2 (2)M 

Prove that — 

10. (ax + byY + (ex + d-t/f + (ay - 6a;)^ + (cy - dxf^ 
(a» + 6» + c« + cP) (a? + f). 

11. I (oc - 6(£) a? + (oc? + 6c) y I ^ + J (oo - 5cn y - (a<i 
+ 6c)a:|« = (a» + 6^) (c» + c£^ (aj* + y^.' 

12. (ox + 6y + c«)' = (a -k- h +c) (oar + Jy" + c«*) -^ 
06 (a: - y)' - oc (a; - zf ,- 6c (y - j?)'. 
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13. {x + a) (x + h) (« + c) = (a; — a) {x - h) («-«) + 

2 {{a + b + c)aP + abcj. 

14. {m + n + p + qY = (w* + nY + (m + pY + (m + qY 
+ {n + pY + (»* + S')* + (P + !Z)^ - 2 (w^ + «'+;?*+ g^). 

15. (a^ + 5' + c') (m' + w* + />' + </') = (am + bn + cpY 
+ (an - hm •{■ cqY + (op ^ hq - cmY -i- {aq -^r hp - en)'. 

16. (a - 6) (^ _ c) + (6 - c) (c - a) + (c - a) (a - h) = 

3 (a6 + oc + ^) - (a + & + c)'. 

17. (x + y + «+a)^- {x-y-z +a)' = 4 (oj + a) (3/ + «). 

18. {(a - hY + 4a6} {(a + 6)^- 4 a5} {a* - 6* + 
2 a6 (a' ^ 6^)} = (a + 6)'^ (a - 5)». 

19. (a^ + 5») (c2 + (i^ = (oc ± W)= + (od + ^)l 

20. 4 (a« + h") (c« + c^*) = (a + 5)' (c + J)« + (a - Z^)' 
(c - (Q« + (a + 6)' (cj - dY + (a - ft)^ (c + dY. 

21. 8 (a* + h') = (a + 6)* + 6 (a^ - Vf + (a - &)^ 

22. (x -yY + (2/- ^Y + (- - a^)' + 2 (a? - 2/) (y - «:) + 
2 (a; - y) (« - a) + 2 (y - 2;) (« - a) = 0. 

23. (a + 6 + c) (5 + c - a) (a + c - 5) (a + 5 — c) = 

4 a-6^ when, a' + 6* = c". 

24. 2 { (oa;"' + hy^Y + (^2/" - &a^'*)^^ = («' + ^^ {(»"• + y")' 

Sivision. 

27. As in multiplication, we have especially three things 
to attend to, viz. : — 

1. The signs. 

We have learnt (Art. 13) that like signs give +• , and unlike 
signs give - . 

2. The coefficients. 

Understanding here the numerical coefficients, it is plain 
that they may be divided as ordinary arithmetical quantities. 

3. The letters. 

As the product of the quantities a and 6 is expressed by 
ahf it follows that the quotient of ab by either of the factory 
or 6 will give the remaining factor b ov ci respectively, 

g 
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Thus,a6 4- o6r— = J, andab -f bor^=a. 

a - 

And so, xyz -T xz = y, and pqrs -^ qa = pr. 

We may then conclude that when the divisor is contained 
as a/actor in the dividend, the quotiefiit is found by omitting 
from the dividend those of its factors which constitute iJu 
divisor. 

If the divisor bo not contained as an exact factor in the 
dividend, we may then express the quotient symbolically. 

Thus, aw -f o6 = -^„ 

ao 

When, however, the dividend and divisor have a common 
factor, it is plain that we may, as in arithmetic, strike out of 
the numerator and denominator of the symbolical quotient 
this common factor. 

Thus, 5 a6c -f 5i = -^-r- = —j-. 

bd a 

And Uxy^^ 10 fla» = ^^ I %!, 

10 aacz _ 5 a 

28. A power of a quantity is divided by any other power 
of the same quantity by subtracting the index of the divisor 
from that of the dividend, the quotient being that power of 
the quantity whose index is the remainder so obtained. 

1. Let the power of the quantity in the dividend bo the 
higher. 

We have cf = 00000,^ and a' = ooa. 

. K . • aaaaa ^^ ^2 ^5-8 
.. a' -r cr = ^ aa =^ a = a"* . 

€uia : ^ .. 

Or, generally, m being greater than n, since 
a*" = ooa.. .to m factors, and a** = ooa.. .to n factors, 
we have — 

o* -r o* = — ;; = aaa..,(m — w) factors = a"* ~ "• 

aaa...tow factors 

2. Let the power of the quantity in the dividend be the 
lower. 
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Suppose we have to divide o* by d. 
Wehavea*^a^= ^"^^ = Ji 



tUUhOMM (ULCk a' 



We may, however, so express the result that it shall agree 
exactly wiili the proposition at the head of this article. 

For we may conceive of a' as representing the product of 
unity and the quantity a'. We shall therefore be perfectly 
consistent if we allow cf to represent tlie quotient of unity 
by the quantity a\ _ 

We shall then have «"• = --, and hence'we get from the 
above result— 

Or, generally, m being less than n, we have — . 
a** ooa to m factors 1 



a** aaa to n factors aaa (n - m) factors 

= _ ; or, using the notation just explained, 



a"""* 



3. Let the powers of the quantities in the dividend and 
divisor be equal. 

It is evident that their quotient is unity. 

Thus, ?! = ???? = -1- = 1. 






And SO, — = 1. 



a"* 



If, however, we ctssume the principle proved in the two 
cases above to hold here, we have — 



a"* 



It follows therefore that a® = 1. 

Cor. — From the above interpretation of negative indices 
it follows that the same rules for multiplication and division 
of quantities involving them may be applied as in the case of 
positive indices. 

Thu8,a» X a-« = a' ;c 4 = -! = «'"'• 
'And so, a* f c^-' == a*-H« ^ (j'^. 
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Ex. 1. 20^ = 5x,j. 

Ex. 2. -fg*^ = - 3aV. 

- 7o 
J, ^ 4a^y;^ - 6aVa!* + 42a!y*g* 

3 y*s? yz xz 
= J«^-V - 2y->a-> + 14a!-»a-'. 

Ex. 5. Divide 3a* + 13a6 - 105' by a + 6 5. 

When the divisor, as in this example, contains more than 
one term, it is generally convenient to follow the method of 
arithmetical long division. Thus — 

a + 55) 3a' + 13a5 - 105*(3a - 25 
3 a' + 15 a5 

- 2a5 - 105' 

- 2a5 - 10 5' 

Ex. 6. Divide a* + a'5' + 5* by a' + a5 + 5". 
a' + a5 + 5') a* + a'5' + 5* (a' - a5 + 5* 

a* + a'5 + a'5' 



- a»5 + 5* 

- a'5 - a'5' - a5» 



a'5' + o5» + 5* 
o'5' + a5' -f 5* 

It will be seen that in the last two examples care has been 
taken to keep the terms of the divisor, dividend, and successive 
remainders arranged according to the ascending or descending 
powers of some letter. In these cases we have arranged the 
terms according to the descending powers of a, and, as there- 
fore follows, according to the ascending powers of 5. Want 
of care in this respect will often render the operation of find- 
ing the true quotient tiresome, if not impossible. The next 
two examples will illustrate this point They may bo 



t)znsioir« 87 

attempted first by the student, keeping the terms in the order- 
as given. 

Ex. 7. Divide 2 - 7aj - 15«»by6aj - 1. 

- 1 + 5a;) 2 - 7a; - 15ai»(- 2 - 3as 
2 - 10a? 

3 a; - 16ar» 
3 a; - 15 g* 

Orthus, 5aj - 1) - 16aj* - 7a; + 2( - 3a5 - 2 

- 15a^ + 3 a? 

- 10a? + 2 

- 10 a? + 2 



Ex. 8. Divide a;* + ^bya;~* + y~\ 
Here we have the powers of a; in the dividend descending, 
■while in the divisor they are ascending. Arranging them in 
the divisor as in the dividend, the operation is easy. Thus — 
y"^ + a;~*)a;' + ^ {a?y - arif + ay* 
a^ + a?y 
. - a^y + 3^ 
- a?y — a^ 



a^ + y* 

We shall work the next example in two ways to illustrate, 
firstly, the above point again ; and, secondly, to show how the 
operation may be sometimes abbreviated by the use of bracketsi 

Ex 9. Divide a;* + y* + «" - 3a^a by a? + y + «. 

« + y + «)a;* - 3 xyz + y' + «*(a?-a:y-aw + y'-y« + «? 
7? + d^y + 7?z 

— a?y -a^z-Z xyz 

— a^y - xy* - xyz 



- a^z + xtf - 2 a^5j 

— 0*2? — ajys - ass* 

Xi^ - asy« + xs?-^^ 

s^ + y* + y'g 

- a?y« + a»^ - y*» 

«8' + y«' + a' 
ass' + yz' + a" 
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Or thus, inclosing the last two terms of the diyisor in 
brackets — 

a* + (y + «) a:" 

- (y + «) iB* - 3 OD^z 

(y* - y« + 2*) a: ^^ y* + «* 

It will be seen it! botk the above operations that we haye 
brought down the terms of the dividend only when the sub- 
trahends indicated they were required* This often prevents 
much useless repetition* 
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Find the quotient of—* 

1. 28 a^b - 7 a5» + 14 5* by 7 6j 3 ar»y^ - 12 ay» by 
3rcy. 

2.-6 a^b + 15 a*6»- 20 tt*6* bj^ - 3 ab; 4 xY + 6 ary» 
+ 4 ay* by 2 o^. 

3. aa?'"+ 5a;"y*+ cy^^by «*+"; oo:^"'" + Jai*~"y" + 
cy*" by «•*"*. 

4. 30 a? +Sicy - 12y2by 8 a; - 3 j/j andby6a: + 4y. 

5. l + 2a;+3a:" + 2a:'+a*byl+a; + ai'. 

6. 12 - 19 a; - 21 ar* by 7 a? - 3 ; and by 3 io + 4. 

7. a? - 4 o^t/^ + 12 ajy" - 9 y* by a? - 3 y; and by x-i-y. 

8. a:* - y* by a? - y; and a? + y^ by a; + y. 

9. «(»;•* + *• + adof^i/^ + bcafi^ + bdy^.t,'* hj caf* + dy"^. 

10. a» - o*6» - a'6* + V by a» - a'b - aJ» + 5'. 

11. 6' + a6 + &c + ac by a + 6; and a' + a6 + 5c + 
oc by a + c. 

12. a + (a + 6) aj + (a + 6 + c) ai* + (a + 6 + c) a^ + 
(6 + c)ai* + caj^byl + a; + a? + fic?. 

13. a* - jpa* + g'a' - ^^a' + jpa *- 1 by a j- 1. 
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14. a* + 6* + c\ + cZ* - 2 {a'V + aV + o'cP + W + 
5'cP + c*^ - 8 c£cd by a - 6 + c + (f ; and that of this 
quotient by a - 6 — c - c?. 

15. Show that the remainder, after the division of a^^- pa? 
+ qa? - raj + « by a; — a, is a* - pa* + qa* - ra + 8. 

16. Divide oJ* - y* by »-* - y-*, and a? + 0:7 J + 2 by 

17. Show that the quotient ofl byl+a;, isl-os + a:* 

— ic* + &c. ac2 irifinitum. 

18. Show that the quotient ofl byl — 3a5 + 3aj* — «■ 
isl + 3a5 + 6a?+ 10a3* + 15a^ + <fec. oc? infinitum. 

19. Divide (a: + y)* — 2 (a; + y)' 2^ + a^ by « + y - «l 

20. Divide (a - c)» - 3 (a - c)' (6 - rf) + 3 (a - c) (6 - d)^ 

- (6 - cQ' by a - 6 - c + (i. 

Prove that : 

21. {ah (6 - a) + ac (a - c) + 6(J (c - 6)} -f (6 -^c) 
= (a - J) (c - a). 

22. { a» (6» - <r») - aJ (263 + 6(5 - c«) + 6» (6 +"c) } 
-s- (06 - oc - 6^ = (a - 6) (6 + c). 

oQa6 + 2a^-36^-46c-a<5-c3 , ^ 

23. — = a-6-c. 

2a + 36 + c 

o. 12a*+7a6 - 12 6» + oc-76(j-c' . oil -^ 

24. s TT =4a-36-cS; 

3 a + 4 6 + c 

25 a^-2flKB3 + (a3-o6-6^a; + a^6 + a6' _^_^_^. 

(a? - a) (a; + 6) 

ar* + y* + a? + 2 a^« - 1 

27 a^(/-g) + y*(g-fl?) + g'(g--y) = aj + y + ^ 

(a? - y) (y - «) (a - «) 
(a? - y) (y - »; {x - «; 



40 ALOCfiilAi 

29 €Lbcd (g + 6 + c + cQ° - (abc + be d ■{■ cda + dalif _ , ■§ 

(be - ad) {ca " id) 

a* + 6^ + c* - 06 - ac - 6c 

81. (^lJ^)jti2^:ifL' = (a.- ' 

a; — J5 

32. ^ i = aj<«-«« + »«"-'»"•+ +aj'"* + af + 1. 

af* — 1 

34. (a; - y) -f- ( ^ya; — J/y) = a^ + a;%^ + a;%^ + x^y^ + y^' 

Factors. 

29. The ordinary method of finding the quotient of two 
algebraical quantities having been explained in the last 
article, we shall now proceed to show how, in certain cases, 
this method may be avoided, and the quotient written down 
at sight. It may be remarked at the outset, that the resolu- 
tion of algebraical expressions into their elementary factors 
is a subject of very great importance, and one which the 
student will do well to thoroughly master. 

(I.) The form a? + 2 ax + a\ 

We have seen (Art. 26) that a^+2oa; + a' = (a; + a)\ 
Hence the sum of the squares of two quantities, together 
with twice the product of the quantities, is equal to the 
square of the mm of the quantities. 

And hence, any algebraical expression, which can be thrown 
into the form (a::' + 2 oa? + a'), is of necessity a perfect square. 

Thus— 

ai» + 6 a; + 9 = a» + 2 (3) a? + 3» = (a; + 3)1 

a' - 10 a6 + 25 6' = a' + 2 a ( - 5 5) + ( - 5 6)* = 
(a - 5 b)\ 

16 aV - 56 aba^j + 49 ftV= (4 ox)' + 2 (4 oa;) ( ^ 7 fty) 
+ ( - 7 62/)' = (4 oa; - 7 by)\ 



3 djy - 6 ahcxy + 3 acy = 3 a (6W - 2 Jcay + ^f) = 
3 a{(6a:)* - 2 (&c) (cy) + (cy)»} = 3 a (&« - cy)'. 

(II.) The form a» - 61 

We have seen (Art 26, XL) that o"- &• = (a + J) (a- 6). 

Hence the difference of the squares of two quantities is 
equal to the product of the sum and difference of the 
quantities. Thus — 

aW - 6y = {cucy - (4y)» = (a« + iy) (a* - by). 

iC* - 3^ = (a^» - (3/»)« = (ai» + y») (0? - jO 
= (ar + y») (« + y) (« - y). 

a' + 6«-c'-<P+ 2ab -- 2cd 

=» (a» + 2 a6 + 6*) - (c* + 2 «£ + ^ 
= (a + J)« - (c + cO' 

= {(a + 6) + (c + i)} {(a + 6) - (c + c?)} 
^ =(a + & + c + c2)(a + 6 — c-cQ. 
a^ + a[?y^ + y* 2= (iW* + 2 ay + ^) - ^y* 

«{(«" + 2/^ + »y}{(aj»+y«)-«y} 
s= (a? + ay + y^ (»* - scy +V). 

(ni.) The form a? + px + q. 

This form evidently includes both the preceding, for the 
firet form — ^viz., a^ + 2 005 + a^ is included, since q may be 
the square of half p ; and the second is included — viz., 
a^ — €?y since we may have p = o, and q a negative square 
quantity. 

Now, the resolution into elementary rational factors of the 
quantity a^ + px + q ia not always possible ; but, since 
(Art. 26, III), 

a? + (a + b) X + ab = (x -^ a) (x + b), 

we have the following rule, when the quantity admits of 
resolution. 

Rule. — If the third term q of the quantity a? + px + q 
can be broken up into two factors, a and b, such that the* 
sum of these will give the coefficient of x, then the 
elementary factors o£ 0? -\- px + q are x + a and a; + 6. 

Thus, a?* + 7 a; + 12 = (a; + 3) (a; + 4); for the product 
of 3 and 4 is 12; and their sum ia 7| the coefficient of i^ 
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a^ - a - 30 = (aj - 6) (a? + 5); for the prodttct of - 6 

and 5 is — 30, and their stmh is - 1. 

And 80, a» - 18aj + 32 = (a; - 2) (a; - 16), 

And a* + 3 a5 - 108 6* = a'^ + (12 b - 9 h) a + 

(12 6) (- 9 6) = (a + 126) {a - 96). 

(lY.) The form aoc^ + bx -h c. 

This is the general form of a trinomial. The following 
remarks, though equally applying to each of the three pre- 
ceding forms, are especially intended to be practically/ 
applied to trinomials not included by them. 

The above form will include such expressions as the fol- 
lowing :— 20 ar^ + 11a; - 42, 6a:» - 37a; + 55. 

It is evident that the product of the first terms of the 
factors will be the first term of the given trinomial, and that 
the product of the last terms of the factors will be the third 
term of the given trinomial. 

^ And, further, when the third term is negative, the last 
term of one factor must have the sign + , and the last term 
of the other the sign - j but, when the third term ia 
positive, the last terms of the factors must have the same 
sign as the middle term. ^ 

Thus, 12 ai" - 31 a; - 30 - (4 a; + 3) (3 a; - 10). 

Here the factors of 12 a:' are either 3 x and 4 a;, 6 a; and 2 x, 
12 a; and x, and the factors of 30 either 5 and 6, 3 and 10, 
2 and 15, 1 and 30 ; and we must give a + sign to one of each 
of these latter pairs, and a - sign to the other. It is easily 
found on trial that, in order to obtain - 3 1 a; as the middle term, 
the factors of the trinomial must be 4 a; + 3 and 3 a; - 10. 

SowehavelOa' - 41 a6 + 21 6^ = (5a- 36) (2a -7b), 
and aca^ + {ad + be) xy + 6cf^ = {ax + by) {ex + dy). 

(V.) The forms af* + y* and a;** - 3/". 

We shall shovt in the next article that a rational in- 
tegral algebraical expression, involving x, contains a; - a as 
a factor when it vanishes on substituting a for x, 

iEence, af + ^^ and of* - y^ must each vanish on putting 
y for Xy if they contain a? - y as a factor, n being an integer. 

The former becomes ^ + y** or 2 ^, and the latter ^ — 
y*» or 0. We therefore conclude that — 

as^ H" ^ does not contain a; - ^ as a factor; and that — 
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af - 2^ does contain a; - ^ as a factor^ whether n be 
even or odd. 

Again, on the same principle^ they must each vanish if 
ihey contain a; + ^ as a factor, on putting - y for x. 

The former becomes ( ^ y)* + y*, which vanishes when » i&oddf 
andthelatter becomes ( - yY — ^^which vanishes when n is even* 
Hence we conclude that — 
ttf^ + 2/* contains a; + y as a factor when n is odd, and 
af^ — i^ contains a; + y as a factor when n is even* 
Now, the quotient of either of these quantities by 05 + yor 
X " y can in any particular case be found by long division. 
"We thus find that— • 

ic* + 3^ = (a? + y) (aj* - fl^y + a*y* - a^y* + 2/*)> 
i«* - y* = (a: *- y Wir* + or'y + ag^ + y*), 

a* - y" = (aJ - y) (a:* + a:y + J?). 
The law of formation of the co^factor in each case is easy 
to see j and if we may assume this apparent law as generally 
true, we may conclude that, when an algebraical quantity is of 
the form af* + y^ or a^ - y*, and it contains a: + y or a? - y 
as a factori the law of formation of the co-factor is as follows:— 

Law qf Formation of Co-Factor. 

1. The terms are homogeneous, and of dimensions one 
degree lower than the given expression, the power of a; in the 
first term being n — 1, and diminishing each successive term 
by unity; and the power of y increasing each successive term 
by unity, and first appearing in the second term. 

2. The coefiicieiit of every term is unity. 

3. The signs are alternately + and - , when aj + y is the 
corresponding elementary factor j and are all + , when x - y 
is the corresponding elementary factor. 

Ex. 1. a» + 32 = a' + 2« = (a + 2) (a* + a» • 2 + a* • 2* 
+ a -2' + 2*) = (a + 2) (a* + 2 a" + 4 a' + 8 a + 16). 

Ex. 2. a« - &• = {aY - (5»)» = (a» + 5») (a> - ^ = 
a + 5) (a^ - oft + h^) ' (a - h) (a' + a6 + 6" = (a + 6) (a - h) 
a" " ab + 6») (a« + a5 + 6'). 

80. I%e remainder qf the division qf a rational integral 
function qf:s.byx - a may ^6 found Jy putting a for z in 
the givenfunction. 



I 
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Def. — A fanction of a; is an algebraical czpressioh in- 
volving X ; and a rational integral function of a; is an expres- 
sion of the form oaf* + fea?*"^ + &c. + sx -^ t, where all 
the powers of x are integral and positive. 

'L&t/{x)* be a rational integral function of a;, and suppose 
Q to be the quotient, and B the remainder on dividing the 
function by a: — a* 

Then, evidently — 

Q {x - a) + JR = fix) identically. 

And this identity must hold for all values of x, and 
therefore holds when x = a. 

In this case we have Q{a - d\ + B = /(a) 

6 + i? =/(a) 
ori?=/(a). 

Now/ (a) is the result of putting a for a; in the given func- 
tion, and is/ as we have just shown, the remainder on 
dividing the given function by a; - a. 

Cor. 1. When there is no remainder, we must, of course, 
have/ (a) = 0. Hence, a given rational integral function 
of X vanishes when a is put for a;, if it be divisible by a; - a. 

Ex. 1. The remainder, after the division of 2 »■ — 6 a^ + 
6 a: + 7 by a: — 2 is 15. 

For, putting a; = 2, we have — 
2a^-'6a? + 6x + 7 =2-2»-5-2» + 6-2 + 7 = 15. 

Ex. 2. The function— 

a?-2a? + 6aj — 52is divisible by oj — 4. 
For, putting a; = 4, we have — 
aj»-2ai»+5aj-52 = 4»-2'4« + 5-4-62 = a 

Cor. 2. Any rational integral function of a; is divisible by 
aj — 1, when the sum of the coefficients of the terms is zero. 

For, putting a; = 1 in the given function, it is evident 
that it is reduced to the sum of its coefficients, which sum 
must be zero if the function be divisible by a? — 1. 

Ex. Each of the following functions is divisible by 
aj - 1, viz.: — 

3a^ + 7ai'-aj»+12a;-21, 6a;'-2aj-3, 

{a-^h)a? + (6— c) x -^ {o — a), (o + 5)'ai^— 4a6a:— (a-6)'. 

* The expression/ (x) must not be considered to mean the product 
of/ and X, but as a sifmbol used for convenienoea 
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Cor. 3. Any rational integral function of re is divisible hj 
a; + 1, when the sum of the coefficients of the even powers of 
X is equal to the sum of the coefficients of the odd powers. 

(The term independent of x ia always to be considered as the co- 
efficient of an even power). 

Let oaf + oaf*" * + &c. + ra? + «B + <bea rational in- 
tegral function of x. 

Put a; = - 1, then we have, If the function be divisible 
by a; + 1 — 

«(-!)" +6(-l)— » +&C. +r(-l)« + «(-.l) +< = 0. 

Suppose w to be even, then evidently (— !)"=(- 1) 
( — 1) ( — l)...to an even number of factors = + 1. 

And so ( - 1)--* = ( - 1) ( - 1) ( -. l)...to an odd 
number of factors = — 1 ; and so on. 

Hence we get a - b +&c. +r — « + ^=0, and this 
must evidentiy require the condition that the sum of the 
positive quantities is equal to the sum of the negative, and, 
therefore, that the sum of the coefficients of the even powers 
of a; is equal to the sum of the coefficients of the odd powers. 
And a similar result will follow if we suppose ti to be odd. 

£x. Each of the following functions is divisible by a; + 1, 
viz.: — 

a:'+6a:' + 7«j + 3, 5iB*-4a^ + 8ai*-2a;- 1, 

aV - (a + 1) (a + 2) a? + 2 x + 3 a + i, jpaf ■\- {q + r) a? 
+ {q + r) X + p. 

Ex. IX. 

Hesolve into elementary factors — 

1. »» - 9 a», 16 2^ - 25 a/", 24 a« - 64 6^ 8 a« - 27 y». 

2. aJ* — a^, a' - 6^ a^ + aJ^, 2 a?t/^z - 8 x^^sf. 

3. a* - 4 6*, a^ + a?f+t/*,a*--2 d?V + b\ a» + 6« - c» + 
2 ah. 

4. a^ + V-(?--d? + 2ah'-2cd,ar - J^ . c= + (P + 26c 
+ 2 od, a» ~ (6 - cf. 

6. (a; + iy - (a + 2)\ {x + 5)« - (a: + 2)«, (2a + b)* 
- (a - cf. 

6. {o^ - 2^)» + 4(a^ + aPf + y') xh/, h? + ff - 
5(a^ + jr)'ar^^ + 4ajy. 
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7. a? " 3 flu ^ 70, «■ + 11 a + 10, a* - 15 o6 + 66 6*, a* 
-4a -192, 

8. aV + a6ajy - 42 6y, 3 oaj*- 24 ooj - 60 a, 24 oc - 
5 oc* + oc". 

9. 6 a? - 11a; -«35, 8ar* + 6aj - 136, 18a? - 21aj - 72, 
20a? - Uaj - 42. 

10. 3a?y + 10a?3^ + 3an/", 20a? + 12aa? + 25 6a? + 
1 5 abx, rn^a? + {mq + mp) x + pq. 

Write down the quotient of — 

11. a;* - 16 by a; - 2, 3a? + 96 by a; + 2, a? - 27 by 
a? -3. 

12. (a + 6)' — ((? + cQ' by a + 6 + + (f, o' - 6' + c? 
-cP + 2ac + 2 5o^bya + 6 + c-d 

Find the remainder after the division of — 

13. a? + ^a? + ya? + ra; + s by a? - a, a? + a* bj 
a? - a', 

14. a? - 6aj' + 7a; - 9 bya; + 3, a? - 3a5 + 7 by a; - 2. 
Show that — ' 

15. 6a?-3a?+ 7a?-8a;-lis divisible by as — 1, 

16. 2a;* - 3a? + a? - 7a; - 13 is divisible by a; + L 
Show that : 

17. a»(6-c)+6=(c-a) + (?(a-6) = (a-i&)(6-c)(a-c). 

18. be (6 - c) + ac (c-^aj-h ah (a - 6) = (a - h) {b ^c) (a^ c). 

19. a!^{b-c) + P{c-a) +c?(a-6)= (a-6) (6-c) (a-c) 
{a + b + c). 

20. a*(6 - c) + 6*((J - a) + <?(a- b) = (a-6) (b-c) (a'-c) 
(a^ + b^ + c^ + ab + ao + be). 

21. a' + i' + <? + 3 (6 + c) (c + a) (a + 5) = (a + 6 + c)'. 

22. a;® - 2/* = (a;^ - a;?/ + y^) (a;' - a;y + y') (a; + y) (a;-y), 

23. a? - 3/» = (a? + yO («' + 2/") («? + y) (x - y). 

24. a? - 2 a;y " ^ y* + ^ y^ ■" ^ = (^ "■ ^ y + *) (* + y " ^)' 
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25. 3(a! + y)* + 2(a5 + y)(« + «)-6(s + tt)»=:(«+y-«-tt) 
(3 a; + 3 y + 5 2 + 5 «), 

26. i {(x - y)" + (y - z)' + (z - x)'} 

= i{(a'-y)'+ (y-2)*+(«-!r)*} •4{(a!-y)»+(y-«)»+(«-«)»}. 

27. {(as - y)» + (y - a)» + (» - «)«}« 
= 2 {(aj - y)* + (y - «)« + (s - x)*}. 

28. {(«-y)«+ (y-«)« + (z-x)*} . ('«-y)' + (y-*)'+(^-»)' 

— - ,3 

29. a^(2/*-a»)+y*(«»-aj*) + :^(a«-2^) = («-y)(y-«) 
(« - a?) (aj + y) (y + «) (« + sc). 

31. (a + 6 + c + d)' — (6 + c — a — d)(c + o— i— <£) 
(a + 6 — c — cf) = 4(a+& + c + cQ (a5-i-(c + ac + a{2 + &2 + cc/) 
— 8 (cdc + o&e^ + €icd + 5ci). 



CHAPTER IIL 

Involution and Evolution, 

Involution. 



31. Involution is the operation by which we obtain the* 
powers of quantities. This can of course be done by multi- 
plication, but the results obtained by the actual multiplication 
of simple forms enable us to develop without multiplica- 
tion more complex forms. As the subject requires the aid of 
the Binomial Theorem, we shall here show how to develop a 
few only of the more simple expressions. 
' 83. The power of a single term is obtained by raising the 
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coefficient of the term to the power in question, and muUiply- 
ing the exponents of the lettera of the term by the exponent 
of the power in question. 

Thus, (a»)' = a» X a» = a» + » = a» ^ •, 
(a**Y = a** X a** X a*" to 9i factors = ^j"* + •» + » + ... to wtenM 

And so, (4a%y = 4»a»^W^V^» = 64a«6V» 

S3. Developmentof the<Atrc?,/owr</*,and^</* powers of a + 5. 
We know (Art. 26, 1.)that (a + J)» = a« + 2a6 + b\ 
.-. (a + 6)» = (a^ + 2 ofi + 6^ (a + 5) = a» + 3 a»6 + 3a6' + ftj; 

also, (a + by = (a' + 3 a6^ + ah^ + 6*) (a + 5) = a* + 
4a»6+ ea'b^ + 4a6» + 6^ 

and (a + by = (a* + 4 a»5 + 6 a%» + 4 a6' + 5*) (a + I) 
c= a» + 6 a*6 + lOaW + lOa^ft* + 5 a6* + 6'. 

The following law of the formation of the terms is evident :-^ 

Law of Formation of Terms, 

1. The first term contains a raised to the given power, and 
the power of a decreases by unity in each successive term, 
while, the power of b (which first appears in the second term) 
increases by unity in each successive term, till it reaches the 
power of the given quantity. 

2. The first coefficient is unity, and the coefficient of any 
term is found by multiplying the previous coefficient by the 
exponent of a in the previous term, and dividing the product 
by the nimiber of terms hitherto developed. 

Ex. 1. (2aj + 3y)» = (2aj)» + 3 {2xy (3y) + 3 (2a;) (3y)« 
+ (3y)' = Sx" + 36ar^y + 54a^ + 272^. 

Ex. 2. (a + 5 + cy = (a + b + c)» = (a + 6)' + 

3 (a + bye + 3 (a + 6) c« + c» = (a» + 3 a=6 + 3ai» + ¥) 

+ 3 (a» + 2 ah + 6=) c + 3 (a + 5) c» + c* = a» + 6» + c» 

+ 3a*6 + 3a«c + 3a5' + 3 6'c + Sac* + 3 5c' + 6a6c. 

(In the following examples the above law may be assumed aa 
generally XnjLQ.) 

Ex. X. 

1. Find the values of (a'6y, ( - 3 ohj, (2 a'bcy, ( - a'^)\ 
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Expand^ 

2. (a + 3 5)*, (2a + h)\ (a - by, (3a - 46)>. 

3. (2 m + 1)*, (Soj + 2)», (3 a - 4c)*, (-a - 6)». 

4. (a;* + JB + 1)', (3 a - 6 + 4 c - ^», (a + 2 6 - c)» 
(3a + 36 + 3cY. 

5. (1 + « - ar)', (oa: + 5?/ + czy, j (a + 5)«-(c+ (f)y | . 
C. (1 + xy, (I + X + a?)\ {a + bx -^ cx^\ 

7. {ax - byy, (3 a; + y)' (3a: - y)», (ai" + a^ + y*)' (a; - y)». 

8. (V + ar'y* + 3/*)' (a; + y)= (a; - y)», 

j(a + 5)» -4a6['-j(a - by + 4a6|*. 

Simplify — 

9. (a + 6 + c)' - 3 (a + 5 + c)' c + 3 (a + 5 + c)c» - c». 

10. (a - 5)' + 3 (a - 5)2 (6 • c) + 3 (a - 5) (6 - c)» + 
(5 - c)». 

11. (1 + a; + 3ar» + 3a^» + (1 - a? +3ar» - 3x^\ 

12. j(a;j- y)^ .^ (x^+ j^j' - 27a^2/»(a;' +y»). 

Evolution. 

34. Evolution is the operation by which we obtain the 
roots of quantities. 

Since the square or second power of a' is {ciFy or a*, we call 
(Art. 17) a' die squa/re root or the second root of a*. 

And so, since the cube or ^Airc? power of a' is (a*)' or a", we 
call a' the cube root or the ^Airc? root of a*. 

So, generally, since the wth power of a"* = (a"*)" = a"*", we 
call a"* the nth root of a"*". 

Thus, we have Ja^ = a', /yo* = a*, >/a^ = a"*. 

Hence, in the case of quantities consisting of a single letter 
with a given exponefnt, when the given exponent contains as 
a factor the number indicating the root, we must divide the 
given exponent by this number, the quotient being the 
exponent of the root. 

(We shall see farther on that this rule holds when the given exponent 
is not so divisible, the root in this case being called a surd). 

D 
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35. Since tlie product of an even number of negative 
factors must give b, positive result, and the product of an odd 
number of negative factors a negative result, it follows that — 

I. When the root is indicated by an even number — 

1. The root of a positive quantity may be written either 
with a + or - sign* 

Thus, sl¥c? = +3a, ^^16^* = ±26. 

2. The root of a negative quantity is impossible. 

Thus, V - «'i 4^ - a*6" <fcc., are impossible quantities. 

II, When the root is indicated by an odd nuinber, the root 
has always the sign of the given quantity. 

Thus, ir^^h^ = - 3 6>, i^32^ = 2 x'y. 

(It may be remarked that the theory of impossible quantities forms an 
important branch of Algebra, which the student cannot yet enter 
upon. Acoording to that theory, all quantities have aa many roots aa 
the number indicating the root.) 

Square Boot. 

36. We shall now develop the method of finding the 
square root of a given quantity. 

Ex. 1. Find the square root of a' + 2 a6 + h\ 

We know that a^ ^-'^oh -¥ h^ ^ {a + h)\ 
Hence, a + 6 is the square root of a' + 2 a6 + h^ or a* 
+ (2 a + 5) 6. 

Now, it is evident that the first term a of the root is the 
square root of the first term a' of the given quantity; 
and if this term be subtracted, there remains 2 ab + b\ 
from which to determine b the second term of the root. 
Now, b is contained in 2a6 + b^ or (2 a + b)b exactly 
{2 a + b) times. Hence it follows that the second term of 
the root is found by dividing the remainder by twice the 
first term of the root, and, if we wish to arrange our work 
in a way similar to long division, it is evident that we 
first take for our divisor 2 a + b, that is, twice the first 
term of the root added to the second tei-m, which mul- 
tiplied by b the second term, and subtiucted, leaves no 
remainder. 
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Thus the whole process may be arranged as follows :«— 

a" + 2ab + h\a + h 



2a + b 2ab + b^ 

2g6 + y 

Ex. 2. Find the square root of a' + 2 a5 + 5* + 2 ae 
+ 2bc + (^. 
Now we know (Art. 26) that — 

a' 4- 2 a6 + ^ + 2 ac + 2 6c + c' or (a + 6)' + 
2 to + W + c' = (a + 6 + c)\ 

And if we compare the form (a + 5)' + 2 (a + 5) c + c^ 
with the form a^ + 2 ab + b\ it is evident that, having ob- 
tained as in the last example the first two terms a + 6, we shall 
by continuing the process obtain the third term. Thus — - 

a^ + 2 a6 + 6* + 2 ac + 2 6c + c'(a + 6 + c 
a' 



2a + b 2ab + b^ 

2ab + 6» 



3» + 26+o 2ac + 26c + c' 

2 oc + 2 6c + c^ 

We may deduce from the above examples the following 
general nile : — 

BULE. 

1 . Arrange the terms of the given quantity according to the 
ascending or descending powers of some letter, and take the 
square root of the first term for the first term of the quotient. 

2. Subtract the square of the quotient, and bring down 
the next two terms of the given quantity. 

3. Double the quotient, and place the result as a trial 
divisor; then, dividing the first of the terms brought down 
by this trial divisor to obtain the second term of the root, 
add the quotient so obtained to the first term of the root, 
and also to the trial divisor, to obtain a complete divisor. 

4. Multiply the complete divisor by the second term of 
the root, and subtract the product, as in long division, from 
the terms brought down. 

6. If there be any remainder or more terms to bring down,* 
double the whole quotient for a trial divisor, and divide the 
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remainder by the new trial divisor, to obtain the third term 
of the root; and so on. 

Ex. 3. Find the square root of 1 -Ax + lOa^- 12ic'+ 9x\ 
The terms are here arranged according to the ascending 
powers of as. Then proceeding according to rule, we have — 

1 - 4a? + 10ar»-12a;»+ 9aJ*(l ^ 2x + 3a? 
1 

2-2« -4aJ+10a:» 

- Ax + 405* 



2-4aj+3ar 6aP^l2a? + 9a^ 

60? " I2a? + 9a^ 

The student will observe that twice the quotient is most 
easily obtained by bringing down the previous complete 
divisor with its last term doubled. 

Square Soot of Numerical Quantities. 

37. It is easy to apply the above method to numerical 
quantities. 

Since 1^ = 1, 10^ = 100, 100^= 10,000, 1,000^^= 1,000,000, 
<kc it is evident that the square roots of numbers having less 
than three figures must contain one figure only ; 

That those having not less than three and less than five 
must contain two figures and two only ; 

Those having not less than five and less than seven must 
contain three figures and three only ; and so on. 

Hence it follows that, if a dot be placed over the units' 
figure, and over every alternate figure to the left, the num- 
ber of dots will give the number of figures in the square root. 

Thus, the square roots of the numbers 141376 and 

• • • • 

1522756 have three and four figures respectively. 

... 

In the number 141376 we call 14, 13, 76 respectively the 

• • • • 

first, second, and third periods. So in the number 1522756, 
the first, second, third, and fourth periods are respectively 
1, 52, 27, 56. 

It is evident that the number of periods correspond to the 
number of figures in the square root, and it will be seen that 
the figures of each period are used in the operation for the 
corresponding figure of the root. 
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Ex. Find the square root of 565504. 
Pointing off the number, we find the first period to be 56. 
Now, the greatest square in 56 is 49, and the square next 
greater is 64. Hence the number lies between tiie square 
of 700 and 800 ; and, following the algebraical method, 700 
will be the first term of the root. 

The operation will stand thus — « » e 

565504 (700 + 50 + 2 = 752 
490000 = a» 

2a + 6 = 1400 + 50 =1450 75504 

72500 = 2 a6 + 5* 

2 a+26 + c = 1400+100+2 = 1502 3004 

3004 = 2 ac + 2 5c + c* 

Or, omitting the useless ciphers, and bringing down one 
period of figures at a time, the operation will stand thus— 

565504(752 
49 



145 


755 
725 


1502 


3004 
3004 


Ex. 1. Find the 


square root of 6091024. 




6091024(2468 
4 


44 


209 
176 


486 


3310 
2916 


4928 


39424 
39421 


Ex. 2. Find the 


square root of 83521, * 




83521(289 
4 


48 


435 
384 


569 


6121 
5121 



54 ALGEBRA. 

It "will be observed that the second remainder, 51, is 
greater than the previous complete divisor, 48, and it might 
be supposed, therefore, that the second figure in the root 
should be 9 instead of 8. 

Kow, the square of (a + 1) exceeds the square of a by 
2a + 1. 

Thus, (a + 1)' - a^ = (a^ + 2 a + 1) - a* = 2 a + 1. 

Hence it follows that, so long as any remainder is less than 
twice the corresponding number in the root + 1, we may be 
certain that we have taken the figure of the root sufficiently 
large. 

Thus, since the remainder is less than 28 x 2 + 1 
or 57, we may be certain that 8 is the correct figure and 
not 9. 



Square Boot of a Decimal 

S8. It is evident that the 8quare of any number containing 
one, two, three, &c., decimal figures, will contain twOf four, 
six, &c., decimal figures respectively ; and, hence, conversely, 
every decimal considered as a square must contain an even 
number of decimal figures, and its square root must contain 
half this even number of figures. It will then be necessary 
to add a cipher when the given number of decimal figures 
is odd. 

Further, since decimals and integers follow the same system 
of notation, it is evident that if a dot be placed over the 
units* figure of the given number, the pointing off may bo 
performed with regard to the integral part exactly as in 
integers, there being no necessity to point off the decimals, 
only taking care to bring them down in pairs, and putting a 
decimal point in the quotient when tl^e first pair is brought 
down. 

And again, if an integer be given which is not a perfect 
square, we may, by affixing to the right of it a decimal point 
and an even number of ciphers, gradually approximate to the 
square root as nearly as we please. 
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Ex. 3. Find the square root of 1 *8225. 



65 



23 
265 



1-8226(1 -35 

69 

1325 
1325 



Ex. 4. Find the square root of 247 to four places of 
decimals. 

Instead of adding a decimal point and eight ciphers to 
the right of the given number, we will proceed in the 
ordinary way till we arrive at a remainder. Then putting a 
decimal point in the quotient, we shall add two ciphers to 
this and each successive remainder. 



25 

307 

3141 

31426 

314322 



247(15-7162 

147 
125 



2200 
2149 



5100 
3141 



195900 
188556 

734400 
628644 

105756 



39. It will be shown hereafter that when n + 1 figures of 
a square root have been obtained by the ordma/ry metJiod, n 
figures more may be obtained by dividing the remmnder by 
the number formed by taking twice the quotient already 
obtained^ provided that the whole number of figures in the 
root M 2 n + 1. 

Ex. Find the square root of 29 to six places of deci- 
mals. 
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The square root required will evidently contain seven 
figures. We shall therefore find the first /o^fcr figures by the 
ordinary method, and the other three by the above method. 
Thus-^ • 



s 


29(5-385164 
25 




103 


400 
309 




1068 


9100 
8544 




10765 


65600 
63825 




10770 


17750 
10770 

69800 
64620 

51800 
43080 


then by division. 


Ans. 5*385164. 


8720 

Cube Boot. 





40. We will next develop the method of finding the cube 
root of a quantity. 

Ex. 1. Find the cube root of a' + 3 arh + SaP + 51 

We know (Art. 33) that {a + 6)» = a' + 3 a^b + 
3 ah^ + 6*. Hence a + 6 is the cube root of a' + 3 a^b + 
3a5»+6*. 

We see then that, the quantity being arranged according 
to the powers of a, the first term a of the cube root 
is the cube root of the first term of the given quantity; 
and if this term a' be subtracted, there remains 3a^b + 
3a6» + b\ 

We see again that if this remainder be divided by 3 a', its 
first term gives b the second term of the root, and, further, if 
it be divided by 6, we get 3 a* + 3ab + 6* as a quotient. 
If we wish therefore to arrange the whole process in a way 
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similar to ordinary division, it is evident tliat we must 
write as a divisor 3 a' + 3 aft + 6', in order tliat after 
multiplication by the quotient figure b we may obtain a 
quantity which when subtracted shall leave no remainder. 
The operation will then stand thus — 

a» + 3a^b + 3a6' + b\a + b 



3a« + 3a6 + &» 3a*6 + 3a6» + 6' 

3a'6 + Sab" + h" 

We call 3 a', the trial divisor, because by means of it we 
search for the second term of the cube root. Having ob- 
tained this second term, we then form the complete divisor 
Sa^ + 3a6 + b\ 

Ex. 2. Find the cube root of 8 a;^ - ZG a?j/ ■¥ 5i xf -27y*. 

So^ - 36 ar'y + 54 ay^- 27^(20? -3y 
8jc» 

12cc»- I8xij + df "" '-3(ya^y + b4:xif-27if 

-36ar^y + 54ay'-27y' 

Explanation. — ^We find the cube root of 8 a:* to be 2 re. 
This is then the firat tcnn of the quotient, and corresponds to 
a in the previous example. We now require 3 a' for a trial 
divisor. This, of course, = 3(2 a;)' = 12 or*. Subtracting the 
first term of the given quantity and dividing the first term 
of the remainder by this trial divisor, we obtain - 3 y for 
the quotient. This forms the second term of the root, and 
corresponds to & in the last example. We now easily obtain 
3 ab and b\ 

Thus, 3a6 = 3 (2a;) (- 3y) = - 18a:y, and 6- = (-3y)» 

= 92/". 

Hence, the complete trial divisor, corresponding to 3 a" + 
Sab + 6' in the last example, = 12a? - 18 a^ + 9^. 

Multiplying now by - 3 y the quotient, we obtain 
- 36 a^y -f- 64 fc^ r- 27 2/*, which subtracted leaves no re- 
mainder. 

Hence, 2 ;i; - 3 y. is the cube root. 
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Ex. 1. Find the cube root of 262U4. 



» 



262144(60 + 4 = 6'* 
216000 

3a« = 10800 46144 

Zab = 720 
i» 16 

3a« + Sah + 6» = 11536 46144 

Explanation. — Pointing off the given number, we find 
the first period to be 262, and that the cube root consists of 
two figures. Now, the greatest perfect cube in 262 is 216, 
which is the cube of 6. Hence, the given number lies between 
the cubes of 60 and 70 ; and following the algebraical method, 
60 will be the first term of the cube. This, we see, corre- 
sponds to a in the algebraical method. 

We first then subtract the cube of a — ^viz., 216000, which 
leaves as a remainder 46144. 

We now write down 3 a' or 3 (60)* = 10800, which is the 
trial divisor for determining b. Dividing then by this value of 
3 a^, we find 6 = 4, which is the second term of the cube root. 
We next obtain Sab = 3 (60) (4) = 720, and 6» = 4* = 16, 
and so by addition we get 3a^ + 3ab + l^ = 11536, which 
is the complete divisor. Multiplying this then by the 
quotient figure, we subtract the product, and, there being no 
remainder, we find the cube root to be 64. 

We may omit the useless ciphers in the above operation, 
if, remembering the local value of figures when numbers are 
expressed in ordinary notation, we take care to place the 
right-hand figure of the value of 3 ab one place to the right 
of the corresponding figure of the value of 3 a^ ; and also to 
place the right hand figure of h^ one figure further stUl to the 
right. 

The operation will then stand thus — 

262144(64 
216 

3 X 6^ ^108 46144 

3x6x4= 72 
4^ - _16_ 

11536 46144 



J 



60 




ALGEBRA. 


Ex. 2. Find the cube root of 102503232. 






102503232(468 
64 


3 X 4« 

3x4x6 = 
6» = 


48 

72 ^ 

36 r 

5556 4 
36/ 


38503 

33336 
5167232 


3 X 46» = 
3 X 46 X 8 = 

8^ = 


6348 
1104 
64 






645904 


5167232 



Explanation. — ^The first two figures of tte root are ob- 
tained as in Ex. 1 . We then treat the number they form, viz. , 
46, as corresponding to a in the algebraical model, omitting 
useless ciphers. Obtaining then 3 a* or 3 x 46^ = 6348, we 
find 8 to be the next figure of the root. Then writing under 
this, 3 a6or 3 x 46 x 8 = 1104, andafterwards h^ or 8» = 64, 
taking care as to the positions of the right-hand figures, and 
adding, we get 645904 as the complete divisor. Then as before. 

Remark. — It is unnecessary to be at the trouble to find 
the value of 3 x 46^ by ordinary multiplication. For re- 
ferring to the algebraical model, and writing here the succes- 
sive terms of the complete divisor, and adding, we have— 

3a2 

3a6 \ 

^ ( If we now again write down h^ 

Sum s= 3 a^ + 3 a6 + h^ J under this sum, and then add up 

l^ ) the last /our lines, we get — 

3"^^ + 6ab + 36^ or 3 (a" + 2a6 + V") = 3 (a + b)\ 

This is three times the square of the first two terms of 
the root. 

It therefore follows that, if, as in the above example, after 
completing the operation for finding the first two figures of 
the cube root, we write under the complete divisor just ob- 
tained the value of the square of the second figure, and then 
add together the last four Huesj thus obtained, we get three 



CUBE BOOT OF KUHEBICAL QUANTiriES. 61 

times the square of the quotient for a partial divisor by which 
to determine the next figure of the root. 

The four lines to be added are in the above example 
bracketed. This method will be found to materially shorten 
the work, for it may be similarly applied to find the trial 
divisor when the cube root consists of any number of figures 

Cube Boot of a DecimaL 

42. We know that the etihe of any number containing one, 
two, three, &c., decimal figures will contain three, six, nine, 
&c., decimal figures respectively, and hence, conversely, every 
decimal considered as a cube must contain a number of 
decimal figures which is a multiple of three, and the number 
of decimal figures in the ctibe root must be one-third of the 
number contained in the given cube. It will then be necessary 
to add ciphei*s when the given number of decimal figiu'es is 
not a multiple of 3. 

And by continuing the reasoning of Art. 37, if a dot be 
placed over the units' figure and over every third figure to 
the left, it will be sufficient to bring down the decimal figures 
three at a time, putting a decimal point in the quotient when 
the first three are brought down. 

And further, if an integer be given which is not a perfect 
cube, we may proceed in the ordinary way till we an-ive at 
a remainder, and then, putting a decimal point in the quotient, 
by affixing three ciphers to this and each successive re- 
mainder, approximate to the cube root as neai-ly as we please. 

Ex. 3. Find the cube root of 395-446904. 





395-446904(7-34 
343 


3 X 7» = 147 
3x7x3= 63 \ 
3* = 9( 


52446 


15339 C 


46017 


9) 


6429904 


3 X 73» = 15987 
3 X 73 X 4 = 876 

4» = 16 

1607476 


6429904 
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43. We shall show farther on that when n + 2 figures of 
u cube root have been obtained by tlie ordinary method, n 
figures more may be obtained by dividing tfie r&mavnd&r by 
the next trial divisor, provided that the whole n/umber of 
figures in Hie root ts 2 n + 2. 

We may apply this principle with advantage when we re- 
quire the cube root of number to a given number of decimals. 

Ex. Find the cube root of 87 to five places of decimals. 

The required cube root will evidently contain 6 figures, 
and since 6 here corresponds to 2 7& + 2 above, it is evident 
that 71 =. 2. Hence, we shall find 4 (that is, n + 2) figures 
by the ordinary method, and then 2 more by division. 

The operation will stand thus — 

87(4-43104 
64 



3 X 42 


= 


48 


23000 


3x4x4 


= 


48 ^ 




4* 


= 


16 1 








5296 1 


21184 






16; 


1816000 


3 X 44« 


=s 


5808 




3 X 44 X 3 


s= 


396 -^ 




3« 


=: 


H 








584769 ( 


1754307 






9; 


61693000 


3 X 4432 


588747 




3 X 443 X 1 


=: 


1329 \ 




P 


= 


1) 








58887991 C 


58887991 




280500900 






58901283 


235605132 
44895768 






Ana. 4-43104. 





Ex. XI. 

Find the square roots of — 

1. 4a'y*«», 16 aV,a^ + 2a^Qi? -¥ a*. 
3. 4ai» - 12ic^y + 29 aV - 30a^y» + 
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« 

3. 25a* - 30a»6 + 19 aV - 6 a&» + 6^ 

4. 1 - 4a: + 10ar» - 20a' + 25a:* - 24a" + 16a*. 

6. a^ + 2a6a + (2 oc + 6')a' + 2{ad + 6c)a* + (^M 
+ c2)a* + 2cc?a» + c?al 

6. aV'^ - 6a'a^-i + 17a=ar»-» - 24aaj*— » + 16a^-*, 

7. oj + 3 + x-\ a-x"^ - 2 + a-V. 

8. 9a^ - Za^aT + 25a» - 30aa* +% + 5a', 

4 

Find the square roots of — 
9. 1296, 6241, 42849, 83521. 
10. 10650-24, -000576, -1, ^^^. 

Give the values correct to four places of decimals of — 

t of -31 416 V5 + J 2 ^ VlO ^ 2 «,,,. . 

13. 7^^ — > — ^ 7:= + -7 , 3*14:16 of 

V93 V5 - V2 JlO + 2 

V 3S-16 

Find the cube roots of — 

13. 8a»6yS 125aiy,a' + 6a«6 + 12a6» + 86». 

14. a^» + 9a^<» + 6a^ - 99a^ - 42a?* + 441a* - 343. 

15. 7? + Z7?y + 3ay* + 3r'-6cay-3ca*-3cy| 
+ 3c=a + 3c»y - c*. 

16. a* + a"' + 3 (a + a"^), ar'y-' + 3 a?y-^ + 3 a^/"^ + 1. 
Find the cube roots of — 

17. 6849513501832, 1371-330631. 

18. 20-346417; -037, T^sS^V 

Give the value of the following correct to four places of 
decimals : — 

v5T2 + 4^03375 1 



19. 



^8"0 - il'Ol ' ^4 + 4^2 + 1. 



on ^/^555+jy-04 ^ >/5 + 2 

Z\J. ' , r=^ of = • 

^^05 + ^/•04 7 

21. ( V7 + 2) ( 77 - 1), (5 + ^3) (4 + ^12). 
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22. s/l'r+Tj2, ^J'^Q'+'WJZ: 

23 >iy3 6 + 2^5 ^5"+ 1 

4 16 ' 4 * 

24. a' (5 - c) - 6^ (a - c) + c'(a - 6), where a - >/l-2, 

6 = - >A3^ and c = — 



■«f f . 



CHAPTER lY. 

GREATEST COMMON MEASURE AND LEAST COMMON MULTIPLE. 

Oreatest Common Measure. 

44. In Arithmetic (page 24) we defined the G.C.M. of two 
or more numbers as their highest common factor. In Algebra 
the same definition will suffice, provided we understand by 
the term highest common /actor, the /actor of higliest dimen- 
sions (Art. 18). This, it need hardly be remarked, does not 
necessarily correspond to the factor of highest numerical value. 

45. To find the G.C.M. of two quantities. 

BuLE. — Let A and B be the quantities, of which A is not 
of lower dimensions than B. Divide A by B, until a re- 
mainder is obtained of lower dimensions than B. Take this 
remainder as a new divisor, and the preceding divisor A as & 
new dividend, and divide till a remainder is again obtained 
of lower dimensions than the divisor; and so on. The last 
divisor is the G.C.M. 

Before giving the general theory of the G.C.M. we shall 
work out a few examples. 

Ex. 1. Find the G.C.M. o£a? - 6a; - 27 and 2aj«- lla- 63. 

According to the above rule, the operation is as follows: — 

ar» - 6cc - 27)2 ar» - 11 aj- 63(2 

2ar'~ 12a?- 54 

» - 9)aj2 - 6a?- 27(a; + 3 
ar' - 9 a? 

3a? - 27 
3a?- 27 

.-. The G.C.M. is a? - 9. 
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Ex. 2. Find the G.C.M. of lOo" + 31 a? - 63 « and 14a^ 

We may tell hj inspection that a; is a common factor, 
which we therefore strike out of both, only taking care to 
reserve it The quantities then become — 

lOa? + 31aj - 63, and Ua? + blx - 64. 

We may now proceed according to rule, taking the 
former as divisor. We see, however, that the coefficient 
of the £rst term of the dividend is not exactly divisible by 
the coefficient of the first term of the divisor. Multiply 
therefore (to avoid fractions) the dividend by such a number 
as will make it so divisible, viz., by 6. This will not affect 
the G.C.M., as 6 is not a /actor of the first expression, 
viz., 10 ic* + 31 a - 63. 

It may as well be here mentioned that the G.C.M. 
of two quantities cannot be affected by the multipli- 
cation or division of one of the quantities by any 
quantity which is not a measure of the other. We 
idiall, for a similar reason, reject certain factors or introduce 
them into any of the remainders or dividends during the 
operation. (See Art 47). 

14a? + 61aj - 54 
6 



10 a? + 31 « - 63)70 ar» + 255aj - 270(7 

70a? + 217a? - 44 1 

38aj + 171 

Bejecting the factor 19 of this remainder, we have— 

2aj + 9)10aj» + 31aj - 63(5 a? - 7 
lOa? + 45 a; 

- 14 a; - 63 

- 14a; - 63 



Hence, 2 a; + 9 is the last divisor, and multiplying this by 
as, the common measure struck out at the commencement, we 
find the G.C.M to be a; (2 a; + 9) or 2a;' + 9a^ 

B 
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Dividing this remainder by 14371| and taking the quotient 
for a new divisor, we have—* 

a^ ^ Ta; „ 3) -72aj» + 679aj»- 100905- 625(-72a? + 175 
-72g» + y4ar'+ 216a; 

175 a?- 1225 oj- 525 
175 a? -1225g- 525 

.-. a? - 7 aj - 3 is the G.C.M. 

It will be seen that we have introduced and rejected factors 
during the operation in order to avoid fractional coefficients. 
This, as will be seen from the general theory, will not affect 
the result, provided that no factor thus introduced or rejected 
is a measure of the corresponding divisor or dividend, as the 
case may be. 

Theory of the Greatest Common Measure. 

46. Let A and B be the two algebraical quantities, and the 
operation as indicated by the rule (Art. 45) be performed. 
Thus, let A be divided by By with B)A{p 
quotient p and remainder C. Then pB 

let B be divided by C, with quotient y, C)B(q 

and remainder D. Iiastly, let C be aC 

divided by A ^th quotx^t r, and %(, 

remamder zero, ^2> 

Then we are required to show that -rr 

D is the G.C.M. of ^ and B. " 

(1.) i) is a common measure of A and B, 

Now, we have G = ri), B = qC •{• D, A - pB + O, 
Hence, i> is a measure of C, and therefore of qG, It is 
therefore a measure of qG + D or B. Hence, also, i> is a 
measure of pB, and since it is also a measure of G, it must be 
a measure of pB + G or A. But we have shown it to be a 
measure of B. Hence, Z> is a common measure of A and B. 

(2.) i> is the G.C.M. of ^ and B. 

'For every measure of A and B will divide A - pB or G; 
and hence every measure of A and B will divide B - qG or 
J), Now, I> cannot be divided by any quantity higher than 
J)y and, therefore, there cannot exist a measure of A and B 
higher than D, Hence; ]) is the G.C.M. of A and B. 
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47. A factor whicJi does not contain any factor coTmnon to 
both A amd B may he rejected aJt any stage of the process. 

Let the operation stajid thus : — 

B = mB ' suppose, » 
B^A(p C)S{q 

^ G = wC" suppose, J))C\r 

rP 


where neither m nor n contains any factor common to A 
and B. 

It will be an exercise for the student to show that D is the 
G.C.M. of -4 and -B. 

48. A factor, which hxis no factor that the divisor ha>8, may 
be introduced into the dividend at any stotge of the process. 

The operation may stand thus — 

B)mA(p, where m has no factor that B has ; 
pB 

C)nB(q, where n has no fisictor that C has ; 
gG r 

J))C(r 
V rP 



As in Arts. 46, 47, it may be easily shown that P is the 
G.C.M. 

Both the above principles are made use of in working out 
Ex. 3 Art 45. 

49. When a common factor can be found by inspection, it 
is advisable to strike it out of the given expressions. Then, 
having found by the ordinary process the G.C.M. of the re- 
sulting quantities, we must midtiply the G.C.M. so found by 
the rejected factor. 

Thus, 4 OS is common to the quantities 4 a? — 20 a^ + 24 as, 
and4a:^ + 16 a? -- Sios, 

Rejecting it, we get a? - 6 a? + 6, and re' + 4 a - 21, 
whose G.C.M. is easily found to be a; - 2. 
' Multiplying by 4 a;, we find the required G.C.M. to be 
4a» - 8«. 
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50. By a little ingenuity on the part of the student in 
"breaking up the given expressions into factors, the ordinary 
and often tedious process of finding the G.C.M. may be 
avoided. The limits of our space will allow us only one 
example. 

Ex. Find the G.C.M. of So* + 40* - 10 a; + 3, and 
16a^ + 47ar»+ 13 a?- 12. 

The first expression contains x — 1 as a factor (Art. 30), 
for the sum of its coefficients is zero. The other factor may 
be obtained thus— 

3a;» + 4a;«-10a; + 3 = 3a;»-3ar+7a?-7aj-.3a;+3 

= 3ar»(aj- 1) + 7a;(a; - 1) - 3(a5- 1) 
= (3a^ + 7aj-3)(a; - 1). 

Now, 3 a? + 7aj — Sis not further resolvable, and as - 1 
is evidently (Art 30) not a factor oflSa:" + 34 ar^ + 13aj- 
12. It is, therefore, very j^robable that 3 a* + 7 a; - 3 is the 
G.C.M. required. 

We may test it thus — 

15ar» + 47a»+ 13a;- 12 = 15a;S+ 35ar^ - 15a; + 12a:» + 28a:- 12 

= 5a:(3a^ + 7a;-3) + 4(3a:» + 7a;-3) 
= (5a: + 4)(3ar» + 7a;- 3). 

Hence, 3a;^ + 7a;- 3is the G.C.M. required. 

G.C.M. of Three or More Quantities. 

51. The G.C.M. of three or more quantities may be found 
thus — 

Rule.— Find the G.C.M. of any two of the quantities, then 
the G.C.M. of the G.C.M. so found and a third quantity, and 
BO on. The last found G.C.M. will be the p. CM. required. 

Ex. XIL 
Find the G.C.M. of the following— 

1. a? " 5x + 6 and a? + 3 a; — 18. 

2. a' + 6a;'+ llaj + 6 and a;' + 5ar* + 7a; + 3. 

3. 2 a? + 10 ar*- 18a;- 90 and 3 a? +16 a;* -26 a;- 141. 

4. a* + (a + 6 a + a6 and a;* + (a + c) a; + ac. 

5. a? - 6* and a' + a^b + ah\ 
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6. a* - 4 oj + 3 and a? + 4 a? - 5. 

7. 4ar» - 32a? + 85 a; - 75 and 3 ai» - 15a? + 15a; + 9. 

8. 9a?-3a2/ + 2y-4and6aJ*-4a?-9a:2/' + 6y'. 

9. 48 a? + 8 a? + 31 a? + 15 a; and 24 a^ + 22 a? + 17 a? 
+ 5 a;. 

10. 15 a? + a^6 - 3 a6^ + 2 6^ and 54a'6« - 24 hK 

11. 3a?-(3c + £i + l)a?-(2a + 6-3c-(i + 2)a; 
+ 2 a + 6 and 2a?-(a+6 + 2)a; + a + 6. 

12. 6 a? - 4a;* - 11a? - 3a? - 3a; - 1 and 4a? + 2a? 
- 18 a? + 3 a; - 5. 

13. a6 + 2 a» - 3 6» - 4 6c - oc - <? and 9 oc + 2 a» - 
5 oft + 4 <? + 8 6c - 12 61 

14. e*a? + e* + a? + 1 and e**a? - c^ + a? - 1. 

15. aot^ -¥ {h'^c)a?'-ax'-b — c and ea? - (/ - ^r) a? + 

16. 4a? + 2a? + 4a? + 39a; - 9, 8a? + 20a? + 51 ai 
+ 9, and 2 a? + a? + 3 a? + 18 a;. 

17. aa? - (c + 1) a? + (c + 1) a; - a, 6a? - (6 + cQ a? + 
(c + d)a? ^ {g + e) X + e, and (c + 1) a? + (ci + 2) a? - 
(c^ + 1) a? - (c + 2) a?. 

18. a* - 6» + <? + 3 dbc and a' - 6» + <? + 2 oc. 

Least C!oininon Multiple. 

52. When two or more algebraical expressions are arranged 
according to the powers of some letter, the expression of 
lowest dimensions which is divisible by each of the given 
expressions is called the L.C.M. 

53. The L.C.M. of monomials and of expressions whose 
factors are apparent may be found by inspection. 

Ex. 1. Find the L.C.M. of ah, acj ad, he, hd, cd. 

If we form an expression, whose elementary factors con- 
tain each of the elementary factors of the given quantities, 
we shall evidently have a cmnmon mvUipU ; and if no ele* 
mentary factor of this expression is of a higher power than 
the highest power of the same factor in the given quantities, 
we shall get the L.C.M. 

Hence, the required L.C.M. = a6cd 
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Ex. 2. Find the L.C.M. of— 

{a - 5) (6 - c), {a - 6) (<5 — a), {h -^ c) (c -^ «)• 

Ans. (a - J) (6 - c) (c - a). 

Ex* 3. Find the LCM. of a (x + 1), 6 (a* - 1), 
a (a:" + 2 a? — 3), d (oj^ + 4 a - 3). W© may wiite the giveu 
expressions thus — ^ 

a{x -h 1), £ (a: + 1) (aJ - 1), 
c (aj - 1) (aJ + 3), ci (a: + 1) (a? + 3). 
Hence, the required L.C.M« = ahcd (aJ - 1) (a: + 1) 
(aJ + 3). 

Ex, 4. Find the LC.M. of a' - aaj + «*, a^ + oa^ + a?, 

Kow (Art, 29) a* + a^ = ^a + a;) ^a* - oaJ + a^, 
and a' - 03* = (a - a;) (a* + oaj + »*). 

Hence the inquired L.C.M. — 
fc= (a + a) (a - a) (a^ + aaj + a?) (a* - oaJ + a^ = a* - a^. 

64. jT!^ L.O.M, qf two qojomJtiiie^ is foimd hy dividing 
their prodtict hy ih&uf G.C.M^ 

Let a and h be the two quantities, and d the CC.M. j 

And suppose db = jpc? and h = gcf» 

it is evident that p and q contain ho common factoh 
Bence pq is the L.C.M. of p and g / and, therefore, no expres- 
sion of lower dimensions than pqd can possibly be divisible 
by pd and qd. 

Hence pqd is the L.C.M. of ^ and qd^ or of a and 6. 

'i^owpqd = pd X qd-T-d^axb-rd, and hence the rule. 

65. To find the li.C.M. of three or inore quantities. 
KuLE. — Find the L.C.M. of two of the quantities, theil 

the L.O.M. of the expression thus obtained and a third 
quantity, and so on. The last expression so found is the 
Ii.C.M. required. 

We shall, prove this rule in the case of three quantities* 

Let a, 5, c be the quantities, and m be the L.C.M* of a 
and b. 

Then the L.C.M. of m and c is tho LC.M. required. 

For every common multiple of m and c is a common 
multiple of », bf c. And every common multiple of a and b 
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must contain the m, their least common multiple. Hence, 
every common multiple of a, 6, c must be a common multiple 
of m and c, and the converse is also true. Hence, the 
L.C.M. of m and c is the L.C.M. of a, b, c. 

Ex. XIII. 
Knd the LCM. of— 

1. CKW/", 3 aWy, 4 a^, 6 a^y^. 

2. 5 a^ft', 6 aV, 4 6V. 

3. (a " b) {b - c), (6 - a) {a - c), (c - a) (c - 6). 

4. ax {x + a), a\x - a), as? - a\ 

5. a' + 3a; + 2, iB' + 4aj + 3, a5' + 5a:+6. 

6. a* - a; - 30, ar» - 11 a; + 30, aj" - 25. 

7. 6ar* + 37iB + 56, 8ar^ + 38aj + 35, 12ar* + 47 oj 
+ 40. 

8. 5 (a? - a; + 1), 6 (ar» + 1), 7 {a? + 1). 

9. aj* + a^a? + a\ a^a? + a^x + a\ aa? - a^x + a\ 

10. a^ + (a + b) X + (ib, a? + {a + c) x + ac, aP -h 
{b + c)x + be. 

11. 1 - a?, 1 + a?, 1 + ar*, 1 + aJ*, 1 + a?. 

12. a» + 6ar* + 11a; + 6, a:* - 6ai» - 25a; + 150. 

13. a« - dab {a - b) - b\ c? - 6», a» + a^b + a6». 

14. aj* - 1, Go* + 5aj* + 8a» + 4a^ + 2aj - 1. 

15. a* - 2a262 + l\ a* + 4a'6 + ^a^b^ + 4a6^ + b\ 
a* - 4a»6 + ^a^b^ - 4a6» + 6*. 

16. 3a;» - 4a; + 1, 20* - 7a; + 5, 4aj* + 6ar» + 
10 a;. 

17. 3ar^ + 6a; - 24, a? - 12a; + 16,5a;* - 22a; - 36. 

18. a» - a6^ b^ - a\ ah^ - b\ a^b - a\ 

19. 3a;* - 48, 5a? - 20, Zx" - 16a; + 20. 

20. a;^ - 2/«, a;* - 2a;22r* + y*, a;* + ar*y + a;2/* + j/*. 

21. a;" + oo/** + aV + a'ai* + a^x + a' and a;* - oa;^ + 
a W - a W + a^x - a'. 

22. a2 + 52 _ ^2 _ ^2 ^ 2a6 - 2cc? and a"^ ^ b^ - <? 
+ (P + 2a<^ - 2 6c. 
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23. a* + 6* + c' - 3 abc and (a + 5)' + 2 (a + 6)c 
+ c». 

24. {a + 5)3 - (c + df, {a + c)» - (6 - d)\ (a + (f)* 
- (6 - c)\ (c + <£)* - (a - h)\ (6 + cZ)« - (a - c)\ and 
(6 + c)» - (a - ci)l 



CHAPTER V. 
Fractions. 



56. It IS unnecessary to repeat here the propositions relat- 
ing to fractions which were proved in Arithmetic^ Chap. II. 
of this work. The student will see that, by substituting 
general symbols for the particular figures there used, the 
reasoning will equally hold. We shall work out a few 
examples to show the method of dealing with them in algebra. 

a*— 2 or* + a? — 12 
Ex. 1. Simplify the fraction — , ^ — ZTTK — " 

By inspection (Art 30) we see that a; - 3 is a factor of 
numerator and denominator. We have then — 

sg' -- 2g» + a;-12 ^ g^(a; - 3) + a;(a; - 3) + 4 (a; ■- 3) 
af* + 2a; - 15 (aj - 3) (a; + 5) 

_ (a:^ + a; + 4) (a; — 3) _ a? + x + 4: 

{x - 3){x + 5) ^TTB '^_ ^• 

Ex. 2. Find the value of r + 



a + b a - b a^ + b^' 



1 1 _ 2a _ (a ^ b) + (a + b) 2a 

a + b a " b a^ ■¥ b^" (a + b) (a - b) a" + 6" 

2a 2a ( 1 1 \ 

(g^ + ft') ^ (g' - 5^ 26» ^ 4a6» 



(a* - 6^-^) (a* + V") ""^"-a^-ft*" a* - 6** 
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he a6 



' ElC 3. Find the value of / — ,. , . t v*^ v ., v 

(a - 6) (a — c) (6 - a) (6 - c) 

o6 

**" (c - a) (c - i)* 

The second denominator has a factor, (5 - a), which differs 
from a factor, (a — 6), of the first denominator in sign only. 
We shall therefore change the sign of the second fraction, 
and also of its first factor. This will not alter its value. 

And, similarly, we find that by changing the signs of each 
of the fsBictors of the third denominator we shall have them in 
E form corresponding to factors of the first and second denomi- 
liators. The sign of the third fraction will not be changed, as 
the sign of the denominator will, on the whole, be unchanged. 

The given expression then will stand thus — 

he OG cih 

*" (a - 6) (a - c) " (a - 5) (6 - c) "*" (a - c) (6 - c) 

Jc (5 - c) - ac (a - c) + a6 (a - 5) 
*= (a - 6) (a - c) (6 - c) 

he (6 - c) - ctV + CTC^ + dfh - aJt? ^ 

{^a'-h){a- c) (6 - c) > ^^' re-arranging, 

a« (^ - «) - a (^^ - <^ + ^<? (^ - c) ^i, 1- • 1- 

«= — ^^ — 7 — ^ - ^v / wi T^ -9 then, dividing numo* 

(a - o) (a - c) (6 - c) ° 

rator and denominator by 6 - c, 

a^ - a{b + c ) -¥ he _^ {a - h) {a - c) 
{a - hy{a~- c) " {a - 6) (a - c) ~ -^^ 

Ex. 4. Simplify— 

f j_ 4a'a? - 3cux? + a? ) ^ (^ ^ 4a^a? +3aa;^ + cff") 

I .-: - " a + aJ /l.-* a - x ) 
The given expression — 

o'((l + aj) - 4 a'a? + 3 oar* - a;' a-(a - a;) + 4 a^a; + 3 oar* + a? 

a + aj a — as 

o* •<• o'a; — 4 a'a? -f 3 aa^ - a:* ^^rj^ "*" ^ ^^^ "*" ^ ^ + ^ 

a + a « — a; 
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a' - 3 a'aj + 3 oa? - as* a' + 3 a'a; + 3 aa^ + a? 

X 



a + as a — a? 

^ {a - g)' ^ (g + x)^ ^ (^LlA\ (^ + ^) '__ /^a ^vf 
a + a: a-a; 1 1 va-ar;. 

Ex. 6. Divide — 

^ ^Xx" a^x + b) ^ ^ M (a;-a)* ^ {x + by) 
Now — 
/ . Tx / 1 1 ) , - ' (a; + 5) - (aj - a) 

or, redudiig — 

- , • a + 6 / T\ ^ 

(a + 6) . 7 r-7 — — Tx (a + 6) • i^ 

^ ^ (a; - g) (a; + o) ^ ' 1 

^ Z _ T V (a + 6) ai* + a6 (a + 6) "" / , x a:" + a6 

^"^ ^V (a;-a)»(a; + 6)» •^'* " ^ ' (a - a) (« + 6) 

(a + 6) (aj - a) (a? + b) 
{a - 6) (a^ + a6) 

Ex. XIY. 

Simplify the following expressions : — 
a"-6aj + 4: a? - 3x + 2 



2 6ar^ + 29a: + 35 2ar^ + 7a; - 9 



3. 



Ua? + 39a; + 10' So^ - 3ar^ - 4aj + 2 

a* - 2a:'b^ + 6* " 24g^ - 28a'5 + 6a5' - 7&» 
a^ - 4a26 + 4a6^ - 6^ 6 a" + llab - 21 6^ ' 



• ar'(^ + «)5 - a^"(22/^ + Sj^aj + ;:^ + i^iy^-z)' a^ - y« ' 



K 1 a. 1 

0. r- + 



«^ + 5 a-6'a-6 a + 6' 
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/• a b • ~ ab ah 



a + b a - b ab - b^ a^ + ah 
H 1 _ aj-l_a;-l 

' iJ^J) 4 (ar» + 1) 2 (ar' + 1)** 

g 5 2 18 7aj+l 



jc + 1 (a; + 2)« 5 (a: + 2) 5 (a» + 1) 

g Jl 11 _ U 

* a? + 1 " a; + 3 {x + If 

10 8 _ ^ _ 2 16a; + 14 16aj-8 



(a;-l)* (a:-l)^ Jx^^ 3 {a? - 1) 3(ar»-a;+l)' 

11. 1 + 1 + 1 

(a - i) (a - c) (6 - a) (6 - c) (c - a) (c — 6) 



12. 



13. 



{a - 6) (a - c) (6 - a) (6 - c) (c - a) (c - 6)" 



a 



3 7.9 ^t 



6« c^ 



U. 



(a - 6) (a — c) {b - a) (6 - c) (c - a) (c - 6)* 

o» 6' c» 

- + 4. I 

(a - 6) (a - c) (6 - a) (6 - c) (c - a) (c - 6)* 

jg (g + £)' + (5 - c)' + (g + c)' _ 2 _ 2 2 = 

(a + b) (b-c) {a + c) a +c b - c a + b' 

17. { J_ + J_+_^l.j J ^--4^}. 

(a + a3 a-a; a^ + ar ) {a + x a-x a' + ar ) 

18. {«^±|^.?:^.ju{2+^-£^n. 

la'-o* a + 6) I a' - Ir a + b) 

( "^ aV + a^i I a*{a*-a?) ~ a?~ }' 
a» r* + lU 6'f- + lU c= C« 7 1) 

^U. — + — + -y — , i~ '« 

c a 6 ao + ^c + ca 
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=M e^p'i.' } • { (i^D'^> } ■ { (^3' * > } 



22. /l-^^.' 1-^ I ^ / 1+a; _l-a^l 
ll-o* 1— aj + ar*/ ' ll+a + a^ l + o*/* 



23. 



(a + 6) (a + c) (a: - a) (a + 6) (6 - c) (a; + 6) 



(a + c) (6 — c) (a; + c) 

la^ a arj (or a x ) s 

«^ \a - 0/ \a + 0/ 






27. ^' + ^' . 2ft _ J^. +2. 
' (a + 6)^ (a - 6)^ a + b a - b 

28. «* + y" -^^ ^ vl_ 

{x - y) {a + x) (x - y) (a + y) (a + yf 

5. + y-l 5 + 2/+1 
9Q y a y a? /aJ* aP\ 



• {^— ^.^ 1 }(^-^^^-^- 



30 



1 
y + — 
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Show that : 



.(Ul)(«. + J-Ifl>(' + i)(J- + o.-«-) 



31.. .^ 



+ Hi + }\ {a* + (? ^ ¥) == 2(a + h + c). 



32. 



a + a> , a + y a + z - _ a 



x{x-y){x^z) y{3^-x){y-z) z{z-x){Z'-y) xyz 

33.' ^?-±^V - i^ = 1, when aj = a (1 ± \]h): 
\a - x] ah _^ 

34. iV"^V'\- ^^ = 0, when x = ^ " ^^ , 
\2a; + 6 + c/ aj + 6 a + 6-2c 

35. f?^Y- "^""^^t? = 0, whena; = ^. 
\a;+6/aj-a-26 2 

36. mx + 77V = », when cc = ^-^ "" ^^ , v = ^ "" / . 

m» *- ATI l/ni — I^ 

a' + a5 + 6' 



37. (oj - a + 6)^ - (a; - a) (a - 6) = 0, wheno; = 



a + h 



88. 12«+i0a ^ 117« + 28ai ^ jg^^tena: = 3a. 
OX + a 9a + 2aj 

1 + 6 VI + 6' M + 6^ 

., a^ . 6^ 

(a - 6) (a - c) (a - ci) (6 - a) (6 - c) (6 - (^ 

•^ (c - a) (c - 6) (c - cQ (c^ - a) (c^ - 6) (c« - c) ' 

42. ^-;y + ^-^^ = 1, 

X + 2y X + 2z 

when 2B s^ ■■ ^— — — ■■ -■^^— — ^— « 

ij {y + »)- + 122/« — (2/ + «) 



I 
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CHAPTER VL 
Simple Eqaations. 

67. When tw6 algebraical expressions are connected by the 
sign ( = ), they are said to form an equation. 

When the equality is such that it is true for all values of 
the letters in the given expressions, it is called an identity. 

Thus, (a; + «) (a? + ^) =^ +(« + ^) a' +«^ I are identities 
and {a + bf - (a - h)^ = 4a6 | are laentities. 

58. When the condition of equality is such that some one 
or other of the letters must have particular values or a 
limited number of values, the statement of equality is termed 
an equation of condition^ or, more briefly, an eqtuUion, 

Thus, it may be found on trial that the equality 

4aj + 2 = 3aj + 6 

is true only when « .= 3. ^ Such an expression is therefore 
an equation, 

59. The letters of an equation to which particular or a 
limited number of values must be given are termed unknoum 
quantities. 

Equations may contain one, two, three, or more imknown 
quantities. 

The determination of the particular value or values of the 
unknown quantities is called the solution of the equation, 
and each of the values which satisfies the equation is said to 
be a root of the equation. 

60. The expressions on the left and right sides of the sign 
( = ) are termed the first and second sides respectively. It 
follows, therefore, that — 

1. If both sides of an equation be multiplied by the same 
quantity, the equation still subsists. 

2. If both sides be divided by the sa/me quantity, the eqtuxr 
tion still holds, 

3. Any term may be frcmsposed from one side to tlie other 
if the sign of the term be changed. 

Thus, if 3 a; + a = 6, we must have also 
3 a; = 6 - a, 
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for this results from subtracting a from each side of the 

equation. 

4. The equation holds if every term on both sides has its 

sign chcmged. 

Thus, if ooj + h = ex - d, we may reason as follows: — 
The quantity {ax + b) looked upon as a whole is given 

equal to the quantity (ex — d) looked upon as a whole. If 

we change the qualities of these quantities, they will evidently 

be still equal. 

Hence, — (ax + 5) = — (co; - cQ 
ovy — ax - b = — ex + d. 

Now, this is the result of changing the sign of every term on 
both sides of the given equation. 

6. The sides of an equation may be reversed without destroy- 
ing the eqtiality. . 

Thus, if mx •\- n = px + q, it must also follow that 
px + q = mx + n. 

6. The sides of an equation may be raised to tits same 
POWER, or we may extract the same root of both sides, and 
the equation still subsists. _ 

61. Simple equations are those in which the unknown 
quantities are not higher than the first degree, when the 
equations are reduced to a rational integral form. 

The following is the general method adopted in solving a 
simple equation involving only one unknown quantity — 

1. Cl&ir of fractions if necessary, 

2. Transpose all the terms involving the unknoum quantity 
to the first side of the equation, and all the remaining terms 
to the second side^ 

3. Simplify both sides %f necessary, and divide both sides 
by the coefficient of the unknoum quantity, 

Ex. 1. Solve the equation 5a;+6 = 3a;+12. 
Transposing the terms, we have — 

5 a; - 3aj = 12 - 6. 
Now, simplifying, we get — 

2x = 6; 

and dividing each side by the coefficient of the unknown 
quantity, viz., by 2, we have — 

jB = 6 -f 2 = 3. 
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Vebification. — Putting the value 3 for aj in each side of the 
given equation, the first side becomes 5x3 + 6 or 21; and 
the second side becomes 3 x 3 + 12 or 21. The value of a; 
found therefore eatisfies the givei> equation. 

Ex 2. Given "^ ^ ^ + | = 20 - ^-5--, find x. 

Clearing of fractions, by multiplying every term on each 
nde by the L.C.M. of the denominators, viz., by 6, we get — 

3 (a; - 2) + 2 X = 20 x 6 - 3 (a; - 6). 

(Beginners often neglect to multiply integral terms such »8 20 by 
the JmCM.) 

orSaj— 6+2a5= 120 — 3 a; + 18, or, transposing, 
3x+2»+3a;= 120 + 18 + 6, or, simplifying, 
8aj= 144, 
or dividing each side by 8, the coefficient of x, we have- 
as = 18, the value required. 

(It will be good practice for the student to verify this result as in 
the last example). 

-_ „4aj-21 ^, 7aj-28 ^, 9 - 7 x 
Ex. 3. ^ — + 7j + g — =x+ 3f g — + T^^. 

It is sometimes convenient to first partialis/ clear off frac- 
tions. Thus, multiplying each side by 72, we have — 

72 (4aj-. 21) 
-^ -' + 47 X 12 + 24 (7aj - 28) 

«= 72aj + 15 X 18 - 9(9 - 7a:) + 6; 

or —~ ^ 72 X 3 + 564 + 168 a? - 672, 

= 72aj + 270 - 81 + 63a; + 6; 

or, transposing, 

4H aj + 168 a; - 72 a? - 63 a; 
= 270 - 81 + 6 + 216 - 564 + 672; 

or, simplifying, 

74^ X = 519 ; or, multiplying each side by 7, 
519 a; = 519 x 7} 
•'• a? = 7» 

V 
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Ex. XV. 

1. 6a5 + 2 = 2aj + 11. 

2- 4 + 6 + 8 = ^** 

3. 2x + a = 3x " b. 

4. 3(aj-7) + 4aj = 2(2aj- 4) + 3. 



a; 



-1 aj + 3 2aj-7 8a3-l 



5. — z^— + — r- =. — 5 — + 



12 



7 a; - 8 3a; - 2 lOa; + 3 7a; - 3 

^' ,-T3~ +,—T~ - ,~n 18 • 

4a; - 15 2a; + 3 _ 5a; - 1 

7. g g - . 12 " '^^*' 

8 (5 a; + 2) 2a; >- 1 _ 17a; - 2 5 | + 80a ; 

8. 3 3 - 3 +- 7 • 

9. aa; + 6c = 6a; + ac, 

-a; « _ ® ^ 
'a o b ^a 

,, a;-a a;-6 _ ctb-c* 

12. aSa; + 6» = b^c +a\ 

^^ X X X , , 

13. - + ^+-=a6 + ac + o& 

, . a; + 6 a •¥ X 
14. 



a 



6 



,^aa; + 6a; + «B - 

15. 7 = a + 6 + c. 

<z6c 

a' - 3 6aj . , 6a; ^bx -^ ^o? bx + 4:a 

16. 05 « — - 6' =s — + ^—5 — J— — , 

17. -153; + -025 = -075 35 + -175. 

,^ 3 - -1253; -^ 2 + -1875 x . • 

18. . g t -16 = J -083, 
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20. (x + a) (» + 6) = (oj + e) {x + rf), 

21. (a;-a) (aj-5) = (as - oTl)". 

22. — + V- + — = i (a + 6 + c)'- l(ir- + — + -ir)« 
005 oa; ex * ^ ' '^6caj oca: twy 

^^ X •- a X " b X " c'^ f. /I 1 1\ 
00 oo oo \a 6 e/ 

^, l-a«j 1-&B 1-caj /2 2 2\ 

24. — T — + + J— = ( " + i- + - Ja:. 

oc oc ao \a G^ 

Abbreviated Methods for Particular Cases. 

62. When the unknown quantity is involved in both 
numerator and denominator, it is often convenient to reduce 
such fractions to mixeo numbers. 

6a^-7 12a; + 18 
Ex. Solve the equation - ^ . <> s— k~ = 2. 

^ 6 a? - 7 -^19 

By division we get -^^-^-g" =J^ '^Tl' 

12aj + 1» 7 - 38 
and •-« K- = 4 + 



3flj - 6 "" ' ^ 3aj-5' 
Hence the given equation oecomes — 

19 -~ - 38 

or 6 - — --0 - 4 - "s-- — ^ = 2 : 
X + 2 ox - o ^ 

19 38 -;^ ^ ■ 

or. transposing^- ^-^^ = 3^-3-g + 2-6 + 4; 

19 __ 38 
^^ " aj + 2 " 3aj- 5' 

OTi dividing each side by - 19, we have — 

_1 2 

»+ 2 ""." 3«-6' 
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Henoe, multiplying each side by the L.C.M. of the de- 
nominators — 

3aj-6= -2 (a: + 2)= -2aj-4, 
or3a;+2a;= — 4 + 5, 
or 5aj = 1, 
.*. « = i. 

63. When each, side of an equation consists solely of a single 
fraction, the numerator of either fraction may change places 
with the denominator qfthe oilier. 

a p 

Let g •= ~ be the equation. 

Multiply each side by 6, then, by Art 60 (1.) — 
a , - ph 

Divide each side by jd, then, by Art. 60 (2.)— 

a ph a h 

-=••— + « or - = — 
p q ^[ p q 

Here the denominator h of the first side of the given equation 

has changed places with the numerator p of the second side. 

q p 
And similarly we may show that -s = - , where the other 

a 

numerator and denominator have changed places. 

a D 
CoR. TJiA tivo sides of an eqtiation of the form -i - ^ may 

he inverted. 

we get - = -, and therefore also, by Art. 60 (5.), we have 

a p 

(The student is caulioned acainat inverting the separate terms of 
the two sides of an equation when there are more than one term on 
each side. ) 

64. When each side of an equation consists solely of a 
single fi*action, we may perform ^e following operations : — > 



1. We may cuid or mbtract the numercUor and denominator 
of EACH /raction for a new numerator or denominator, and 
retain eitlier the original numerator or denominator for the 
other term of tJie foactiony both sides being always similarly 
treated. ♦ 

Thu8,if? = ? wehave- 
' q* 

a + b p + q ,.. . g - b p - q 

(in.) -^ = —^, (iv.) __ = _—, 

or, (y.) we may have eqiiations formed by inverting each of 
these. 

These results are easily obtained — 

For, since t = -, we have, adding unity to each side— • 

a ^ p - a + 6 P + g 

\ + 1 = -+lor — r— = ' -. 

b q b q 

And so, by subtractrng unity from each side^ we get— 

o - 6 P " 2 J 

- — 7 — = i and so on, 

6 q ' 

2. We may take the sums of the numeraior and denominator 
of each for new numerators or denominators^ and the dif- 
FEBENCES ybr the other terms of the fraction; and vice vebsa, 
both sides being always similarly treated. 

Thus, if ■? = J, we have also t = j, 

' b .- dr a -- b c - d 

a - b c - d 

and — " — r = i> 

a + b c + a 

a -¥ b p "{• q 
for we have just shown that — r — = -^ 



and 



a - b P - 7 
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Hencoi dividing equals hj equals^ we get— ^ 

a + b g - 6 ^ jp + g P -- ^ 

or i^ = ?^ which l8 the first result 

And inverting each side, wo have, by Art 63 (Cor.)^' 

a - 6 __ p '" 9 
o + 6 ^. P + ^ 

-_ -oi XI- X- WM5 + a + 6 tnoj + a+c 

Ex. 1. Solve tne equation -^ = r 5- 

^ __ wfic — c — tt nx — — a 

_ . _^ , wx + a + 6 was — c — <i 
By Art 63, we nave ; ; — = 7 > 

Then, by Art. 64 (1.), retaining the numerators and taking 
the differences for new denominators, we have — 

mx •¥ a -¥ h nx -- a *- d 

or, multiplying each side by (5 - c) — 

mx + a + 6 = 7MJ - - cij or, transposing— ^ 

-V tt + 5 + c + cZ 
(w - n)aj = - (a + ft + c + a); .•.05= — • 



Va + » — va - 05 « 
We may consider the ^ttailtity a as a i^racilon whose deao* 

nlinator is t^%, or as |-. 

Then; Art 64 (2.), taking ihe mm and differente^vre har^-^ 
^ »Ja + X a + 1 ^^ 

— ■ ■■- — as — • Or— 

2 JiTTi a - 1' 

tja + x^ '^a + 1, 
___.__., „,squamg- 

a + X _ g* 4- 2a + 1 
a — fl5 "" a' - 2a -I- r 
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Again; taking the difference and eam^ ve haye— ^ 
2a! 4a 



2a "" 2a* + 2' 
x\_}\ 2a 
a , I o" + 1. 
^ 2a* 



or— 






a* + 1 ; 

65. We now give an example to show that sometimes the 
easy solution depends on an advantageous arrangement of 
the terms on the two sides of the equation. 

Ex. Solve V«TT + ^/a - 3 = 7. 

Transposing, we have— 

n/« + 4 =s 7 - V« - 3; squaring, then — 

a + 4 = 49 - UVa; - 8 + (a? - 3); 
subtracting x from each side and transposing, then — 

14 *J^r^ = 49 - 3 - 4 = 42. 

.-. V» - 3 = 3; or squaring, 

a: - 3 = 9; .-. aj = 3 + 9 = 12. 

Should the student commence by squaring at once^ he will 
^render the equation more complicated. 



1. 



ISx. XVL 
Saj + 7 3a? - IS 



08 + 4 a - 4 ' 

2. (oj - a) (aj -^ i) x= (as - c) (x - d). 
3aj + 13 5a5 + 10 aj 



3. 



16 6 « - 60 5' 



i i - 25a; 3 - 2^a; _ 28 - 6a; 10a; - 11 _^ag 
15 -"l4(a;-l) 3 " 30 3* 

5 '^ " ^ 3a; - 13 ^ 1 
6aj + 6 18a; - 6 3' 

g 3-2a; 6 - 2a; _ , ' 4a;* - 2 
1 - 2» ' 7 - 2a; "" - 7 - 16a; + 4a^ 
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,. 18aj - 22 ^ ^^ _^ 1 + 16aj .q,- 101 - Ux 
^- 13-20; -^ ^': "■ —8— = ^^* ^ 8 

g 6a; + 5 58^ + 14a; __ g 
• 3a; + 1 9 + 2a; "" 



9. 



3 . H 



4a; - 9 6a; - 21 a; - 2^' 



irt 4a; - 7 2 - 14a; ^ 3j + a; _ 10 - 3f as 19 
2a; - 9 7 14 2 21 

11 tfg' - 7a; - 6| _ 9a;» - 12a; - 19 17 



2a; - 3 3a; - 5 6a; - 7* 

^naa; + w»+l ax + n ax + m 



aa; + m-l aa; + w-2 aa; + 77i-2 

oa + w + 1 
oa; + 7& - 1' 

,q v^ — a + 6 - fjx + a - b a -- bt 
tjx - a + b + tsjx + a - 6 a + 6 

, , 1 - VI - ^/l -a; _ 

14. T — yi^if ;::^ = ^. 

1 + vl - vl - a; 

15. V2a; + 10 + J^x - 2 = 6. 

16. ^/8 - a; - J\~^r~x ^ n/1 - «^ 

17. ffnr^ + s/r^^lj^ = 2. 

,^ aa; + 1 + VaV - 1 , 

18. T-. = 0. 

oa; + 1 — vaV - 1 

a b a " b 

Vas - V6. ,Jx - Jo, Jx 

a a r^ 

Va; •{- tja \fx ^ V» 



01 /N/a; + a « / Jx - a _ 
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^^ 1 2 + fg^ - jg* 5 

^-^ « - 2 " 6 - 5aj + «»"** - inr 

4 a; + 5 x + 5 _ 2a? + 5 a^ - 10 
^^- "a"TT ■*■ a; + 4 "" a; + 2 " « + 3 "*" *• 

^, ax + b ' ex -{- e c? •¥ ^ 

24. — —-3 + r~? = r~' 

ex + a ax +j ae 

2^. If a + ^/? + ^ = 6 + 0, thenoj = 2V 6 ■- a " ^/' 

26. If ^/« - Va - ^/a«"+ oi" = i ^a, then x = t^^ a. 

27. If ^ = * . i-i^-t^ theno: = '/fZ?. 

l-oj a 1 - X + or N b + a 

28. If ) f = rr — + , then x = a, 

a -^ c (a + X) a + 2ca; x 

29. If /''^^ = ^-±i, then oj = -^ ( J6 - 1)1 

^ ^/2ag + ai» b^V 2 ^/6 ^ ^ ^ 

30. If ?LiLL5)±^ = _f5 (« + 1), thenar =- -a. 

a(l + 6)-6aj a-2cx ^x ' 

31 If g* - 3a; - 9 o^ - 7a; - 17 
a; - 5 a; - 9 

X - 8 a; - 6 

32. li Jx '\' m -¥ Jx '\- n =^ Jm + n/w, then a: = 0, 

33. If ^^ + i^+l£^3 

a - 4 2 a; - 3 

2aj» + a;-30 . ar* + 4a;-4 



2a; - 7 a; - 1 



, then a; - |. 



34. If T-^'i + — ^ = 1, then a; = - *. 

\x + -7/ a; + 'G ^ 

35. If /s/« + 3-2 - ^/^T^ = 2 Va; - 1-6, thena;= 1-7. 
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36. If j.'lg, - ^ = ^^^ Vhena: = 30. 

37. If is/4 a; + -01 + n/^oj - -36 = 3-7, then a: = -9. 

38. If f?5Z^Y=l-^,thenaj = m(±2y^- 1). 

Problems prodneing Simple Equations involving One 

Unknown Quantity. 

66. To solve an algebraical problem we represent the re» 
quired or unknown quantity by a letter, as Xy and then ex^ 
press the given conditions in algebraical language. Thus we 
form an equation, the solution of which gives the required 
value of the unknown quantity. 

Ez^ 1. My purse and money are together worth 24 shillingEt^ 
and the inoney is Vorth seven times the purser !Find Uie 
value of eacL , 

Let X = the Value in shillings of the purse, 
Then7fl; =V ^^ , ,, money. 

Kow, by problem the value of both together is 24 shillings. 
Hence we have— ' 

a; + 7aj = 24 
or 8a; ^ 24 
.*. X =^ 3y the value in shillings of the puiisey 
and .*. also 7 a; = 7 x 3 = 21, „ money. 

Ex. 2. What number is that to which, if 36 be added, the 
sum shall be equal to 3 times the number ? 

Let X = the number ; 
•*. a; + 36 = the sum when 36 is added, 
and 3 (B = 3 times the number. 

Hence, by problem — 

a; + 36 = 3 a?, 

or a: - 3 35 = - 36, 

or - 2 a? = - 36: 

"**- 36 
••. X = ^ — jr- = 18, the number required. 
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Ex. 3. The distance between two towns is sach that a train, 
whose speed is 30 miles an hour, takes 1 hour more in going 
10 miles over 5 times the distance than a train whose speed 
is 20 miles an hour takes in going within 4 miles of 3 times 
the distance. Find the distance between the towns. 

Let St s= the distance required in miles. 

Then 5a; + 10 = 5 times the distance together with 10 miles, 

and KK — - time in hours to travel this distance at 30 

30 

miles an hour. 

And so, — -^ — = time in hours to travel 4 miles less 

than 3 times the required distance, at 20 miles an hour. 

But by the problem the former of these times exceed the 
latter by 1 hour. 

Hence ^-£jL19 -. i^juL = 1. 
30 ^ 

iVom this we easily find x = 2S. 
Hence 28 miles is the distance required. 

£x. 4. Find the price of an article, when as many (ssol be 
bought for Is. 4d. as can be bought for 2s. after the price 
has been raised Id. 

Let X = the price required inpence; 

Then — snnmber of articles bought for Is. 4cL 

' -^ — * . ' 

And a; + 1 ac the raised price iapence. 

•*. -r-. X tt number of articles bought for 2s. ai ihe niisbd 

X ^ 1 ® 

trice. 

But^ by Ihe problem, the number of articles in eachcasb id 
the same. 

Hence — = =-, from which x '^ 2, 

X X + 1 

Hence 2d. is the price required. 

Ex. 5. A man sells geese at as many shillings each as the 
number he has, and having returned 6a, finds that if he had 



had 2 more to sell on the same condition, and had returtied 
3s., he would have had 38s. more. How many had hel 

Let X = the nimiber required; 

Then a:? - 5 = number of shillings received. 

Also, on the second supposition, 

(« + 2)" - 3 = number of shillings he would have received. 

Kow, bj the problem, this latter number is 38 more than 
the former. 

Hence (« + 2)* - 3 = a? - 5 + 38, from which we find 
a = 8. 

Ex. 6. A waterman finds that he can row 5 miles in f 
hour with the tide, and that it takes him 1^ hours to row 
the same distance against the tide when it is but half as 
strong. What is the velocity of the tide 1 

Let X = the velocity of the tide in miles per hour. 

Now the velocity of the boat when going with the tide 
= 5 -r f = y. 

.'. y - a? = velocity of the boat when there is no tide. 

Again, velocity of boat against the tide when it is half as 
strong = 5 -f H = y. 

10 ffi "^ 

.*. -s^ + s = velocity of the boat, when there is no tide. 

Hence we have— 

10 as 20 i. f . V 

-5- + — = _ — as; from which 

X = 2}. 
»*. The velocity required is 2} miles per hour. 

Ex. XVIL 

1. If 1 add 25 to 3 times a certain number, I obtain the 
name result as if I subtract 25 from 8 times the number. 
Find the number. 

2. Divide 70 into 2 such parts that the one shall be as 
much above half the number as the other is above 15. 

3. Divide £720 among A, B, and C, so that B may have 
twice as much as C^ and A as much as B and G together. 



\ 
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4. There are two trains, one of which goes 5 miles an 
hour faster than the other, and the former performs a joumej 
of 100 miles, while the latter goes 75 miles. Find their 
respective rates. 

5. A horse when let out for hire brings in a dear gain of 
10s. per day, but costs Is. 6d. daily for food. At the end of 
30 days his master had gained £11. lis. Required the 
number of days for which he was hired. 

6. A and B have 4 guineaf between them, and play at 
hazard. B loses ^ of his money, and afterwards gains ^^^ of 
what he then had. It is then seen that B has as much 
money as A had at the end of the first game. How much 
had each at first? 

7. A and B have respectively an equal number of florins 
and crowns. B pays a debt of 4s. to A, and then A's money 
is just half B*s. Find what each had. 

8. A workman, instead of adopting the 9 hours' system, 
worked 10 hours daily, and had a corresponding lise of 
wages. By this means his wages were increased 4s. weekly. 
Find his original wages. 

9. A person who has regular wages of 26s. weekly, think- 
ing to better himself, takes a job at higher wages. He is, 
however, put on half-time during 20 weeks of the year, and 
finds himself at the end of the year £4. 12s. worse off. Be* 
quired his increased wages. 

10. A company of men, arranged in a hollow square 4 deep, 
numbered 144. What was the number in a side of the 
square 1 

11. In an examination paper there were two series of 
questions, and the questions of the second series carried each 
3 marks more than those of the first series. A candidate who 
attempted 3 of the first series, obtaining half marks for them, 
and 5 of the second series, obtaining for these full marks, got 
altogether 80 marks. Find the number of marks attached to 
each question of the first series. 

12. A grocer lias, tea at 3s. 4d. and at 4s. He sells 
altogether 64 pounds, thereby realizing £12. How much di4 
I^e sell of each ) 
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13. If 11 be subtracted from 5 times a cerfcain number, 
and the remainder divided by 6, the quotient will exceed by 2 
the quotient obtained by subtracting 3 from 4 times the num- 
ber and dividing the remainder by 7. Find the number. 

14. A garrison of 1,250 men were provisioned for 64 days; 
but after 22 days a certain number were called away, and it 
was found that the remaining provisions lasted the number 
left for 70 days. Find the number told off. 

15. At a railway station ^15 was taken for single fares, 
and £33. 15s. for returns. The number of return tickets 
exceeded the single tickets by 10, and the price of a return 
ticket was half as much again as a single ticket. Find the 
fare for a single journey. 

16. In a tour lately made round the world, the distance 
travelled by water was 20,000 miles, and by land 8,000 miles; 
and the whole time taken was 220 days. Supposing the rate 
by water to be two-thirds of that by land, find the number 
of days travelled by land. 

17. The distance between A and B is 32 miles. A person 
starting from A, at the rate of 4 miles an hour, meets another 
who started from B half an hour later, at a rate of 3^ milea 
an hour. At what point will they meet? 

18. There are two clocks, one of which gains twice as much 
per day as the second loses, and they are set right at noon 
on Monday. When it is noon on Thursday by the first clock, 
it is 11*50 A.M. by the second. What is the gain per day of 
the first clock] 

19. A draper raises his goods a certain rate per cent., and 
afterwards reduces them to the original price by lowering them 
13|{>^ per cent Find the original rise per cent. 

20. Bequired the distance oetween two towns such that a 
person can perform the journey one hour sooner when he 
walks 4 miles an hour than when he walks 3^ miles an hourf 

21. The sum of £12. 15s. is paid away with an equal 
nimiber of sovereigns, crowns, and sixpences. Bequired the' 
number of each. 

22. A walks along an inclined plane at a certain rate, and 
B walks along the base of the plane at a rate of one-iMrd of 
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a mile per hour less than A. The inclination of the plane is 
such that A is always vertically over B, and that at the end 
of half an hour they are exactly five-sixths of a mile apart. 
Find the respective rates of A and B. 

23. There is a direct road over a hill between two stations 
at the foot of each side. The distance on the one side from 
the foot to the top is 5 miles, and the road down the other 
side forms a right angle with the road up. It is also known 
to be 1 mile less down the hill than the direct distance by 
tunnel between the two stations. Find the distance down 
thehilL 

24. Two trains, whose respective lengths are 122 ajid 9.8 
yards, and the former of which is going at the rate of 35 miles 
an hour, pass each other in 30 seconds. Find the rate and 
relative direction of the second train. 

25. A man bought a number of sheep for i&132, and having 
lost 10, and sold 20 that were diseased at 6s. per head below 
cost price, disposed of the remainder for XI 16, thereby 
realizing his outlay. . How many did he buyt 

26. A boy spends 10s. in oranges and apples. The oranges 
were bought at 5 for 6d., and the apples at 3 for 2d. ; and 
their number together amounted to 132. What did he spend 
on each? 

27. If B is allowed 2 hours more time than A takes to do 
a piece of work, he will do 4 times as much, and if C is allowed 
1 hour more than A,lhe also can do 4 times as mucL More- 
over, D requires 4 hours more than A to do the piece of work. 
Also, the work done by A and B together is the same as that 
done by C and D together in the same time. Kequired 
the respective. times for A, B, C, D to do a piece of work. 

28. A person sells out £1,200 Three and a Half per Cent, 
stock, and invests the money in Two and a Half per Cents.,' 
wbose price is 14 lower than the first-named stock. The loss 
in annual income is £7. Find the price of the first-named 
stock. 

29. The banker's discount on a certain sum of money at 
5 per cent, per annum is equal to the true discount on a sum 
^Okiger. Erndtheeuxn. 
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30. An express train, which ought to perform its journey 
in 2^ hours, after having gone uniformly 80 miles, finds itself 
6 minutes behind. However, by increasing the speed to as 
many miles per hour as there were miles in half the journey, 
it just arrived at its destination in time. Find the original 
speed of the train, and the length of the journey. 

31. A vessel contains a quantity of spirit (sp. gr. '9) and 
water, and a cylinder of wood (sp, gr. '92), whose length 
is 10 inches, floats upright, so as to be just covered by the 
spirit. Find how much of the cylinder floats in the water. 

32. A mixture of hydrogen and oxygen is found to condense 
when fired, to 16 vols, of steam. Now, every 3 vols, of such 
a mixture is known to condense to 2 vols., when the original 
gases are in the proportion of 2 : 1. Find the quantity of 
each. i' ' - - * J ^ 

33. A mixture of 100 grams of sodic and potassic sulphates 
yielded a gram of baric sulphate. Now, each gram of sodic 
sulphate yields b grams of baric sulphate, and each gram of 
potassic sulphate 3rields c grams of baric sulphate. Find the 
amount of sodic and potassic sulphates in the mixtiure. 

34. If a oxen consume b acres of grass in c weeks, and a ' 
oxen consume b ' acres of grass in c ' weeks, the grass growing 
imiformly, find the week's growth of an acre. 

35. The freezing and boiling points of a common ther- 
mometer are marked 32® and 212 respectively ; those on the 
centigrade thermometer are marked 0** and 100^ At what 
temperature do the graduations agree 1 

36. A person going at the rate of a miles per hour finds 
himself b hours too late when he has c miles farther to go» 
How much must he increase his speed to reach home in time % 

Simultaneous Equations of the First Degree with two 

Unknown Quantities. 

67. Suppose we have given the equation 3aj - 4y = 5, 
then by ascribing to ^ a series of values we get a correspond* 
ing series of values for x. 
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Again, if another equation, as 4 a; + y = 32, be given, we 
may in the same way obtain a series of pairs of values which 
satisfy it. And^ further, if the two equations are distinct and 
compatible, there is always a pair of values common to the 
two equations. This pair of values then satisfies both equa- 
tions, and the equations are called simultaneoua equations. 

The methods of solving simultaneous equations will now 
be explained. 

PiBST Method. — Equalize the coefficienis of one of the tin- 
knoum quantities in both equations, and add or subtract the 
equations so obtained, so as to obtain an equation with one 
unknown quamtity, 

Ex. 4a: + 3y = 17 (1)) 

9a;- 6y = 3 (2) / ' 

Prom (1), multiplying each side by 9, we get — 

36a: + 27y = 153 (3). 

And from (2), multiplying each side by 4, we get — 

36a: - 20y = 12 (4). 

(3) - (4), then 47 y = 141 

.',y = 3. 

Hence, substituting in (1), we have— 

4 aj + 3 X 3 = 17, from which we get— 
a: = 2. 

Hence, the solution required is a: = 2, y = 3. 

Second Method. — Express one of the unknoum quantities 
in terms of the other by means of either equation, and suJh 
stitute its value in the other. 

Taking the same example, we have— 

4aj + 3y = 17 (1)) 

9a: - 5y = 3 (2)/- 

Prom (1) we have 4 as = 17 - 3 y, or a: = — ^ — 5f,,,(3). 

Substituting this value of a; in (2) we have — 
9(lLr-iif)-6y = 3. 

or, 153 - 27 y - 20 y = 12, from which— 

y = 3. 

G 
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Then from (3) we get jc = IT-Sj^^S ^ 3 * 

"■ ft 

Third Method. — Express one of the unknotvn quantUtes 
in terms of the other hy means of each eqiLotion, cmd equate 
the expressioTi, 

We will this time express in each case y in terms of as. 

Wehave4aj + 3y = 17 (1) ) 

9aj - 5y = 3 (2) /• 

From (1) 3y = 17 - 4a?, or y = "^^ Z^"" A^V 
And from (2) 5 y = 9 aj~ 3, or y = ^^ " ^ (4). 



Equating (3) and (4), then — I^— = ^ "" \ from which 

a: = 2. 
Then from (3) by substitution, y = — IL_-JL. = 3. 

Simultaneous Equations of the First Degree of Three 

or more Unknown Quantities. 

68. In the case of three unknown quantities we may 
obtain, from the three given equations, two equations 
with two imknown quantities, and then, by a similar method, 
from the two obtain an equation with one unknown 
quantity ; and a like method may be pursued for more than 
three unknown quantities. 

Ex. 3a: + y + 4« = 25 (1) 

4a: + 3y - 5« = - 3 (2 

6a: + 7y - 8« = ^ 1 (3* 

From(l) 12a; + 4y + 16« = 100 (4^ 

Andfrom(2) 12a5 + 9y - 16 « = - 9 (5) J 

(5) -. (4), then 5y - 31» =-109 (6) 

Again, from (1) 6 a: + 2y + 8» ^ 50 (7) 

(3) -(7), then 5y - 16» = - 49 (8) 

(8) - (6), then 15 « = 60 

.'. a = 4 



} 
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Hence from (8), by substitution — 

5y - 16 X 4 =-49, 
from which y = 3. 

And hence from (1), by substitution of the knoTm valuea 
of y and «— 

3aj+3 + 4x4 = 25, 
from which a; ~ 2. 

Hence the respective values of x, y, z, are 2, 3, 4. 

Ex. XVIIL 

1. 6 a; + y = 22, 5 a: + 3 y = 27. 

2. 4 ar - 3 y = 14, 6 a: + 5 y = 40. 

3. 3 a? + 5 y = 44, y - a? = 4. 
X y 3x y 

*• 4 •*• 3 ^^i'T ■*■ 10 "-^^^' 

6 + 4;::^ '4 + 6" ^' 
6 « : 2^ ^11 a: + 2^ - 4 

7. 3 aj + 4 y + « = 14, 2 sv + y + 5 « s 19, 
6a: + 2y+3« = 18. 

8. 7a; + 2y + 3» = 20, 3aj-4y + 2« = l, 
6y-2aj+7« = 29. 

9. 2aj-6y=3, 3y-2c;= -1, 4aj + 2« = 20, 

10. ax + by = c, a^x + h-^y = Cy 

11. a? + y = a, y + « = 6, a; + « = c. 

12. oa; + 5y = c?, Sy + c« = €, oa; + c» = /. 

3aj-2y 5a;+2y a; + 2y 3a;-2y__, 

13. J + — g .)i, J 2 ^* 

\a ^_±_y, , ag — y _ 23 a; + y Oj- y _ ^ 
**• ^ 10 ■** 15 "" 30' 15 "*■ 10 "" 30* 

,.. 3 9 , 15 11 „. 

16. - + — = Ij, =5 2|. 

a; y ^' a; y ^ 
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4 6 ^, 4 1 f. 

17/4 lx^+ Zy)^- 3 {x + y) =» i (a: + y)(aJ + 3 y), 

2^ +-4r-=3. 



(J5 + y_ a + 3y 

18.'73y - 5aj = (aj- 5y)(aj + 3y), 



2 6 7 



?B-5ya5 + 3y33* 

19. - + - = o, - + - = ^ ~ **" T ~ ^' 
oj y y z cc » 

20. 3 a? - 2 y = 0, 4 y - 3 « = 0, 6 « - 6 t* =. 14, 

7t« - 2aJ = 3. 

21. 3a; - 2y = 5» - 6y = 7a? - 4« = 1. 

22. aj + y + » = a, y + » + w = 6, » + M + « = c, 

u + a; + y = c?. 

XV v z ^ X z ^ 

^^' m n ' n p ' m p 

24. OJ + ay + 6« = «, y + a« + &c = ^> « + ^^^ •♦• ^y = y* 

25. as + ay + a'« + a' = 0. 
a + 6y + 6'« + 6' = 0. 
a + cy + <?"« + c* = 0. 

26. 03 + ay + a'« + a'w + o* = 0. 
a; 4- fty + 5«a{ + h^u + 6* = 0. 
a; + cy + c'« + c'tA + c* = 0. 
X + dy + <Pz + <Pu + d* = 0. 

27. aj + ay = a. 2^" ^ j. ^ + £ - rf 
y + 6« = p. X y z , 

z + ct = y.. a^ ^' c'^ ^1 

<+c2a;=d. a; y z 

« + eaj=«. fL! + ?L + £-=: ci" 

X y z 

. 29. Oi + 2aa + 3a?, + &a + wa?^ = Oi. 
jc, + 2a^ + 3a;4 + &c. + wa?i =0,. 

&c. = ^ 

»« + 2a?i + 3ajj + &c. + Tia^n^i = ^ 
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.»^* y» « y « « y« 1 11 

30. - + T+- = T-+-^ + -=- + --fr=--+T + -- 
aoc6cacaoa6c 

Problems producing Simultaneoaa Equations of the 

First Degree. 

69. There are certain problems which may be solved with 
much greater facility by the introduction of more than one 
unknown quantity. 

Ex. 1. Nine men and seven women receive together 
JB3. 2s. 8d.y and three men receive lOd. more than four women. 
Find the receipts of eacL 

Let X and y respectively represent in pence the receipts of 
a man and woman. 

Then, since £3. 2s. 8d. = 752d., expressing the conditions 
of the problem in algebraical language-^ 

9 « + 7 y = 762 ) Solving these equations, 
3a;-4y= 10/ we find — 
x^fi^:^y^ 38. 

Hence, the receipts of a man and woman are respectively 
54d. and 38d., or 4s. 6d. and 3s. 2d. 

Ex. 2. Find a fraction such that, if we diminish its 
numerator by 1, it becomes equal to j- > and if we increase its 
denominator by 1, it becomes equal to \. 

XiCt -be the required fraction. 

^ IV > - ^ I ^]ii<5ji equations, when 

^^^ «_ ^ 1 ^ solved, give— 

2/ + 1 6; 

ce = 6, y = 35. 

ft 

/. _ is the fraction required. 

35 _-. 

Ex. 3. A's money, together with twice B's and thrice C's, 
amounts to £38 ; B's money, together with twice Cs and 
thrice A's, to £35 ; and C's money, together with twice A's 
and thrice B's, also to £35. Find the money of eacL 
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Let X, y, z he respectively the number of pounds each 
has. Then we have — 



+ 2« + 3aj=:35V; 
+ 2a; + 3y = 35 J 



X 

y + 2« + 3aj=s:35^; from which we get — 



a; = 5, y = 6, « = 7. 

Hence, £5, £6, £7 are the respective moneys of A, B^ 
and C. 

Ex. XIX. 

1. A and B engage in play. A puts down half-a-crown 
to B's florin. They play twenty games, and then it is found 
that A has won 4s. How many games did each win ? 

2. There is a number, the sum of whose two digits is 10, 
and, if 36 be added to t^e number, the digits change places. 
Pind the number. 

3. A grocer has tea at 3s. 4d. alb., and sugar at. 4s. a stone. 
He sells £2 worth of the two. If he had raised the tea 20 
per cent., and lowered the sugar 12^ per cent., and sold the 
same quantities of each, his profits would have been Is. 6d. 
more. Find the quantity sold of eacL 

4. Eight times the numerator of a certain fraction exceeds 
three times the denominator by 3, and five times the numer- 
ator added to twice the denominator make 29. Find the 
fraction. 

^ If the number of cows in a field were doubled, there 
would be 65 cows and horses together ; but, if the number of 
horses be doubled, and that of the cows halved, there would 
be 46. How many are there of each 1 

6. Thirty shillings are spent in brandy, and 42s. in gin ; 
19 bottles being purchased in all. Had the 42s. been spent 
in brandy, and the 30s. in gin, 17 bottles only would have 
been bought. Find the cost per bottle of each* 

7. A fishmonger receives 240 mackerel He sells a 
certain number at 4 for a shilling, but the rest being seized 
as bad fish, and he being fined 10&, finds himself a loser by 
9s. Had he sold them at 3 for a shilling, he would have 
been a gainer by 5s., if 13 more fish had been seized. How 
many did he seU^ and what did he pay for the loti 
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8. Three persons invest their money at 3, 4, 6 per cent, 
interest respectively. The total amount of interest is £38, 
and the interest of the first and third together is 2^ that of 
the second ; while the total interest would have been £34 had 
the rates been 5, 4, 3 per cent, respectively. Find the 
capital of each. • 

9. A toll-gate keeper receives 8s. 8d. for the toll of a 
number of horses, oxen, and sheep, the tolls for each being 
respectively l^d. Id., ^d. Had there been twice as many 
sheep and the number of horses' diminished accordingly, he 
would have received 7s. 2d. Had the oxen passed through 
free, and the tolls for a horse and sheep respectively been 2d. 
and fd., he would have received 9s. l|d. Find the number 
of eacL 

10. A, B, C start from the same place. B after a quarter 
of an hour doubles his rate, while C, who falls, after ten 
minutes diminishes his rate -^th. At the end of half an hour 
A is ^ mile before B, and ^ mile before C, and it is observed 
that tiie total distance which would have been' walked by the 
three, had they each continued to walk uniformly from the 
first, is 6^ miles. Find the original rate of each. 

11. A, B, C, working 3, 4, 6 hours respectively, can do 
2^^ pieces of work j if they each work an hour more, they 
can finish an extra ^} of a piece; and, if C does not work, 
the other two, working for 1 and 6 hours respectively, can 
together finish 1 piece. Find the time required for A, B, 
C to finish separately a piece of work. 

12. There are three numbers such that, if the first be in- 
creased by 6, and the second dinunished by 5, the product of 
the results is the product of the first two numbers ; if the 
second be increased by 2 and the third diminished by 3, the 
product of the results is the product of the second and third; 
and, if the first be increased by 3 and the third diminished 
by 6, the product is that of the first and third. Find the 
numbers. 

13. A person performed a journey of 22 J miles, partly by 
carriage at 10 miles an hour, partly by train at 36 miles an 
hour, and the remainder by walking at 4 miles an hour. He 
did the whole in 1 hour 50 minutes. Had he walked the 
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first portion, and performed the last by carriage, it wotdd 
have taken him 2 hours 30^ minutes. Find the respective 
distances hj carriage, train, and walking. 

14. A and B start from two places and D, distant 28 
miles, and it is found that A reaches D 3 hours after .they 
meet Had the distsChce between C and D been 35 miles, A 
would have reached a point 28 miles from C 2 hours after 
he met B. ^ Find the respective rates of A and B. 

16. Three trains — a luggage, ordinary, and express — ^move 
along three parallel pairs of rails, the listance between the 
stations being 120 miles. The first two start from the same 
station, and the express from the opposite. The luggage 
tadn, starting 2 hours first, is overtaken by the ordinary in 
2 hours; and tiie express train, starting 1 hour after the 
ordinary, meets the luggage in 1 hour 7^ minutes. Had all 
three started from the same station, the ordinary would have 
been overtaken in 2 hours. Find the respective rates of the 
trains. _ 

16. If {oit hi9 Ci), (a^f b^f Cj), (oj, 5s, 0^ be the respective 
compositions by weight of three mixtures of three substances, 
and di, d^t'd^ be the respective prices of the mixtures, find the 
price per unit of weight of each substance. 

17. By alloying two ingots of gold in two given propor- 
tions, we form' two new ingots of which the fijieness of each 
is known^ What is the' fineness of each of the given 
ingots 1 r . . r 

18. A group pt n persons play as follows : — ^The first 

plays vith the; second and loses - of what he has, the second 
then plays 'With the third and loses - of what he has, the 

third, then with the fourth^ losing ~ of what he has, &c., the 

-1 

nth with the first losing - of what he has. At the end 

a 

they each have &• What had each at first 1 
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19. There are three vessels which are respectively i, }, } 
full. If all the liquid is poured into the first vess^ it is 
found to be H- full; and the capacity of the third is -^ of 
the sum of the capacities of the first and second; show tiiat 
their capacities are as the numbers 6, 4, 3. 

20. Two waggoners^ A and B, start at the same time from 
two stations on the same road, going respectively 3 and 4 
miles an hour. When B has gone ^ of his journey, he finds 
he must return to A's station; and on meeting A finds him 
21 1 miles on his way. Having reached A's station, he again 
turns and reaches his destination along with A; find the dis- 
tance between the stations, and the length of A's journey. 



CHAPTER VIL 

QUADRATIC EQUATIONS. 

70. Equations of this class, when reduced to a rational in« 
tegral form, contain the squa/re of the unknown quantity, but 
no higher powers. 

When the equation contains the square ordy of the unknown 
quantity, and 7U>t the first power y it is called a pv/re qtuxdratic. 

Thus, a^ - 25 = 0, 4ar' + 10 = 19, 5ic* = 180, Bjcepure 
quadratics. When the equation contains the square of the 
unknown quantity, as weU as the first power, it is called an 
adfected qiiadratic. 

Thus, ar»- 5aj = 6, ar*-aj- 30 = 0, 2a:* + aj+3=r 6, 
are adfected quadraties. 

Pure Quadratics. 

?L To solve these, we treat them exactly as we do simple 
equations, imtil we obtain the value of the square of the un- 
known quantity; then, taking the square root of each side, 
we obtain the value of the unknown quantity. It will be 



106 ALGEBRA. 

seen (Art. 35) that the unknown quantity in a pure quad- 
ratic has always two values, eqtial in magnitude, but of oppo- 
site sign. 

Ex. 1. Given 3 a? + 12 = 687, find x. 

We have 3a^ = 687 - 12 = 675, or a? = 225. 

:, X = ± 15. 

2a; + 7 2aj - 7 56 /. . ^ 

^ 2. Given 2^-7^ - ^^^^pj^ = q^^-q^'^^'^ 

Bringing the fractions on the first side to a common de- 
nominator, we have-— 

(2a; + 7)'- (2a;- 7)^ "^" ^ 56 

xiisc" - 49) - 6a;2 - 99' 

56 a; _ 56 
^ .^"^^ a; (4 ar^ - 49) ~ 6ai« - 99' 

^^' 4a^-49 = 6a^-99 > ^^^^ ""^ fractions; 

then, 6 ar* - 99 = 4 ai« - 49, from which 

a? = 25 
x=^ ±5. 

Adfected Quadratics. 

?2. SohUion by completing the square. 

Suppose we have given tifie equation a? + 2 aa; = 3 a^ to 
fiinda;. 

It will be remembered that (a;* + 2 ax + a*) is a perfect 
square, viz., the square of {x + a). It is evident, then, that the 
first side of our equation will become a perfect square by the 
addition of a^ as a third term. 

Adding, then, a* to each side of the given equation, we 
have — 

a? + 2 oa; + a' = 4 a', or 
(a; + a)^ = 4a2. 

Taking now the square root of each side, we have — 

x + a = ± 2 a, 

,\ X = ± 2 a — o. 

= a or - 3 a. 
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We may remark that the quantity a', added to the expres- 
sion or* + 2 oos in order to make it a perfect squourey is the 
square of half the coefficient of x. llie operation itself is 
called completing the sqtmre. 

An adfeoted quadratic may therefore be solved as 
follows: — 

1. Redv4se a/nd a/rrcmge U until aU the terms invohnng x 
a/re on the first side, wnd the coefficient qfx^ia unity* 

2. CoMPLETB THE SQUABB bj/ adding to each aide the 
SQUARE OF HALF the Coefficient qfx. 

3. Take the square root of each side, put a double sign to 
tlie second side, and transpose the term of the f/rst side not 
involving x. 

Ex. 1. Solve the equation 3 ar* + 18 aj + 4 = 52. 

We have 3 85* + 18aj = 62 - 4 = 48; or, dividing each 
side by 3, or* + 6 05 =16. 

Here, thq coefficient of a; is 6, the half of which is 3. 
Adding then the square of 3 to each side, to complete the 
equa/re, we have — 

a? + 6 a; + 3' = 16 + 9 = 25. 

Taking the square root of each side, we have — 

aj + 3 = ±5. 

/. aj = ± 5 - 3 = 2 or - 8. 

ti^ o n* a; + 3 a; + 1 4aj + 9 12aj + 17 

Ex. 2. Given -r = ^r = - -^ :r?, 

aj + 4 a; + 2 2aj + 7 6a;+16 

find a;. 

WehaveA-^)^(^l- -L- U A - o-^j 
\ aj + 4/ V a; + 2/ V 2aj + 7/ 

15 



"V " 6aj+ le)' 



- 1 1 15 5 '^ 

or, ^simplifying, —^ « __ . __^^ . ^__^; 

' " (a; + 4) - (a; + 2) ^ 15(2a;+ 7) - 5(6 a; + 16) . 
^^' (x + 2) (a? + 4) (6 a; + 16) (2 a; + 7) ' 

or, smiplifying. 



a;« + 6aj + 8 13ar» + 74aj + 112; 
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or, clearing of fractions — 

24a? + USx + 224 = 25a? + 160a; + 200; 

or, transposing and reducing, -a?-2a;= — 24; 
or, changing the sign of each side, then — 

a? + 2aj = 24; 

or, completing the square, a? + 2 a; + P = 24 + 1 = 25. 

Taking the square root of each side, we have — 

X •{• I = ±5 
^ X = ±5-1 = 4 or -6. 

Ex. 3. Solve the equation a? + 6 a; + 25 = 0. 
We have a? + 6 a; = - 25; 

or, completing the square — 

a? + 6a; + 3^ = - 25 + 9 = - 16; 

or, extracting the square root of each side — 

a; + 3 = ± yrie 

/. a; =x - 3 ± V^T6. 

As the quantity \/ - 16 has no exact or approximate 
value, the given equation has no real roots. The roots are 
therefore said to be imaginary. 

78. Solution by hreaking intofaotora. 

We have seen (Ari 30) that it is often easy to find 
by inspection the factors of quadratic expressions. We 
may make use of this knowledge to solve quadratic equa- 
tions. 

Ex. 1. Solve the equation a? + 5 a; = 66. 

Transposing all to the first side, we have — 

a? + 5a; - 66 = 0. 

And, resolving the first side into its elementary factors, we 
get— 

(a; - 6) (a; + 11) = 0. 

Now, if either of these factors is put equal to 0, the 
equation is satisfied. . 

Hence, we have, a; - 6 = 0, and a; + 11 = 0; 

or, a; = 6, and a; = - 1 1. 

.*. 6 and - 11 are the roots required. 



ADFECTED QUADRATICS. 109 

Ex. 2. Given a? - {a + b)x + ah = 0^ find oc 
We have {x - a) (a; - 5) = 0. 

Now this equation is satisfied by making either of the 
factors = 0. 

Hence, x - a = 0, or x = a;) 
and, aj-6 = 0, ora3 = 6;J 

/. a, b are the roots required. 
Ex. XX. 



1. 4a? - 7 = 29. 2. 5a?+ 6 = 86. 

2" 



3. i^^ = 34. ' 4. f ar» + f = 6. 



19 

6. 3a; - — = 0. 6. 2 (a« + b") ^ a?= {a -- b)\ 

X 

7. *ajV24 + a? = 4 + a?. 

8. * Vaj - a = V aj - n/6' + a". 






a; 

1 1 

^^- aa; -^/^ V":^ " aa^ + JiM^Tl " ^• 

Ti 4^a» + aj*" + v^a* - a? . 

X "I" A>^ 1 

12. ,-^— -- = o. 13. !B» - 5a! + 6 = 0. 

a; — vic^ — 1 

14. ai» - a; = 72. 15. Sa:^ _ ^ ^ 2. 

16. 4aj» - 9a; = 28. 17. 6ar» + a? - 35 = 0. 

18. a? + 6iaj + 8 = 0. 19. oar* + 5a; + c = 0. 

20. 3a;- ^-^i^ =4a;-7. 21. a; - 1£ = 1. 
>^2a; - 3 x 

22. 2 a; + 1 ^ \ ^^ , ^ 11. 

2 a; + 1 



* See Bemark, page ] 13. 
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23. (a + bx) (ex + d) ^ (a + h) {c + dx). 

24. (a - 6) (a? - fi») = (a + 6) (a; - b)\ 

25. (a + 5) (a: — a) (x - b) = abos. 

26. «+! = * + ^ + .^j:l?. 

X Q X a ao 

27. aa?- (e + d)x = b!>? -^-^^. 

- * a — 

28. (fa? - (a- by x +~€f -= Va? + (a^ + ab + Vfx + 6». 

a5 + ^ a? 

30 ^ "^ ^ + ^ = 2 a? + 5 
2a; + 3 13 4a;- 

31. 2^Jl^ + ^_^ = 51. 

a? 2a; + 9 

32. ^+'"-^,^ = 0. 
a; + 3 a; + 8 

oQ 3a;-7.5a; + 3_6 

4a; - 2 7a; + 4 9 

34 ^a^ + ^ . 4 a; - 1 _ 7 a; 4- 1 
2 a; - 7 a; - 2 " a; - 3 ' 

35 ^^ + ^ _ X + 2 _ 7a; + 8 

a; + 2 4a; + 4 4 a; + 13' 
Q/; 3a; 2aj + 9 2a; + 24 

a;-2 a;+2 2a; -1 
3^ 3a^ - 2a; + 7 a^ + 7a; - 3 

6a^ - 4a; + 11 2ai* + 14a; - 9 
oo3a^+10 a:« + 2a; + 3 2ar» + 2a;+10 
X X + 2 X + I 

39. * VSa; + 6 + Jx + 10 = 4. 

40. N/3a; - 4 - ^2 a; - 4 = >/^ 

41. * Va* + 6«_+ a: + n/^* + 6* - a; = ^: 



^oa; 



* S^ Eemarky page 113. 
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42. * V2 a +' sc + V4 a - a; = 2 ijx - a. 

43. * /s/oa; + 6 + V&b + a = v (a - 6)a; + a + 6 + 2 /s/a6. 

46. (a - 6) (« + 6 - c) (a; + c - a) + a'(aj + 6 — c) + 

6*(a; + c - a) + c'(aj + a - 6 = 0). 

47. Show that, if a; be real, the value of a; + - cannot lie 

X 

between 2 and - 2. 

48. Ifi in the equation x - kq= a^thd quantily x be real, 
show that a cannot be greater than 5, 

Equations which may be Solved like Quadratics. 

74. Certain equations of a degree higher than the second 
may be solved like quadratics. It will be seen that, although 
it is impossible to lay down definite rules for the treatment 
of every such equation, the object to be attained is either 
(1.) To throw the equation into the form — 

when X is an expression containing the unknown quantity, 
and solving when possible this equation for X; or (2.), To 
strike out from each side a factor containing the unknown 
quantity, thus reducing the dimensions of the equation, 
and obtaining a value or values of the imknown quantity 
by equating this factor to zero. 

Ex. 1. Solve the equation a^ + 144 = 25 a?. 

We have, transposing, ai* - 25ar* = - 144; 

0Ty{a^y - 26 (a:^) = - 144; 

* See Remark, page llSl 
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or, completing the square — — 

(off ^2b{a?) + (V)' = ^ - 144 = V- 
/. ar* - V = ± J- 

Hence, a: = ± 4 or ± 3. 

The given equation has therefore f(mr roots, being as many 
roots as the degree of the equation. 

Ex. 2. Solve a:* + 3 af» = 88. 
We have, («*)' + 3 (a^ = 88 ; or, transposing, 
<«»)» + 3(aj») - 88 = 0; 
or, (a^ - 8) (a:» + 11) = 0. 

Hence, the given equation is satisfied by — 

SB* — 8 = 0, and also by a:* + 11 = 0. 
We have then a:' - 2« = 0, and o^ ^ ( jny = Q; 

or, breaking into factors, we have — 

(a? - 2) (a? + a? • 2 + 2») = 0, and 

(» + .yrr)|a? - x*^Ti + (v^n)'} = o. 

From the^^^ of these equations, we get— 

aj-2 = 0ora5 = 2, 

and a? + 2a5 + 4 = 0, from which two other roots may be 
found. 

And from the second equation, we get — 

aj + 4^11 = 0, oraj = - »/ll, 

and as? - a; 4^11 + -^121 = 0, which gives two other roots. 

We have therefore shown how to obtain the six roots of 
the given equation. 

Ex. 3. Solve— 

23a? - 75a; - 6ajV4ar» - 9a; + 9 + 40 = 0. 

Changing the sign of each side, and transposing, we have-~ 

6xjia? - 9a; + 9 = 23a? - 75x + 40; 
adding to each side 13 a? - 9 a; + 9, then — 

13a?- 9a; + 9 + 6a;V4a? - 9a; + 9 = 36a?- 84a; +49; 

or, (4a? - 9a; + 9) + 2 (3a;) >/4a? - 9a; + 9 + (3a;)» 

= (6a;)» - 2(6a;)-7 + 7'; 
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or, ( V4a?« - 9aj + 9 + 3«)" = (6a; - 7)1 

.-. V4a»- 9a; + 9 + 3a; = ± (6aj-7), (1.); 

or, taking the upper sign — 

V4a?* - 9a; + 9 = (6a; - 7) - 3a; = 3 - 7. 

Hence, squaring each side — 

4a;"-9a; + 9 = 9a*- 42 a; + 49; 
or, 5 ai» ^ 33a; + 40 = 0; 
or, {x - 6) (5 a; - 8) = 0. 

;. a; = 5 or |. 
Again, taking the lower sign of (1.), we have— 

A/4ar^-9a; + 9= -(6a; - 7) - 3a; = - 9a; + 7 (2.); 

or, squaring— 

4a? - 9a; + 9 = 81a? - 126a; + 49j 
from which 77a? - 117a; + 40 = 0; 
or, (a; - 1) (77 a; - 40) = 0. 

.-. a; = 1 or ^^. 
Hence, the roots of the given equation are 5, {, 1, 4f . 

IIemark. — ^If we proceed to verify these values of a?, we 

shall find that the last two values — viz., 1 and 49 — ^^^ ^^^ 

satisfy the given equation unless we obtain the value of 

/s/4^~^^^~9a~+~9 by means of the equation from which these 

last roots were found. 

Thus from (2.) we find, on putting 1 and 49 successively 
for a; — 

^/4a? - 9a; + 9 = - 9 (1) + 7 = - 2, 

and N/4a? - 9a; + 9 = - 9 (49) + 7 = 2^; 

and on substituting either of these values of \/4a? - 9a; + 9 
along with the corresponding value of a;, the given equation 
is satisfied, 

Ex. 4. Solve — 

(a; + 6 + c) (a; + 6 — c) (6 + c - a;) 

= (a + 6 + c) (a + 6 - c) (6 + c - a). 

By inspection we see that a is one of the roots. We shall 

therefore so arrange the equation as to be able to strike out 

a; — a as a factor of each side (Art 5). 
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We have — 

(a; + 6 + c) (a; + 6 - c) _ 6 + c - a [ 
(a + b + c){a + b - c) b + c - x^ 

(x + by " <? _ 6 + c - a 

or, taking the diff&temm of numerator and denominator- 

{x + 6)' - (« + 5)^ __ X - a 
{a + by - (? b + c — x'y 



or, 



(as - a) (aj + 2 6 — a) _ aj - a 



(a + 6)2 - c^ 6 + c - a; 

Dividing each side by a? - a, we have — 

a? + 26-a_ 1 ~' 

/ — T~i\i -a — r — i Zj 8^d 33 — a = 0, oraj = a: 

(a + 6)" - c" 6 + c - af ' ^ 

Hence also (aj + 2 6 - a) (6 + c — a) = (a + 6)^ — c^; an 
ordinary quadratic from which two other roots may be 
determined. 

Ex. 6. * Solve the equation — 

a'6V - 4 aWx »« = (« - 6)-a;^ 

i_ 
Dividing each side by a^, we have — 

dfVx^'' -- ^Jbix'^= {a - by; 

or,(a6aj'^) - 4ai64(a6aj^) = (a - 6)^; 
or, completing the square — 

{dbx^y - 4 a^6l {abx^) + (2 a*6*) 
= (a- 6)» + 4a6 = (a + 6)". 

* We shall asaume in this exampld that the laws of multiplication 
and division proved in Arts. 24, 28, hold for fractional indices. 
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Hence, extracting the squaxe root — 

aix^* - 2 aibi = ± (a + 6). 
.-. a&c^ = ±{a + b) + 2al6i = (a* + 6i)'or-(a*-6*)'; 

Then, raising each side to the {2pq)ih. power, we have — 

Hence, taking the (p - g')th root, we get — 

/I 1 \jilli. /I 1 \-i£2. 



aj" 



/I 1\^ 



9 



"We have also, since the factor o^ has been struck out — 

I 

x^ = 0, and .*. a? = as another solution. 

Ex. XXI. 

1. 4 a:* - 11a? = 225. 

2. 6 a:f» - 17 a:» = 184. 

3. aj» + 6 aj-» = 25^. 

4. (a;» + 3 a; + 3)2 + 2 ar» = 189 - 6 a;. 
6. 3 a;-* - 17aj-» = 1450. 

6. af + -;i = 5. 

7. Va; + 12 + v a; + 12 = 6. 

8. Var* + 9 + 20 = a? + 9. 

^ .12 \2 60 . ^ 

9. ( ajY + -- = 6 + 5 a?. 

\x / a; 
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10. (3 a? + 4) + V3 » + 4 - 12 » 0. 

11. a? + 2aj = — ^ - 1. 

« + 4 

12 V ^ •" ^ _ ^a — oj _ 5^05 
« » a a ' 

13. 9 a: + 24 V^ - 4= ("4= + ^^J = 65. 

14. a; =» >Ja'tJh - X - *Jb ' >jx + a. 

15 1 1 _ g' + 2 ^ 

' (a - 'JcT^n^ {a + Va* - a^)'^^ a?^ ' 

16 ^ - 2 /a' - «aJ + a:*_ ?5 . i 

19. (a*- + 1) («i - 1)» = 2 (« + 1). 
20 a? 975 a^ - 9 . 7 „ 

21?-12 { 3 .2) 4 , 
a;+lla;+l a:j ar* 

22. ^Qt? - 5a;- 8V3a? + 5a; - 4 = 12. 

23. 2a^ + 5a; - 2x^j2a? - 7a; + 1 = 35. 

24. 20ai' - 9aa;-8a;A/5ar^-3aa;+2a» = 1 a\ 

25. a«(a; - 2)» + ^a?{x - 2) = 24a; + 36 - 5aj». 
2Q. 2a? + 20a; - JZa? - a; + 5 = 105. 

27. 4a^+ 12a; - 2a;^/4a:» - 2a; + 19 = 30. 

28. a;* + a« + 1 = «(«« + a; + 1). 

29. a:« - 1 = 0. 
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30. (o^ - af + (iB* - by + (ar' - cf 

= 3 (ar^ - a) (ic" - 6) (aj* - c) + 9 ooj* - a(a + 6 + cf. ^ 

31. {x - h) (aj» - c^) = (a - 6) (a» - c^). 

32. (a; - a) (a; — h) (a; — c) = (m — a) (m — 5) (wi - c). 

33. (a; - a) (a; - 5) (a; — c) = (a + 6) (a + c) (6 + c). 

34. (n - l)a; (x* + oa? + a^) = a? - a?. 

35. (oa; - 6)» + (ca; - cQ* = (a + c)|b* - (6 + c^l 

36. ix?''-¥x'^_ll+ l=a{^ + X+ 1). 



Simultaneous Quadratic Equations. 

95. The following "worked examplas are given as speci- 
mens of the methods to be employed, but it must be under- 
stood that practice alone will . give the student complete 
mastery over equations of this class. 

Ex. 1. Solveaj^ + 3^* = 20 (1.) 1 

X +y = 6 (2.)/ 

As we have given the swm of the unknown quantities, we 
BhaU work for the dt>-e«c«. 

From (1.), multiplying each side by 2, we have — 

20" + 2 2/* = 40 

and from (2.), squaring, ar* + 2a;y + y^ = 36 

Then, subtracting, ar* - 2 ay + ?/* = 4 ; 

and, taking the square root, we have x - y = ± 2 (3.) 

(2.) + (3.), then 2 a; = 8 or 4, and /. a; = 4 or 2. 
(2.) - (3.), then 2y = 4 or 8, and .-. y = 2 or 4. 

Note. — ^Having found that a; = 4, y = 2, we might have told by 
inspection that the values sc = 2, 2/ = 4, would also satisfy the given 
equations, for x and y are similarly involved in both equations. 

Ex. 2. Solve ar^ - 3/^ = 5 (1.) ) 

soy = 6 (2.)/ 

As we have given here the difference of the sqiuires of the 
unknown quantities, it will be convenient to work for the 
sum of the squares* 



.^■jaa-^ .*> 
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From (1.), squaring, of - 2 o^y^ + ^* = 25, 

and from (2.), squaring, &c., 4ar^^ =144 

Then, adding, a*+ 2ar»2/^ + g/* = 169 

and taking the square root, m? ^' y^ - ±13 (3.). 

(3.) + (1.), then, 2 a^ = 18 or - 8, or or* = 9 or - 4, 

and .•. aj = ± 3 or ± 2 V - 1. 

(3.) - (1.), then, 2 gr^ = 8 or - 18, 01-2/* = 4 or - 9, 

and /. 3^ = ± 2or ± 3^/ - 1. 

Note. — ^The student will see that the pairs of values which satisfy 
the given equations are, x = 3, y = 2; a; = - 3, y = - 2; a: = 2 V - 1, 
y = 3 V - 1; aj= -2\/-l, y= -3 V - 1. 

Ex. 3. Solveaj^ + 2/= 11a; (1.) \ 

f + x^ lly (2.)/ 

Subtracting, then, aj' - ^^ — aj + 3/ = 11 aj - 11 ^; 

or, ar^ - ^ = 12 (aj - y). 

Kow (a; -> 2/) is a factor of each side, and hence^ striking it 
out, we hav©-^ 

flJ + ^ = 12 ^3.), 

and also a; - y = 0..^..;.; (4.)i 

Equations (3.) and (4.) may not be used as simultaneous 
equations, but each qfth&nt may be used in turn with either 
of the given equations. 

Thus, taking equations (3.) and (1.), we have-— 

(1.) - (3.), ar^-a;= 11 aj- 12, 
from which aJ = 6 ± 2 a/6^; 
and hence from (3.), by subsiitittion, we easily get — 

y = 6 +2n/6: 

Again, talking equations (4.) and (1.) — • 

we have, from (4.) a; = y> 
and .-. from (1.), ar* + a;= 11 aJ 01* aJ^=» 10a?, 
from which x = 10 or ; 
and so, from (4.), y = 10 or 0« 
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HencO; the pairs of yalues satisfying the given equations 
are — 

X = 10,3/ = 10;a = 0, y = 0; 

a; = 6 + 2 ^/6J^ =6-2 ^/6"; ' 

iB = 6-2V6, y=6 + 2>/6". 

Note. — It is worth while l^marking that wheiiP each, of the terms 
of the given equations contain at least one of the unknown quantities, 
the values x = 0, y =s: will always satisfy. ^ 

Ex. 4. Solve 3a3» - 2xy = 65 (1.)) 

aP--6xi/ + S^ = 7 (2.)/ 

Multiplying the equations together cros^ioise, we get — 

65a? - 276xy + UOj/^ = 21 a? - 14a2^j 
or, transposing, 34 0* - 261 scy + 4401/" = 0; 
or, (2 a; - 5 2/) (17 a; - 88 y) = 0, 
from which 2 a = 5 y, and 17 oj = 88 y* 

Each of these equations taken in turn with either (1.) oif 
(2.) will easily give the required values of x and y« 

Ex. 5. f«* + 3/* = 337 (1.), 

X +y = 7 (2.) 

From (2.), raising each side to the fourth power, we have— i 

a^ + 4aj»y + 6a?i^ + 4:Xi^ + y^ = 2401; (3.) 

(3.) - (l.),then4a»y + 6fic*2^ + 4a^ = 2064^ 

or, 2aj'3^ + da^i^ + 2s^ = 1032; 

or, arrangiQg, 2 xy{3i + yY - fib*^ = 1032 ; 

but from (2), {x + yY = 49, 

iand hence, 2 aw(49) -^ a?y^ = 1032 ; 

or, ar»2/» - 9Sxy + 1032 = 0, 

from which ajy = 12 or 86, (4.) 

From (2.) and (4.), x - y may now be easily obtained, and 
hence also the required values of x and y, 

Ex. XXH; 

1. oj + y = 5, ajy =5 6. 

2. 05 - y »■ 2, ajy = 15. 

3. ar» + 2/» = 25, ajy = 12. 

4. or* + jr^ = 20, aj + 3^ = 6. 



15. i + i =.a, L + L^ = h. 
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5. a? + j^« = 29, a: - y = 3. 

6. ar» - 2/" = 13, (« - yY = 1. 

7. a? -f = 27,xi/ = 18. 

8. ar* - 2/^ = 12, a; + y = 6. 

9. ib^ + 3/» =^53, ar* - 2/* = - 45. 

10. ar* + a^ = 28, 2/» + a^ = 21. 

11. aj» + a^ +y = 19, ay - a^ = - 3. 

12. a; + 2/ = 13, a/o; + Jl/ = 5. 

13. aj" + a^ + 2/" = 84, a; + V^ + 2/ = 14. 

14. a? + 2r* = 35, ar*2^ + ay^ = 30. 

11 1^1 

- + - = ^> 3 + ^3 

a; y ar 2/ 

16. a; + 3^ = a(aj - 2/), a* + 3^ = &'• 

17. a^ -V = ^> «^ " 2/* = ^• 

18. a; + 2/ = 5, a;* + 2/* = 35. 

19. a; + 2/ = 5, a» + 2/^ = 275. 

20. a? + y^= V(^ -^ y)y^J = ^• 

21. a: - 2/ = 2, ar» - 2^ = 98. 

22. a;2^(a; + 2^) = a, ix?y^{a? + j/) = b- 

23. a^(a; + 2^) = 30, aP9/{a^ + 2/) = 9900. 

24. 4a? - 3a^ = 18, hf-^^xy^ 8. 

-."^ ■ , , 30 • 

25. a* + 2^* = 35,a:^ + 2/t=-|-y 

26. a;^ + 2^^ = 3aj, a;* + 7/ = a?. 

27.'«y"+ 6 = ^1^, a: + 2/ + 4 ^-^^; 
^ a;y a; + 2/. 

28. (« + 2/)' + 2(aJ - 2/)' = 3 (a; + 2/) (« - 2/), «^ + 2/' = 10- 

29. Q? + 10a;2/ + 2^' = V («^ - 2/')» a^ + ^2^^ ^ a; + 13y. 

30. aJ* - 2a;V + 2/* = 1 + 4a;y, ar'(a; + 1) + 2/^(2^ + 1) 

31. 3« + 2/ - 9 - 3;c,3^,6 4»-2/ + r 
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32. ^ + tL±4 = 6i,^ + y^ = IJ. 
y-2 X - 2 'y + 2 x - 2 * 

33. ^^4±^) = 3 + 2V2,i-^ = ^. 

34. y - 2 VSai* + y + 3 = 32 - 5a?, 

\y x/ Vy «/_ , 

35.2.2^-3= -^j.--^3a: + y=.7. 
y JC ar - y^ 

36. (a; + y) ajy = c (ftaj + oy), 

r»y (6aj + ay) = aj^y" + ahc (a; + y — c). 

37. y* = a:'(ay - &c), v? = ax - hy. 

38.' ^^^^"^-"^ = -i^±l±.^ a:(y + 1)« = 36(y» + V). 
y Va; 

39. X = -?^, y = -^, « = ^ 



y + z X + z X + y 

40. a? + y + » = 6, ajy + a» + y« = 11, a:y« « 6. 

41. a? - y« = 1, y* - a» = 0, «" — a:y = 0. 

42. a:y« = a\x + y) = ^^(y + «) = c^{x + z). 

43.^+y» + «»-^ = p = ^. 

44. aj + y + « + w = 4a + 46, 

a^ + a» + aji6 + ya" + yw + 2!M = 6 a* + 12 aS +66*, 
xyz + ajyi6 + a»w + yzu = 4a' + 12a*6 + 12a6' + 4i', 
xyzu = a* + 4 a*6 + 6 a'6' + 4 a6' + 6*. 

45. sx?j^ + oy'^ + ary« = a, 
y^a;" + xy^z + xy^ = 6, 
a^a* + a^ys + ay^* = c. 

4G. (a; + y)» + ;s» = 1125, 
a; + y + « = 15, 
a;y = 24. 

1 11- 

47. If oa:^ = &y* = <?«■, and- + - + - = a, sliow that 

•^ aj y ^ 
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48. Given 5= 1 + r, P =-(1- £-% M = FBT, 



sIiowaiati? = il(|-- ^)+l. 



CHAPTER VIIL 
ProblemB Producing Quadratic Equationg. 

96. We shall now discuss one or two problems whose 
solutions depend upon quadratic equations. , 

Ex. 1. A person raised his goods a certain rate per cent., 
and found that to bring them back to the original price he 
must lower them 3^ less per cent, than he had raised thenu 
Eind the original rise per cent. 

Let a; = the original rise per cent, 

then jqq . 100 = the faJl per cent to bring them to 

the original price. 
Hence, by problem— 

«- 15^ = 3J, -Mch solved, gives 
X = SOorJ- 16|.' 

The value a? = 20 is alone applicable to the problem. Re- 
membering, however, the algebraical meaning of the negative 
sign, it is easy to see that the second value, x = » 16f , 
gives us the solution of the following problem: — 

A person lowered his goods a certain rate per cent., and 
found that to bring them back to the original price he must 
raise them 3| more per cent, than he had lowered them. 
Eind the original fall per cent. 

The above solution tells us that the fall required is 16f 
per cent. 

Had we worked the latter problem first, we should have 
obtained x = 16| or - 20, the valuer » - 20 indicating 
the solution of the f^rnner problem. 



PROBLEMS PttODUCING QUABEATIO EQUATIONS. 123 

Ex. 2. Find a number sach that when multiplied by its 
deficiency from 100 the product is 196. 

Let X = the number, 
then 100 - a; = its deficiency firom 100. 
Hence, by problem— 

X (100 - a?) = 196, or a? - 100 SB + 196 = 0; 

from which, a; = 2 or 98. 

Both these values will f>e found to be consistent with the 
conditions of the problem. 

Ex. 3. The number of men required to build a house is such 
that, when four times the liumber is subtracted from three 
times the square of the number, the result is 160. Find the 
number of men. 

Let X = the number of men, 
then, by problem—* 

3ai* - 4aj = 160, from which 
a: = 8 or - 6J. 

!Fhe vaiud x = 8 is alone applicable to the problem as it 
stands* If^ however, we may conceive of a fractional numbei^ 
of men-tod this we may easily do here by supposing a boi/s 
Work to be equal to f of a man's — we find that the second 
result gives us the solution of the following problem r^^^ 

The number of men required to build a house is such that 
when four times the number is added to three times the 
square of the number, the result is 160. Find the nUmben 

The answer, as above indicated, is 6 men and 1 boy* 
where a boy is worth f of a man. 

The student will find, however, that in some cases there i^ 
no obvuma interpretation to the second result, owing occasion- 
ally to the fact that certain terms are used in the problem 
to which the results will not apply, and indeed that thd 
algebraical expression of the conditions of the problem is 
more general tlian the language of the problem itself. 

Ex. xxin. 

1. Find a number whose square is equal to the product of 
two other numbers, one of which is less by 6 than the required 
number, and the other greater by 9 than twice that number. 



124 ALGEBEA« 

2. When the numerator and denominator of a certain 
fraction are each increased by nnitj the fraction is increased 
by -Y^jj, and when they are each diminished by unity the 
fraction is diminished by ^. Find the fraction. 

3. The mean proportional between the excess of a certain 
number above 21, and its defect &om 37, is 28. Find the 
number. 

4. A number of articles, which were bought for £4, cost 
each 3 shillings more than half as many shillings as there 
were articles. Find the number of articles. 

5. There is a square court-yard, such that if its length be 
increased by 10 feet, and its breadth diminished by 20 feet, 
its area woidd be 5,104 feet. Kequired the side of the square. 

6. If the number of shillings given for an article be added 
to the number of articles which can be bought at the same 
price for 18 shillings, the result is 11. Find the price. 

7. Two travellers set out to meet each other from two 
places 180 miles distant; the first goes 3 miles an hour, and 
the second goes 1 mile more per hour than one-fourth of the 
number of hours before they meet. When will they meet? 

8. A farmer bought a number of calves, sheep, and pigs, 
the number of calves being equal to that of the sheep and 
pigs together. For the calves he gave 64s. a head, and for 
the sheep twice as many shillings as there were sheep. He 
paid £153. 12s. for the calves and sheep together, and £36. 
12s. for the pigs — a pig costing as much as a sheep and calf 
together. I^d the cost of the sheep per head. 

9. There are two squares, and an oblong whose sides are 
equal to those of the squares, and it is noted that three times 
the area of the first square exceeds four times the area of the 
oblong by 3 square feet, while twice the area of the square, 
together with three times the area of the rectangle, is 36 
square feet Eequired the sides of the squares. 

10. The sum of two quantities is equal to 6 times the 
square of their product, and the sum of their cubes is equal to 3 6 
times the product of their fifth powers. Find the quantities. 

11. The solid content of a rectangular parallelopiped is 60 
cubic feet, and the total area of the sides is 94 square feet, 
while the sum of the edges is 48 feet Ile<][uired the 
dimensions. 
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12. The products of the number of units of length in the 
sides of a polygon of n sides, when taken w — 1 together are 
respectively a^, a^, O3, &c., a^. Required the lengths of the 
sides. 

13. A, B, and C can together do a piece of work in a day, 
and C's rate of work is the product of the rates of A and B. 
Moreover, C is one-fifth as good a workman as A and B 
together. Find the respective times required for A, B, C to 
do a piece of work. 

14. The compound interest of a certain sum of money for 
3 years is a, and the third year's interest is h, Find the 
principal and the rate per cent. 

15. A owes B £a due m months hence, and also £h due 
n months hence. Find the equated time, reckoning interest 
at 5 per cent per annum. 

16. Find three quantities such that the sum of any two is 
equal to the reciprocal of the third. 

1 7. Fiud three magnitudes, when the quotients arising from 
dividing the products of every two by the other are respec- 
tively a, 6, c. 

CHAPTER IX. 

THE THEOBY OF QUADRATIC EQUATIONS AND EXPRESSIONS. 

77. A quadrcUic equatixm cannot luive more than trvo roots. 

It has been shown (Art 30) that / (x) is divisible by 
X — a, when it vanishes on putting a£or xi that is, when a 
is a root of the equation /(aj) = 0. 

Hence, if a, j3 are roots of the quadratic equation 

a? + px -¥ q =^ 0, 

X - a and x ^ P are each of them factors of the expression 
a? + px + q, whatever be the value of x. 

Moreover, x - a and x — /S are the only linear factors of 
a? + px + q, since their product gives an expression of two 
dimensions whose first term is or', the same as that of the 
expression a? + px ■\- q. We therefore have identically 

ot^ -h px + q =: (x - a^ (x - P)^ 

Hence no value of x om make 9(? + px + q vanish unle^^ 
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it make one of the factors x — a, x "^ p vanisli ; that is, 
01^ + px + q cannot vanish for any other values of x than a 
and p. 

It follows, therefore, that a, (3 are the only roots of the 
equation 

a? •¥ px'+ 3^ = 0. 

78i If a, (iaretks roots of the equation x' + px + q = 0, 
ilien a + j8 = -- p, (md ap = q. 

Por (Art 77) -we have identicaUyy 

V^ + px + q = {x — a) {x - /?), or, 

= oP — {a + 13) X + ap. 

Here we have the coefficient p on the first side represented 
1)7 - (a + (S) on the second side, and the constant term q 
represented by a^. 

We then have 

- (a + /?) = J9, or a + /3 j=J>- p, 
and a/S = q. iQ.K2). 

Cob. 1. It easily follows that 

(1.) a? + p^ = p" ^^2q. 

(2.) a-y3= V^^ - 4y. 

(3.) 1 + 1=^ = .> 
*' a p ap q 

i 

Cor. 2. If the given equation be of the form aa? + hx 
+ c = 0, we may write it thus : 



a a 



and we have * 



(1.) a + j8=-.l 

a 

(2.) a^ = £. 

a 

•A 
(3.) a- + ^- = -5 
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(4.) a - ^ = i .JWTTae. 

<^-^ a + /3 - c* 

79. The quadratic eospression ax^ + hx + o is a perfect 
eqtiare when b^ >= 4 ac. 

> When aa? + hx + c is a perfect square, it^ linear factors 
must be identical ; and hence the condition is that the equa- 
.tion 

aa^ + bx + c =^ 

must have eqrml roots. 

Solving this equation we get 

Now these two values of x can be equal only when 

5* — 4 ao e 0, or when 6^ = 4 ac. 

Hence the condition that aa? -^ hx '\- c shall be a perfect 
square is that b\ = ^ac. 

Cor. The roots of the equation O/o? + Ix + c =0 are 
ratumal when 6' — iacia a perfect squa/rCf and are impos- 
sible when V^ < iac. 

80. To investigate the relations hetwe&n the coefficients A, B, 
C, &, h, c, in order that the eospression 

AaP + B^' + Ca? + ayz + bocsi + cxy 

shall be a perfect sgua/re. 

We must have identically 

Aa? + B^ + C^" + ayz + bxz + cxy 
= (JA . X + JB.y + JO.Jl 

= Aaj» + B2^+ C«=* + 2VB0.2^« + 2^/A0.a» 
+ 2 n/AB . xy. 
Equating the coefficients of identical terms, we have 

a = 2^/B0; 6 = 2 >/A0, c^2n/AB^ 
ihf) relations required. 
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Cor. Solving for A, B, C, we may put these relations in 
the following form : 

A = ii, B = ^, C = -?-^ 
2a 2h 2c 



81. The vdbiea ofx. cmd y derived from th-e eqtuitiona 

a; y 

ore rational, when a' + b* = c'. 

For, solving for x, we get — 

odV + (6* - c* — a*) a; + aV = 0. 

Hence (Art 79, Cor.) the values of aj are rational when 
(6* — c* — a^y -^ ^(u? , aV is a perfect square. 

The values of x are therefore rational when 

J4 _ ^ _ ^4 ^ +2 aV, or 

(a» ± c")' = 6^ or when c? ± ^ ^ ± h\ 

And we may similarly show that the values of y are 
rational when 

6^ ± c^ = ± a\ 

Now, on examination it will be found that the only condi- 
tion common to these two sets is that 

a« + 6^ = A 

Hence the values of x and y are both rational when 

a» + 6» = c«. Q,E.D. 

82. To investigate the condition that the eocpression 

Aa? + Ba^ + C^/^ + Da? + Ey + F 

ia resolvable into elementary factors. 

If the equation Aa? + Busy + Oy^ + Da; + Ey + F =» 
be solved either for x or y, the condition that ei^er can be 
expressed in terms of the other in a rational form will (Art 
1) be the condition that the given expression can be broken 
up into elementary rational factoi^ 
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Solying for x, we find x equal to 

, By + D± >/(B«-4AC)y» + 2(BD-2AE)y + (D«-4AF) 

"2A 

Now, in order that this may be rational, we must have 
(B' - 4 AC)y' + 2 (BD - 2 AE)y + (D\- 4 AF) 

a perfect Bquare. 

Hence (Art. 79) we must have 

{2(BD - 2 AE)}' = 4 (B« - 4 AC) (D« - 4 AF) 
or (BD - 2 AE)« = (B« - 4 AC) (D» - 4 AF)... (1). 

This may be transformed into either of the following 
forms: 

AE« + CD» + FB» - BDE - 4 ACF = (2). 

(BE - 2 CD)> = (B« - 4 AC) (E» - 4 CF) (3). 

(DE - 2 BF)» = p> - 4 AF) (E« - 4 CF) (4). 

Ex. XXIV. 

1. Find the difference of the squares of the roots of the 
equation 3 aj" - 12 a; — 43 = 0. 

2. Construct an equation whose roots are the reciprocals of 
the roots of aas^ + &b + c = 0. 

3. If a, )3 are the roots of the equation a^ - px + q ss 0^ 
construct tlie equation whose roots are a - y, ^ — y. 

4. Find the value of a when the equation 

asx? - 36 « + 81 = 
has equal roots. 

5. Find the relation between the quantities a, b, e, a, h\ c\ 
80 that the equations 

aa? + 6aj + c = 0, and a V + h'x + c' = 
shall have a common root. 

6. The equations oo:^ + &» + c = 0, and 2 oa? + 6 » 0| 
have common roots when the former has two equal roots. 

7. When is the equation 

Jnvx + a' + Jnh: + 6* + V/Ac + <? = 
reducible to a simple equation ? 
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8. If a, P are the roots of the equation a^ ^jaas + ; s 0, 
form the equation whose roots are a + )3, and a - )3. 

9. 11a? •¥ px + q and a? -¥ mx -¥ n have a common fao- 
tor, show that this common fSstctor is a; + ^ " ^ . 

10. Hence show that the following relation holds, viz., 

(n - q)^ + w(w» - p)* = m(m - jo) (w - q). 

11. Show tibat the values of x and ^ derived from the 
equations oa^ + ^ = a'a; + S*^ = c* are rational when 
o» + 6* = c». . 

12. Show that the expression ^ o? + 17 a^ + 12^^ + 4a; 
+ 7 y - 10 can be broken into elementary factorsf, and 
deteimine the factors. 

13. Show that the equations 

a»-3aj' + 6aj-36 = 
6aj» + 7ar»-432 = 

have a common root 

14. If a, j3 are the roots of the equation a;* + a; 4- 1 = 0, 
show that a» - /3» = 0. 

15. The equation as^ + &» + c = 0, can be transformed 
into an equation of the form Aa? + B = 0, by making 

16. K a, /3 are the roots of the equation oa:^ + &a; + c = 0, 
then a /J 6* o 

(5 a ca 

17. The sum of the factors of the expression 

6a;" - a^ - 2 y« - 11 a; + 19 y - 35 
)5 5 a: - y + 2. 

18. The equation aa? + ha? + cx + d = Of has its roots m 
times as large as the roots of the equation 

awV + ftrnW + cmx + d = 0, 
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CHAPTER X. 

THEORY OF INDICES. 

Indices. 

83. Part of the matter of this chapter has been to a certain 
extent anticipated. 

I. Positive mtegral indices. 

It is convenient to conceive of a**, where m is a positive 
integer, as the result of mtiUiplying unity hy m factors each 
equal to a. 

Thus a^ = 1 (a, a. a. ...torn factors). 

II. NegaMve integral indices. 

Here, remembering that neg(Uive is the reverse of positive^ 
we shall be qiiite consistent if we allow a"*" to represent 
the result of dividing unity by a^ and the quotients succes- 
sively by a for m operations. 

ThuSv a~"* =lv(a.a.a....tom fSsictors = ^. 

"We get from this a** x a"** = 1. 

Now, by assuming that the formula a*" x a" = a***", 
which we know holds for positive integral indices, to also 
hold when 

w = -m, we have a*^ x a"** = a*""** = a®; 

and we conclude that a^ = 1. 

We have no need, however, to assume the principle at aU. 

For, referring to our definitions of a** and a"""*, it at once 
follows, since a** represents the result of multiplying unity 
by a, and the successive products by a for m operations, and 
that a"** represents the result of dividing unity by a, and 
the successive quotients by a for m operations, that 

a^ represents unity neither multiplied nor divided <U aU hy a; 

that is, oP is consistently interpreted to mean unity. 
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Hence, vhether m be a positive or negative integer, or 
zero, a^ admits of the same interpretation, provided we 
remember the algebraical meaning oi positive and negative. 

Again, the law that a"* x a* = «"•+* holds good if either 
morn, or both, be negative integers. 

For, suppose n = - p, when j9 is a positive integer, we have 

1 a"* 
a* X o" = a** X o"' = o* x — = — . 

a*, a* 
If m > », then — = o**-' = 0-+". 

If m< o, then— = -i— = a-^'-*' = a**-' = a'»+* 

Hence a** x o* = a"'+*, when w is negative. 

And it maj be similarly shown when both ore negative. 

Fractional Indices. 

84. If m and n are any integers, it follows at once from 
the above that 

Hence, a"*" or a'*'** is the correct symbol for the nth 

power of a**. And therefore o"*'^"or a» will consistently 
represent the 9ith root of a"*. And this is true whether m 
and n be either one or both positive or negative. 

P_ r p r 

(L) We shall now show that «• x a* = a'"*"', where/), q, 
r, 8 are integers, and thus show that the law a"^ x a'* = a^t^ 

holds when m and n are fractional. 
We have a«^= ^a' = jy(a'')* = J^o^ (1). 

and a^ = ^oT = ny(aO« = ?/«*' (2). 



•* 



y« x a*" = XfaFlT^ = ?^ a?^+S? 
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(li) We shall now show that (a*)* = «»•, where p, g, r, « 

are integers, and thus that the law (a*")** s a"*" holds when 
m and 71 are fractional. 

We have (» V ^ = ^ (af"/', 
or by what has just been proved, 




Hence it has been established that the laws 
(L) a'^a'^ = a"*+*, and . 
(iL) (»"•)* = a^f 

are universally true, whether m, n be integral or fractional, 
positive or negative. 

Ex. XXV. 

Find the value of — 

1. (a«)^,a*, (a-')-*. (at)J, 

2. {a + aj)l(a' + 2 ax + a^)^, (a* - a;^)^ (a* + x^)\ 
Multiply together — 

3. a^ - a^x^ + a^ and a^ + a^xi + xh 

4. a;i - yi and x^^ + y"i. 

5. a + x^y^ + y and a?"" - aj~i y~^ + y" • 
Divide — 

6. a'- 6 by a — 6^, a* - lA by a^ - 5i 

7. a;* - xy^ + a^y - y^ by a;i + a;~iy* 

8. a + 5+c — 3 a^ft^c^ by a^ + 6^ + c^- 

9. (fi - a'6""^ - a^S + 5^ by a^i^ - 6~'J. 
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Show ttat— ^ 
10. 

11. _ <xp + iiai\'-2x^M. 

a' + 6* I J 









m m' . 



fit W fW w M 



12. (af* - or) ^ (a?- - a=") 

Find the square roots of — 

13. a + 6 + c + 2 (a^ft* + a^ci + ftM). 

14. 4ajy* — 12jb% + 17 a?yi - 12aj4y* + 4a?. 

15. a«6-i - 4a6-* - 8a-^6i + 4ca-^b + 8. 

Eind the cube roots of — 

16. aJ* + 9a;V + 6a* - 99ar» - 42a;J + 441a* - 343. 

17. afy'^ + Ssc^y-i + SaPj^-i + 1. 

18. db{l + Sa-ibi + 3a-?6* + a-*6) (oJ-* - Zah-i 
+ 3aJ6-"4 + 1), 



CHAPTER XI. 

SURDS — IMAGINARY QUANTITIES. 

85. A surd quantity is one in which the root indicated 
cannot be denoted without the use of a fractional index. 
Thus, the following quantities are surds : — 

V ' ^ a \fx + y 
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Since, from what has been explained in the last chapter, 
these qiiantities may be written thus — 

it follows that surds may be dealt with exactly as we deal 
with their equivalent expressions with fractional indices. 

It is evident that rational quantities may be put in the 
form of surds, and conversely, expressions which have the 
form of surds may sometimes be rational quantities. 

Thus, a? = 4^{^ = y^; 

and ^a^+ 3a*6 + 3ah^ + 6» == ^{a + bf = a + 6. 

86. A mixed quantity may he eocpressed as a surd. 

Thus, 3 4^6"= 4^. 4^5"= 4'3» X 5 = ^1357 

andso, a5v^= ^/ic". ^^^ = ^x'^y. 

87. Conversely, a «t^r(2 m>ay be caressed as a mixed 
quantity, when the root of any factor can be obtained. 

Thus, A/18a»6« = Jda^b"" x 2a 
= n/9^'. >/2a'= Zahj2a. 
And ilJpFTWfs^ r= ilJ^r^T^fo^fir^ 

= ^(a« + b^'fa^f^'il'^ = (a» + bjxy ^. 

88. jFVoc^tOTia? ^t^rcf ea^e^^ttma STzaj/ &d «o expressed that 
tJie surd portion m/ay be integral. 

The process is called rationalizing the denominator* and is 
worth special notice. 

Ex. 1.^ /?= r^ ^^:IE 

It is much easier to find approximately the value of \/21, 
and divide the result by 7, than to find the values of ^3 
and J7f and divide the former by the latter. 

-Ex. 2. Reduce to its simplest fonn ^1 ' ^ . 

I icy _ jxy( h -- c) >/a ;y(6 - c) 
^h -^ c" N (h -^ cf ^ 6 - c 
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4 



Ex. 3. Find the arithmetical value of 



2 - J3 

The denominator is the difference of two quantities, one of 
hich is a quadratic surd. 

Now, we know that (2 - x/S) (2 + ^3) = V -/ n/3)" 

= 4 , - 3 = 1, and hence we see that by multiplying 

numerator and denominator by the sum of the quantities 

in the denominator we can obtain the denominator in a 

rationalform, 

Thn, ^ _ 4 (2 + JZ) i^2_+ V3) 

' 2 - V3 ~ (3 - ^l^(,i + V3) 2' - ( 73)» 

^ (2 H- J3) ^ 4 (2 + JZ) ^ 4^2 ^ ^3^ 
■ 4 — 3 1 

= 4(2 + 1-73205) = 4(3-73205.) 
= 14-92820. 

A A * 4(4x/2"- 3V3r 

And BO, 7= 7^ = " r= ^ — T~ 1 — --7=* 

4 n/2 + 3 V3 (4 ^2 + 3 JZ) (4 >/2^- 3 V3) 

^ 4(4>/2'-33) ^ 4 (4 V2-- 3 >/3) ^^u^^^^J^) 
(4 V2)« - (3 V3)' 32-27 

We shall now give an example when the surds are not 
quadratic. 

a 

Ex 4. nationalize the denominator of -r 1* 

Since (ai)" - (y*)" is (Art. 29) divisible by a:* - y\ it 
follows that the rationalizing factor is their quotient^ which 
is easily found. 

89. Surds may he reditced to a commxm index* 

Ex. 1. Express ^a and ^b as surds having a common. 

index. 

— - i * . 

Since ^a = a»», and J^h = 6»», it follows that, by 

reducing the fractional indices to a common denominator, the 
given surds become respectively a»»», 6»«», or va*, ^b^. 
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Ex. 2. Reduce ^^ and ^s?^ to a common index. 

The least common denominator of the fractional indices of 
the given surds is 4 x 3 or 12. Hence we proceed as 
follows: — 

4^ = {o?h)\ = (a«6)A = Jy(^ = Jya^ 

When the student has had a little pr£tctice, the first two 
steps of each of the operations may be omitted. 

90. Addition and subtraction of similar surds, 

Def. Similar surds are those which have the same irra* 
tional factors. 

Ex. 1. Find the sum of ^12; 5 JTT, - 2 VtS". 
We have— 

Vl2 + 6 ^27 - 2 ^/7B 

« V2nr3 + 5 >/3» X 3 - 2 >/5- x i 

^ 2^/l + 5 x 3V3-2 X 6^3 

= 2 a/3 + 15 V3 - 10 V3 

fc (2 + 15 - 10) a/3 = 7 Vs: 

Ex. 2. Simplify— 

N a» - 2a6 + 6*^ "" n/ «» + 2a6 + 6« * 
The given expression — 

SI (a ^ by "" V (a + 6)» 

o-o^ a + 6 ^a - b a + b^^ 

^ (a + hy - (g ■ 5)» / ' 4a& ,^ 
{a - 6)' (a + b) '^^ = ^?"3-5a V^- 

91. Multiplication and division o/ surds. 

The following examples will best illustrate these opera* 
tions: — 
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Ex. 1. Multiply a hj^yz by h JoS^u. 

« 

We have, a ija^yz x h sfo^u = ah ij9?yz x xi^ 

= abja^'i^uz = aboi?if tjva. 

Ex. 2. Multiply asfb + c *Jdhy a — n/65. 

Axxauging as in the case of rational quantities^ we Lave— 

a\fF-\- Cfjd 

a - Jbd 

a^ Jb + acjd 

— ah Jd - cd Jb 



{0? - cd) Jb + a{c - b) Jd 



Ex. 3. Divide ajbhjb >Ja, 

Wlien the divisor is a compound quantity it will generdUy 
be the best to express the sunis as quantities with fractional 
indices, and proceed as in ordinary division. 

92.2%0 Bqaare root of a rational qvajUity cannot be partly 
rational and pa/rtly irrationaL 

li possible, let Ja = m + Jb; 

then, squaring, a = m] + 2m Jb -ir b; 

or, 2 m ^6 = a - (m* + b); 

or /b = « " K + ^) . 

that is, an irrational quantity is equal to a rational quantity, 
which is absurd. 

93. To find the squa/re root of a binomiaif one qfwiiose 
terms is a quadratic surd. 

Let a + ^/6 be the binomial. 

Assume J a + Jb = Jx + Jy, (1); 

then, squaring, a + Jb si x + y + 2j xy^ (2). 

Equating the rational and irrational pai*t3 (Art. 92), we 
havi 
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X + y = a (3.), 

tjA^fJxy = ^/ b or 4b xy = b (4.) 

Erom (3) and (4) we easily find a: = J(a + ^/a^ - b), 

and y ^ \ {a - fj a^ " b). 
Hence, from ( 1 ), the square root required is — 

ij\{a + Va' - h) + s/i{a - Va' - b). 

Note.— It is evident that, unless {a* - 5) is a perfect square, our 
result is more complicated than the original expression, and therefore 
the above method fails in that case. 

Ex. 1. Find the square root of 14 + 6 VS^ 

Let Vl4 + 6V5 = VaJ + ^y (1.) 

Squaring, then, 14 + 6/J5 = x + y + 2iJxy? 
Hence, equating the rational and irrational parts-^ 

<c + y = 14 (2.), 

2^^ = 6V5or4a?y = 180 (3). 

From (2) and (3) we easily find a: = 9, y = 5. 

Hence the square root required is V9 + V5 or 3 + VB. 

Ex. 2. Find the square root of 39 + Vl496, 

Let a/39 + Vll96"= ^x + Vy. 

Squaring, &c., we have, a; + y = 39 ; 

and A,xy =i 1496, 
From these equations we easily find aj = 22, y = 17. 

Hence, the square root required is V22 + Vl7. 

94. The square roots of quantities of this kivid may often 
be found by inspection, 

Ex. 1. Find the square root of 19 + 8 Vs. 

We shall throw this expression into the form a* + 2 a5 
+ b\ which we know is a perfect square. 

Dividing the irrational term by 2, we have 4 Vs. Now 
all we have to do is to break this up into two such factors 
that the sum of their squares shall be 19. The factors are 

evidently 4 and V3. 
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Thus, we hare 19 + S^T= (4)« + 2(4) Vs + (Vs)* 

= (4 ^^ V3)'. 

The square root is therefore 4+^3. 

Ex. 2. Find the square root of 29 + 12^57 

We have 29 + 12 ^5^= (Zf + 2 (3)2 >/§" + (2 V5)« 

= (3 + 2 JWy. 

The square root is therefore 3 + 2 >/5. 



■i-rf^ia^^^M^ 



Imag^ary Qnantities. 

95. An expression of the form a + b %/ - 1 is called an 
ima^nary quantity, a and b being real quantities. If we 

allow that b J - 1 yanishes when 6 = 0, then the whole 
expression vanishes when a = 0, and 6 = 0. 

Conversely, when a + 6 ^/ - 1 = 0, we must have a = 0, 
b = 0. 

For, transposing, a = - 6 n/"^ ; or, squaring, 

a=±=6«(- 1) = -6»j or, 
a^ + 6= = 0. 

And the only values of a and 6 which satisfy this 
equality are 

a = 0, 6 = 0. 

96. 7/* a + b /s/ - 1 = c + d V - 1, ^Acw a = c, anc? b = d. 
For, transposing, 

(a - c) + (6 - d) J'^ = 0. 
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Hence, by the Ifiwit Art., a-c = 0, <«a = c. 

and 6 - c? = 0, or 6 = cf. 

97. Def. — ^Two imaginary expressions are conjugate when 
they differ only in the sign of the coefficient of V-1. 
Thus a + b J " 1 and a - 6 ^/-^ are conjugate expressions. 

It follows, therefore, that 

(i.) The 8um of two conjitgaie imaginan/ eocpressiona is 

BEAL. 



For (a + 6 n^ - 1) + (a - b J - I) - 2 a. 

(ii.) The differerice of two conjugate imaginary expresVmia 

is IMAGINABY. 

The square root of the product of an imaginary expression 
by its conjugate is called its modulus. 

Thus, since {a + b V - 1) {a - b J"^) = a« + y, 

we call ^/a* + 6^ the modulus oia-^btsT-^f or of a - 6 is/*^. 

98. 7/*M (p) and M (q) represent respectively the moduli 
q/'P and q, then 

M(p).M^(g) =M(pq). 

Suppose p = a + 6>/-l, 

and 5' = c + df >/-l. 

Then M (p) = n/c*- + 6", and M (g) = ^/c» + d'. 

Therefore M {p) . M (q) = ^/(a=» + b^) (cj + cf) (1), 

But ^ = (a + 6 n/^) (c + d ^/^) 

= (oc - 5cQ + (oci + ftc) n/^, 

••• M(i>g) = ^/(ac - icf)^ + (ad + bcf 

= V(a» + 6^) (c» + cP) (2). 

Hence from (1), 

mp).U{q)^U(pq). 

99. The addition^ suhtractionf m/tdtiplication, or division 

of qtumtities of the form A + B V - 1 gives a result of the 
same form. 
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Lefc a + hj~^ and c -k- d nA-1 be the quantities, 
(i.) Addition and subtraction. 
(a + 6 ^^=^) ±{g + d J~l) = (a ± c) ^ {h ± d) V"^. 

(ii) Multiplication, 
(a + b ^/^l) {c + d J^l) = (ac ^ bd) + {ad + be) n/"^.' 

(ilL) Division. 

c + d V~i (c + 6? n/^) (c - df ^^^) 
_ (ac + ft^ + (be -ad) J -I 

<^ + d^ 
_ ae + bd be -^ ad i-— 

100. Tojmd ike powers of ij -I, 

Every number must be of the form 4 m, 4 tti + 1, 4 m + 2, 
or 4m + 3. 

Now (J^y^ = {(n/^*)}'"»= (-!)*•* = 1. 

(V31)4« + i = (^/3l)4«.(V=T) = l.^/^l = 7^. 
(^/^l)4« + 2= (^A^l/«.(^AZ^)2 = l(-l) =.1. 

( >/^)*« + » = ( V^)**^ . ( J^y ijJJl) 

= l(-l)^/^ =- n/-1. 

101. Tojmd the cnjihe roots of unity. 

These will evidently be the three values of x which satisfy 
the equation a^=l, oric'-l=0. 

We have 

(a; - 1) (ar + a; + 1) = 0. 

Therefore a; - 1 = 0, and aj* + a? + 1 = 0, will both 
furnish solutions. 

From the former, a; = 1 ; 

And from the latter, a; = \{~ I ± ^fz^)• 
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Hence the cube roots of unity are 1, J ( - 1 ± nA--3). 
We may verify this result by cubing these quantitieB. 
In each case the cube is vffwty. 

Cob. Similarly, the cube roots of - 1 are 

- 1,J(1 ±n/^). 
And S0| the fourth roots of 1 are ± 1, ± »J -I; 

~ - 1 + *7 T 

and the fourth roots of - 1 are ± x v-x 

Ex. XXVI. 

Express with fractional indices-^ 
1. V^, ^b\ ^^, v^. 

^' sjis; s/^' x/c^^' 

Beduce to entire surds— 

3. 3 n/3, 4 VF, * VlS", 3 ^/i: 

L 4.2^,9.3"*, 4. 2'i,l (l)'"i 

5. 3 Vaft, a J^, (« + x) J~^,. 
Beduce to a common index — 

6. y2,v'3; 7. yj, ^r 

8. 2 V2, 3 4^5. 9. X/a, l^JK 

11 1 1 

10. {a + «)*> vi - a, 11. a? ■«> 6?" «. 

Simplify — 
12. Vl2, 4^48, 3 n/28, J ^648; 

13.V4a» + ^a\ ^^^^Tl?; ^^J^J^^ 

IS 'Pn ^^±i 7(0? + ay (x" - g') ' 



•a:. 
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Find the value of — 
16. Vi2 + ^/48 - 2V3; ^/66 + ^/Igf. 

18. ^/27lr+^ - 4^8a*«» + » + 3 .^64^. 
Multiply — 

19. a + \/ab + 6 by Va - tJF, ai + 6i by Va - is/f. 

20. (aj + y)i by (a; + y)J, a + b V5"by o' - a5 tjd + b% 

22. a* + 5^ + ci + d^ by a* - 6^ + cl - di. 

Divide — 

23. 0/^ + jcy + y^bya: + cc^y* + y, 

24. a^ - y^ by a?* + yi. 
Bationalize the denominators of— « 

3 4 1 



21 



26. 



2 + VS' 3>/2 - 2-73' V5 - -v/S 



2- 3 2 - V3 + J2 

1 + n/2 + VS' V2 + V3 + -s/5' -73 - -Tl' 

a 1 6 

28- a,i _ yi' WT~ji' x + xh/i + y 

Find the square roots of — 

29. 11 + 4 V7, 8 + 2 n/Ts, 30 - 10 n/sT 

30. 8 + 2 Vi2, 9 - 6 V2, 20 - 10 a/S; 
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CHAPTER XII. 

RATIO AND PROPORTION. 

Batio. 

102. The ratio between two quantities is that multiple, 
part, or parts which the former is of the latter. * 

Thug, the ratio of a : & = -. 

b 

103. A ratio of greater inequality is diminislied, and a ratio 
e/less inequality is increased, hy increasing the terms of tlie 
ratio hy tlie same quantity, 

L3t a : & or r be the ratio, and let each of its terms be 



inoreased by m. It will then become t • 

Now, -7 5 Ti as (a + w) 6 S (6 + wi) flf, 

or, as a6 + &m < a5 + am\ or, as im S am, or as 5 S a. 
Hence the ratio -j- is increased when 6 >- a, that is, when 



it is a ratio of less inequality; and is diminished when 
b '^ a, that is, when it is a ratio of greater inequality. 

CoR. It may be shown in the same way that — 
A ratio of greater inequality is increased^ and a ratio of less 
inequality is diminished, by diminishing the terms of the ratio 
by the sa/me quantity, 

104. When the difference between the antecedent and con- 
sequent is small compared with either, the ratio, of the higher 
lK>wers of the terms is found by doubling, trebling, *kc., their 
difference. 

IL -^ CR 

Let a + a; : a or be the ratio, where x is small 

a 

compared with a. 

„,, (a + xY a^ ■¥ 2 ax + a? - 2 oj , 

Then ^ «— ^ = = = 1 + — • nearly = 

a^ a, a '' 

a + 2x , 
~ nearly. 
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(a + xY «' + 3 a^oj + 3 oar* + it* , 3 a: 

i =— ^ = = = 1 + — nearly -^ 

a + 3a; " * ^ 
nearly: and so on. 

Ex. (1002)» : (1000)« = 1004 : 1000 nearly. 
(1002)» : (1000)' = 1006 : 1000 nearly. 

Proportion. 

105. Proportion is the relation of equality expressed 
between ratios. 

Thus, the expression a : 5 = c : cf, 

or a\h \\ cidf 
a e 

'' F = d' 

is called a proportion. 

106. The following results are easily obtained : — 

** V «. a c j^ « ^ c h a b 
(1.) Since r = -i> then rX-=:iX-or-«;^, 
^- ^ b d b c a c c d 

.'. a: c :: bid (altemando). 

(2.) lvr= 1 •^:yO^~ = ', 
^ ' b d a c 

Also, by Art, 64, we have — 

(3.) a + b:b :: c + d: d (componendo), 

(4.) a - b:b :: c " d: d (dividendo). 

(5.) a -^ b:a :: e - d: c {convertendo), 

(6.) a + b • a " b :: c -^ d : c - d {componendo and 

107. If a : 5 • : c : cZ and 4 :/:: g : h, we may compound 
the proportions. 

A A 6/1 

Thus we have ^ = r (l),and > = y (2). 

(1) X (2), then, p = |. 
or oe: b/i: eg : c?A. 
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And in the Bame way we may show that, if the correspond- 
ing terms of any number of proportions be multiplied together, 
the products '^1 be proportional. 

108. If three qiuintUiea are in continued proportion, the first 
Jiaa to the t/drd the duplicate ratio of what it has to the 
second. 

Let a, h, ehe the given quantities in continued propor- 
tion; then — 

a _ b 

__ a a b a a a* 

Hence, ^orj-x- = T X-r = ^i 
' c 6 c 0* 

.\ a i c :: c? \ b\ 

And, similarly, if a, 5, c, d are four quantities in continued 
proportionj a : d :: a^ : b^y that is — 

The first has to the fourth the triplicate ratio of what it 
has to the second; and so on, for any number of quantities. 

109. "We shall now give one or two examples of pix)blems 
in Proportion. 

JliX. 1. If a : 6 : : c : a, prove that i^a . ^ ^ U i) • 

Iiet r = -^ = a; .'. a = bx, and c = dx,- 

Hence. ^J^ = M_iLM* = ^?-±^.. then, o/^er- 






•COT* r J ii. i. ** ■*■ ^ - ""^"^ + ^^ 

Ex. 2. If a : 6 :: c.: rf, prove that --5--^=--^ 

Let -5- = -J =«;.'.« = &», and c = dx. 
a 



Hence^ 



a + b _ bx + b _ X + 1 __ slbd,x + ,J bd 
a -b^ bx - b " X "l " ^bd,x - >/6at^ 

- ^^ • ^ + n/^ _ *JaG'+ ijbd 
^Jbx.dgii - VW V^ - VW' 
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Or, it may be worked thus — 

Hence, by Art. 106 — 

a ■\- b _ ijac + tjbd 

Ex. 3. If a : 6 - c i cf ;; e :/, show that 

i_ 
a _ /ma'" + nc*" + joe^'y 

6 \»i6'' + nd*" + pJ^J 
T J. ^ c e 

^n = d =7= ^ -(1). 

. ^ = -?r = «" - ^ 

• • > rf*- 7^ "" 

Hence, oT = S^'af , /. wa'* = mb^'xT ] 

c' = c^V, /. wc'' = ^i^f'af I , and . •. by addition, 

— JL 

, mar -^ ncT + p^ _^ ^^Z^^ "* + ^c*' + p €rY_ .^. 

• • w6»- + wcZ' + pf^ ' \7nb- + nd- ^ ff) -^-W- 
•\ Equating ( 1 ) and (2), we have — 

Ex. XXVII. 

1. Compare the ratios a + 6 : a - 6, and a* + 5' : a* - 6*. 

2. "Wliich is the greater of the ratios a + 5 : 2 o, and 
2h\a + h'i 

3. What quantity must be subtracted from the consequent 
of the ratio a : 6 in order to make it equal to the ratio cidl 



4. Compound the ratios* l-a?:l+y, aj-ajy-cl + a", 
and 1 : 35 - ar*, 

5. There are two numbers in the ratio of 6 : 7, but if 10 be 
added to each they are in the ratio of 8 : 9. Find the 
numbei-s. 

6. In what cases isa? + — »'or'<51 

X 
n h r 

7. If = = -, show that a + b + c = 0. 

X ^ y y — z »-ar 

8. Find the value of x when the ratio a;+ 2a:a;+ 25i8 
the duplicate ratio of2aj + a + c:2a3 + 5 + c. 

9. Find x when the ratio x - h : x + 2a — 6is the 
triplicate ratio oix - a',x + a - h. 

10. If -— — T = y ■ ^ = — — ^, show that each of the frac- 
a + o 6 + c c + w 

tions IS equal to — —7—;; — , and that — = v = — 
^ a + + c' a 

a c e la -^ mc + nc 

^^- ^^S = d = /^^^^"^ each IS equivalent to -^ ^ ^ ^ ^ ^j ^ 

hence, show that — 

o b ^ c 

2z + 2x -^ y " 2x + 2y " z^ 2y+2«-a 

. X y z 

^'^^^ 2 a + 2~6 - c " 2TT"2 7"=^ " 2 c + 2 a - 6* 

12. If a :& :: c : cf, then 



a + b : e + d :: \fa^ + a6 + 6' : \/^+cd + (P. 

13. Find a fourth proportional to the quantities— 

a;+l a? + X + 1 ot? + 1 
a - 1' ar^ - (c + 1* a? — ~1* 

14. Find c in terms of a and b when— 

(1.) a : a ::a - bib - a 
(2.) a:&::a — &:&-c. 
(3.) a:c::a-6:6-c 
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15. If a^ b, e are in continued proportion, slionnr ihat 

a + b 

T , b, be are also in continued proportion* 

16. Itaib ::c:dy then — 

17. From a vessel containing a cubic inches of hydrogen 
gas, b cubic inches are withdrawn, the vessel being filled up 
with oxygen at the same pressure. Show that if this operar 
tion be repeated n times successively, the quantity of hydro- 

gen remaining in the vessel is ^ — ^^zir cubic inches, when re- 
duced to the original pressure* 



at^^ 



CHAPTER XIIL 

VARIATION. 



110. If two quantities are connected together by some con- 
stant multiplier, either integral or fractional) one is said to 
vari/ as the other. 

The symbol a placed between the quantities is used to 
express this relation ; and if we suppose m, 7i to be constant 
quantities, we may distinguish the different kinds of variation 
as follows : 

(1.) If A = mB, then A varied directly as B, or A a R 
(2.) If A = =, then A Varies inversely as B, or A a =. 

(3.) If A = wiBC, then A Varies jointly as B &nd C, Or 
A a BO. 

B ' i 

(4.) If A = wir^, then A vanes directly as B, and in* 

veraely as C, or A a -p. 

(5.) If A = mB", then A vAried direcUy as the wth power 
ofB, or A aB^ 
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m 



(6.) If A = z^^f tHen A varies^ inversely as the nth power 
of B, or A a =r . 



n 



(7.) If A = mB + ^, then A varies as the sum of two 

\j 

quantities, one of which varies directly as B^ and 

the other inversely as C. 

Ill, I/A a B, and B a C, then A a C. 

For, let A = mB (1), 

and B = 9iC ; 

tLen, substitating in (1) for this value of B, we have 

A = m • 9iC = mnC; or^ since mn is constant^ 
A a C. Q.£.D. 

112. I/A oiB^thenwiUA'B + AB^a (A« + F)(A-B). 

For, let A = wiB, then 

A'B + AB» = (mBf . B + wiB . B« = (tnf + m) Bl... (1). 

And so, (A» + B^ (A - B) = (m« + 1) («t - 1) . B» ... (2). 

/i\ . /o\ *!, -^"B + AB" m^ + m 

(1) * (2), tiien _^^.,j.^2_^ - (fn*^l)(m-i r » 

constant quantity. 

/. A«B + AB» a (A« + B^ (A - B). ^.-EA 

US. If A oc fi, tbhen C is constanti 
and A oc C, when B is constant; 
then A a BC, when both oreVARUBLS. 

Let (t;9 & be corresponding values of A and B, when C id 
constant, 

Then A: a, :: B:6, ora, ^^ (IX 

NoW this value a^ of A will, like A itself, vary as C. 
Let then a, c be corresponding values of a, | C, When B i^ 
constant 

Then a, ; a :: ;€, or a, « — (2); 
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(1) = (2), then 

Ah Ca A ^ -nrt 

Henco A bears a constant ratio j- to the product of the vari- 
able quantities B and C. 

;. A a BC, when both B and C are variable. Q.E.D. 

This proposition is the foundation of the so-called Double 
Bule of Three in Arithmetic. 

We will illustrate this by an example, 

Ex. If 15 men earn £180 in 6 weeks^ how much will 22 
men earn in 13 weeks 1 

We have • 

Number of poimds a number of men, when time is not 
considered; that is^ when number of weeks is con* 
stant. 

Hence, 

15 : 22 :: 180 : number of pounds required, when time 
is not considered. 

Again, 

Number of pounds a number of weeks, when uien are 
not considered ; that is, when number of men is con* 
Btant. 

Hence, 

6 : 13 :: 180 : number of pounds required, when men 
are not considered. 

These two statements correspond to the ordinary state- 
ment of a Double Rule of Three sum. 

But, by the above proposition : 

Number of pounds ct number of men x number of 
weeks, when both are considered* 

Hence, 

15 X 6 : 22 X 13 :: 180 : number of pounds required. 

This is the ordinary complete statement. 

Coa, If A varies as eacli of the quantities B, C, D, J^c, 
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when all the rest are constant^ then when all are variable; A 
varies as their product 



Ex. XXVIIL 

1. If a; a y, and when cc = 3, y = 7; find the value of x 
when y = 63. 

2. If A a BC, and that C = 3, when A = 60, and B = 1; 
find the value of B, when A = 80, and C = 4. 

3. If a; = rm^ + tis?, find w, w, when 17, 2, 1, and 23, 1, 2i 
are corresponding sets of values of x, y, z, 

4 . If a cylinder whose length is I, and diameter «?, has a 
weight w, what will be the weight of a cylinder of the same 
material whose length is Ij , and diameter dj ? 

5. If < be the time of a complete vibi-ation of a pendulum 
of length ly then t a Jl. Hence, find the length of a two- 
second pendulum, when the length of the . second pendulum 
is 39*4 inches. 

6. The time taken by a falling body varies as the square 
root of the space. Now, a body falls through 64 feet in 
2 seconds. Hence, find the relation between time and 

> space. 

7. The strength of a beam supported at its ends vaiies in- 
versely as its length, directly as its breadth, and directly as 
the square of its deptL Kow, a beam whose length, breadth, 
and thickness are respectively 12 feet, 6 inches, 4 inches, will 
support 3 tons. Find the breaking-weight of a beam of the 
£ame material whose corresponding dimensions are 16 feet, 
8 inches, 6 inches. 

8. If m shillings in a row reach as far as n sovereigns, and 
s. pile oip shillings is as high as a pile of q sovereigns , com* 
pare the values of equal bulks of gold and silver. 

9. The value of diamonds a the square of their weight, 
and the square of the value of rubies a the cube of their 
weight A diamond of a carats is worth m times a ruby of h 
carats, and both together are worth c£. Eequii-ed the value 
of a diamond and a ruby, each weighing n carats. 
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10. The heat generated by the discharge of a Leyden jar 
varies jointly as the quantiti/ and the tension of the electri- 
city; and the tension varies directly as the quantity of 
electricity, and inversely as the surface of the jar. Show 
that when the surface is constant, the quantity of electricity 
varies directly as the square root of the heat. 

11. A rod of iron weighs 10 lbs. per foot run, what is the 
length in metres per kilogram 1 

12. British units of length (L), mass (M), and time (T) 
are respectively a foot, a pound, and a second; and the 
corresponding absolute units are a metre, a kilogram, and a. 
second. Kow, the dimensions of the units of force and work 

are respectively -— j- and -^j-. Hence express the absolute 
units of force and work as British units. 



CHAPTER XIV. 

PERMUTATIONS AND COMBINATIONS. 

Penuatations. 

114, Tlie different arrangements that can be made of a num- 
ber of things are called their Permutations. 

Thus, ab, a>Cf he, ha, ca, ch, are called the permutations of 
a, h, c, taken two together; and ahc, ach, hca, hoc, cah, cha, are 
the permutations of the same things taken three together. 

In some works, the term 'permutaiions is limited to the arrange- 
ments of the things when taken all together. When they 
are not taken all together^ they are called Variations. We 
shall inchide under the term '* permutations" all such arrange- 
ments. 

115. The differemi groups that can be made of a number of 
things without regard to the order of the things are called 

Ckmibiofttions, 
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Thus ahf ha form the same combination j so that the com* 
binations of a^ b, c taken two together are ab, ac, he. 

116. The number of permutatioTia of n things taken r 
together is 

w (n - 1) (n - 2) . . . . (n - r + 1). 

Let a,b,c».,,khe the n things. We will first take them 

two together. Now, there must he n — 1 things before which 
a stands first, and the same number before which b stands 
first, and so on for all the letters. Hence the total nimiber 
of arrangements must be n times (w - 1), or w (ti - 1). 
And hence the number of permuixations of n things taken two 
together = n {n — 1). 

Again, if we first consider the (w - 1) things b, Cy , , . . k, 
we have just shown — as may be seen by putting (ti - 1) for 
n in the above result — ^that 

Number of permutations of {n - 1) things taken two 

together = (w - 1) {n - I - 1) = (n - 1) (w - 2). 
Now, a may stand before eacb of these permutations of 

Hence there are (n — 1) (n - 2) permutations in which a 
stands firsts when the n letters a, 6, c. • . . ^ are permuted 
three together. And, of course, there are just as many in 
whicli 6, c, . • . , A; each stand first. 

Hence, the whole number of permutations of the n things 
taken three together = n times (w - 1) (w - 2) = 

w (w - l).(n - 2). 

And by similar reasoning we may show that the number 
of permutations of n things taken yb«r together =s 

w (w - 1) (n - 2) (ti - 3). 

If we look at the last term of the last faeUyr of each of 
these results we see that its value (neglecting the sign) is (me 
less than the number of things taken together. 

It is easy then to perceive am, apparent general law^ Viz. : 
Number of permutations of n things taken r together 

= n{ri " 1) (r* - 2) .... (w - r - 1). 

By what is called Mathematical Induction we may assure 
ourselves of the. truth of tliis law. 
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We will (ismme tiie law to be trae when p tMngs are 
taken together, and will then show that it must be true 
when (^ + 1) things are taken together. 

Fixing our mind upon (w - 1) things, viz., b,c,.,,.k, we 
have by our assumption — ^putting therein (n - 1) forn, 

Number of permutations of b, c, , . . » k, taken p together 

= (n - 1) (n - 2) .... (/I - 1 - p - I) 
= (n - 1) (n - 2) . . . . (ti - j9). 

Now, a may stand before each of these, and hence the 

number of permutations of n things taken (p + 1) together^ 

where a stands first, is (n - 1) (n - 2) . . . . (n - /?). 

And the sume may be said for each of the letters b,c,...Ic, 

Hence the whole number of permutations of n things 

taken {p + 1) together is 

n times (n - 1) (ti - 2) . . . . (n - p), 

or w (n - 1) (n - 2) { n - (^T+l - 1) }. 

. Hence, on tlie assumption tluit the law is true for any 
particular case, we have shown it to be also true when the 
things are taken one more together. 

Now, we know it to be tnie when the things are taken 2, 
3, 4 together. It is therefore true when taken 5 together, 
and therefore also when taken 6, 7, &c., together. HencOi 
it is generally true. 

We have therefore generally 
Number of permutations of n things taken r together 

» w (n - 1) . . . . (n - r - 1), or 
= w (n - 1) . . . . (?i - r + 1). 

CoR. 1. Let r = w, then the whole ntmiber of permutations 
of n things taken all together = n(n - 1) . . . . (n - n + 1) 

= 71 (w - 1) .... 1, or, as often written, 
= In, read yoc^ma^ n. 

CoR. 2. Every combination of r things \nll produce [f 

permutations, for the number is tbat of r things taken all 
together. 
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117. To find the number of permutationa ofxi things taken 
all together when tliey are not all different things. 

Let there be n letters, in which the letter a occurs p times, 
h occurs q times, c occurs r times, *tc. Then the number of 
permutations of the n things when taken altogether is " 

\n 
j^ j^ |r <fea 

For (Art. 116, Cor. 1) the number of permutations of n 
dififerent things taken all together = \n. 

Let P be the required number of permutations. Then, 
since every permutation contains a repeated p times, it is 
capable of forming \p permutations on the supposition that 

the a's are all different letters. The whole number of per- 
mutations would then be P times | ;?, or P . \p. And similarly, 

on the supposition that all the 6's are different, every permu- 
tation would foi-m I q permutations, and so on. 

Hence, on the supposition that all the letters are different, 
the total number of permutations = P. Ip \q | r d:c. 

Hence we have ^ • [^ [S' |£ ^^* = [^ 

\n 



And .-. P = 



[^ [£ [r<fec. 



118. To find the number of permutations ofn things when 
each may be repeated once, twice, dC'c, times. 

Let a,b,c,,.,,khe the n quantities- 

When taken one at a time, their number is n. 

If we place a before each of these letters, we get n permu- 
tations aa, ab, ac, , . , . ak, in which a stands first ; and, we 
must also have as many where 6 stands £rst, where c stands 
fii'sty kc. 

Hence, on the whole, when the lettei's are taken two 
together, the number of permutations = n times n - n\ 

And so we may show that, when taken three together, the 
number of permutations = n times n* = 7^^ 

Hence it is easy to shQw by induction th^t th^ number 



i 
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of permutations of n things when each may be repeated r 
time = n\ 

Ex. 1. Find the number of perniutations of 8 things 
taken 4 together. 

Generally (Art. 13) P = w (ti — 1) . . . . (n - r + 1). 

^^""^r = 4} •••I* = 8(8-l)....(8-4 + n = 8.7.6.6. 

Ex. 2. Find the number of permutations which can bo 

made out of the letters of the word WoffgorWoffga when. 

taken all together. 

]n 
Generally (Art. 117) P= ^=—^ 

Here w = 10, and, if ;?, q, r represent respectively the 
number of times w, a, g appear, 

;» = 2, g = 4, r = 4. 
llO 
Hence P = 79^1-71 = 5 . 7 . 9 . 10, 
Li Li ll 



Combinations. 

119. To find the nurnber of comhinatiorcS oj n thiTigs taken v 
toget/ier. 

Let Cy be the required number of combinations. 
'Now (Art. 13, Cor. 2) every combination of r things 13 
capable of forming I r permutations. 

Hence the whole number of permutations capable of being 
formed by C,. combinations =•• [r times C,. == [r C^ 

Now this is the number of permutations of n things taken 
r together. 



Hence, by Ai^. 116 

|r C,. = w (?^ — 1) . . . . (n — r + 1). 

. n - '^(^ + 1) . . . . (w — r + 1) 
••. ^r Tzr • 
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CoE, Since 

n (n — 1) . . . . (n — r + 1) 

t "" 

e ^ (^^ "* ^) « « ' « (^ " ** + 1) . (n ^ r) , « , . 2 . 1 

Lr • | n — r 

as '— , we have 

120. jTo «7iOM; that C^ = C„ _ ^ or <7ia< <7i^ ni£9»5^ of com- 
hinatioTia of n things taJken r together is equal to tfhe nunibeT 
taken (n — r) together. 

We have 

p _ w (w — 1) . , . . (ti - r + 1) 

^r n^- > 

and therefore putting a* - r for r, 

p _ w (w -• 1) . . . . (w - w - r + 1) 
* '^ • iTi - r 



B ^ (^ — ^) * ' « ' (^ + 1) 

B y^(^ ~ 1) (^ + 1 ) . r(r - 1)....2.1 

\n ^ r . IT 

m - r . lr 
Hence (Art. 119, Cor.) C^ = C„.^ Q.E.D. 

121. To find the number of combinations tlutt can be formed 
of n sets of things, in which there are p of one sort, q of an- 
other, r of another, dec, hy taking one from each set. 

First, if there be two sets, p of one sort and q of another, 
we may place each of the former sort before each of the 
latter, and thus obtain p times q of combinations. 

The number of combinations is therefoi^e pq. 

Again, if there be a third set containing r things, we may 
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place each one of this set before all the above combinations 
in turn. 

Hence the total number of combinations thus formed is r 
times pq, or pqr. 

And so on for any number of sets. 

Hence, number of combinations required = pqr • • • • 

122. To find tlie number of combinations o/m things and n 
tilings wlien p of tlie former are combined vniJh q of the 
latter. 

The number of combinations of m things taken p together 

_ m (m — 1) . , . , (m - p + I) 

And the number of combinations of n things taken q to* 
gether 

- '^ (^ •" ^) ' ■ . . (w - 9' + 1) 

7 



Now each of the former combinations may be combined in 
turn with all of the latter. Hence the total number of 
combinations 

= ^2?i?L - ^) ' * " (^^ - P "^ ^) n{n-l). . . , (n-q + 1) 
~ "' IE ' LL 

123. To find wlien tlie number of combinations is greatest. 
We liave C, = ^" D . . y (n ^ r ^ I) 

\L 

and 0^ 1 = n(n - l)....(n'- r - 1 + 1) 

Ir - 1 



_ n(n - 1) . . . . (n - r + 2) 



r - 1 



Hence, by division, — -^ = Z — = '__! — - 1. 

v/y.^! r r 

(71+1 \ 
"" ^ j continually 

diminishes, and therefore must eventually become less tfuin 
Unity^ 
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But as long as its value is > 1, the -number of combinations 
found must be greater than the number previously found. 
Hence the greatest number of combinations will be for that 

I J less 

than unity. 

When ^^ 1 = 1, of course C^ = G^Z i, and since the 

r 

next higher value of r will makef — ■^) "^ ^» the value 

of r obtained from this equation will give the greatest 
number of combinations. 

Solving the equation, we have r = (!L+_1) j 

and, since r is integi*al, n must be odd. 
Hence, when n is odd, 

The greatest number of comhinaiiona U when taken — -r- 



together, and also when taken — . 1, or — ^^ togetlier. 

When n is even,' we require the value of r next before the 

one which makes 1 <1> or — < 2, or w + 1 

r r 

< 2 r, or r > — ^r— . 

The value of r required is .*. r = -. 

2 

Hence, when n is even, ' 

TJie greatest number of combin^ions is tohen they are taken 

55 together. 

Ex. 1. Find the number of combinations of 7 things 
taken 3 together. 

Number required = '-*-o— o = 2^- 

1 • wS • u 
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Ex. 2. How many words can be formed out of 19 conson- 
ants and 7 vowels hy taking 4 consonants and 2 vowels for 
each word 1 

Number of combinations formed by 19 consonants takeu 
4 together 

19 : 18 .17 . 16 

1.2.3.4 • 

7*6 

And number formed by 7 vowels taken 2 together '= t-^» 

Hence (Art. 122), 

Number of combinations by taking 4 consonants and 2 

^ 19.18.17716 ^ Ll£- 81396. 
1.2.3.4 1.2 

Now each combination contains 6 letters, and these may 
(Art 116) be permuted in 1 6 ways. 

Hence total number of words required = 81396 x [6. 

'b 58605120. 



Ex. XXIX, 

1. The number of permutations of some things taken 5 
together : the number taken 3 together :: 42 : 1. ^ Find the 
number of things. 

2. How joany different permutations can be made of the 
letters of the word Proportion taken all together ) 

3. How many can be made of each of the words KiUmaiid* 
jaro, Hammada 9 • 

4. Show that the number of triangles which may be 
formed by joining the angular points of a polygon is 
in{n - l){n - 2), ti being the number of sides. 

5. How many different numbers can be made by using all 
the figures of the number 302342044 ) 

6. In how many ways can 10 persons be arranged about 
a round table 1 
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7. The number of combinations of a number of things 
taken 5 together is the same as the number taken 7 together. 
Find the number of things. 

8. The number of combinations of n things taken 2 to- 
gether exceeds by 6 the number of combinations of {n - 1) 
things taken two together. Find n, 

9. If P, represent the number of permutations of n things 
taken r together, show that, when w > 2, 

(p^- 1) (p, - p,) ^, - p,) (p, - p,) . . . . (p« - p,.o 

10. The number of combinations 'of 2 n things taken n 
together 

o„-i ;3, 6 ;.;, (2n - i) 

. 2 , . _ — — 

,1.2.0.... n 

11. The ratio of the combinations of 4 n things taken 2 n 
together to the combinations of 2 n things taken n together 

_ 1.3.5.... (4 n - 1 ) 
(1.3.5 2 71 - 1)-' 

12. Find the total nurnber of signals which can be made by 
m needles, each of which can assume n distinct positions. 

13. Show that a= = (i + -) (i + -^) a_i.a+i. 

14. If "P,. represent the number of permutations of n 
things taken r together, show that " + ^P,. - "P^ = r "Pr-i- 

15. Show that 2P3 + 3P3 + &c. + rP^ 

= (71 - 1) (Pi + Pa + &c. + P,) - P, + i. 

1 6. At aParliamentary election for two members there were 
four candidates. In how many ways can votes be recorded ? 

17. A firing party, consisting of one sergeant and 12 
men, is to be chosen from a company of 100 men and 3 
sergeants. In how many ways can this be done ? 

18. In taking a handful of shot from a bag, show that the 
chance of getting an even number is less than the chance 
oi* getting an odd number. 

(The tiuth oi tba Binomial Theorem may be assiimed.) 
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CHAPTER XV. 

ARITHMETICAL^ GEOMETRICAL, AND HARMONICAL PROGRESSIOK, 

Arithmetical Progression: 
124. Quantities are said to be in Arithmetical Progression 

when they increase or decrease by a common difference. 

Thus, the numbers 1, 3, 5, 7, <!bc.; are in A. P., and so are 
the numbers 6, 5 A, 5, 4|, <fec. 

In the first series the common difference is 2, and in the 
second - \. 

If a be the first term, and d the common difference, the 
series is evidently a, a + c^, a + 2d,a + 3 c?, &c., and the 
nth term is a + w - 1 . cf . 

When the series contains n terms, the 9ith term is the last 
term. Hence, representing the last term by ?, we have 



I = a -^ n - 1 , d. 

125. To find the sum of n terms of an A. P. 
Let a be the first term, d the common difference, and S 
the required sum ; 

Then S = a + a -^ d + a + 2d + .... + Z . . . . (1). 

And, writing the series in reverse order, and remembering 
that the terms will then diminish by d, we have 

S = Z + t - d + I - 2d + .... + a (2). 

Then adding together (1) and (2) we have 



2S = a + Z + a+Z+a + Z + .... + a + l\ 
and, since there are n of the terms {a + Q, we have 



2S = (a + Z)w,orS = (a + Z) ^. 

. 2 

Hence we have the following practical rule to find the 
sum : 

Add together the first and last terms, and multiply the result 
by half ^ nuntfber o/ terms. 



1 



ARITHMETICAL ](>ROGRESS!Olf. 163 

Cor. Since (Art. 124),? = a + w - 1 , cf , we hftva 

___ ^_. n ** ■ n 

S = (a + o + w-l.(f)7>=(2a + w-l.cQ-^; 

which expresses the sum of an A. P. in terms of the first 
term, the common difference, and the number of terms. 

126. To insert m arithmetic vneans between a and b. 

As there are m means, there must be altogether m + 2 
terms. 

Hence (Art. 124), 

I = a -\- (w+2)-l.cZ = a + 7/i+ l.c?. 
Here? = b; 

_ h -' n, 

and therefore a + m+1 .d = b, from" which d = r » 

Hence the means requi^d are 

a + :,-, a + 2 . -, &c., a + m, ,; 

m + I m + 1 m+1 



or , , &c., . 

m + I m + I m + 1 

Ex. 1. Find the sum of 16 terms of the series 2, 4, 6, &c. 

n 

Generally, S = (2 a + w — 1 , cQ vf * 

Her« 




.-. S = 1 2 (2) + 16 - 1 . 2 l-^ = (4 + 30) 8 = 272. 

Or thus, I = a + n - I . <? = 2 + 16"~1 : 2 = 32. 

Hence^ by Eule (Art 125), 

S = (2 + 32)^ = 272, as before. 
Ex. 2. Sum the series 12, llj, lOJ, &c., to 8 terms. 



w,uv. s.p..irr-.,fl-». 
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Here a = 12 



8 / . 21' 



a = 12") 

« = 8) 
A S = {2(12) +rrT(- I)} I =(24-^)4 = 75. 

Ex. 3. Insert 8 aritlimetical means between 3 and 21. 

We have, Art. 126, (^ = ^ " ^, . 

w + 1 



Here a » 3 



Ml 



.-. c? = = __ = 2, the common difference. 

8 + 1 9 / 

And since the first term is 3^ the 8 means are 5, 7, 9, 11, 
13, 15, 17, 19. 

Ex. 4. The sum of an A. P. is 140, the first term is 5, and 

common difference 2 ; find the number of terms. 

n 

We have S = (2a + w-l.(£)^« 

Here 

S=140) .^ 

a = 5 vHencel40= ^ 2 (5) + w - 1.2 ^ j = (w + 4)w, 

or, transposing, »^ + 4 w - 140 = 0, or 

(n - 10) {n + 14) = 0; from which 

n = 10 or - 14. 

The value 9i = 10 tells us that, commencing' from the 
first term of the series and counting 10 terms, the sum of 
the terms is 140. The value tj = - 14 teUs that, commenc- 
ing from the opposite end of the series, and writing down. 
14 terms, the sum of the terms is also 140. The following 
would be the' two series : 

6,7,9,11,13, 16, 17,19,21,23; 
and - 3, - 1, 1, 3, 6, 7, 9, 11, 13, 16, 17, 19, 21, 23. 

When the two values of n are both positive and integral. 
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the series must in both cases be commenced at the first 
term. It will always be found that the extra terms which 
are given by the larger value will of themselves give zero for 
a sum. 

Should one of the values of n be {ractional, we may still 
give it an interpretation. This will be best understood from 
the following example : 

Ex. 5. The sum of an A. P. is 270, the first term 9^ and 
the common difference 4 j find the number, of terms. 

We have S = (2 a + w - 1 • d) s- 




270 



= |2(9) + n- 1.4l| = 2n« + 7f». 



Transposing, then 2 n* + 7 n - 270 = 0, or 

(n - 10) (2 n + 27) = ; from which . 

n « 10 or - l^. 

The first value n = 10 gives the series 

9, 13, 17, 21, &c., 45. 

The second value, n = - 13^, being negative, tells us to 
commence with the opposite end oi the series, viz., the term 
45, and write down 13 complete terms, and another term 
which is made up of half the sum of the 13th term and three- 
fourtJia tite common difference. The 13 complete terms begin- 
ning with the term 45, and writing from right to left, are 

- 3, 1, 5, 9, 13, 17, 21, 25, 29, 33, 37, 41, 45. 
The incomplete term 13 ^ {-3 + f (-4)}= -3. 

And the sum of the numbers - 3, - 3, 1^ 6 is zero, agree- 
ably to the remark made in Ex. 4 above. 

Ex. XXX. 

1. Find the 10th term of the series 2, 6, 10, &c., and the 
sum to 12 terms. 

2. Find the last term of the serieg 3^ 3f, 4^^, <bc.| to 20 
terms. 
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Sum the' following series : 
3. 10, 8, 6, &a, to 9 terms. 
^« 5 J, 6^,* 7|, &c., to 12 terms. 

5. 1, 3, 5, 7, &C., to 50 terms. 

6. a + 6 df a '\' 5dy a + ^ d, &c., to 13 terms. 

7. X + 9 y>, X + 7 y, X + 5 y, &c., to 10 terms. 

8. 3f, 4,^, m, <fea, to 14 terms. 

9. Insert 12 arithmetic means between 2 and 41. 

10. Find the sum of 12 terms of the series whose 5 th 
term is 14, and 10th term 31. 

11. The sum of 12 terms of an A. P. is 123, and the com- 
mon dijBTerence is 1^ ; find the first term. 

12. Given m the middle term of an A. P., and n the 
number of terms ; show that the sum of the series is mn. 

13. If P, Q be the pth and qth terms respectively, find the 
first term and the common difference. 

14. If S,. represent the sum of r terms of an A. P., show 
that 

Sa« + i = S« + , + S„«i+ (:r + n - 2) d. 

15. If P, Q, B be respectively the ^th, 5th, rth terms, 
show that 

P (7 - r) + Q (r - jp) + R (;? - g) = 0. 

16. There are m arithmetical progressions, the first term 
of each of which is 1, and the common difierences respec- 
tively 1, 2, 3, &c., m. Prove that the sum of the nth terms 

n - l.m' + n + l.m 
2 • 

17. If <^ (n) represent the sum of n terms of an A. P., 
show that 

<^(3n) = 3|^(2»)-«^(n)l. 

18. Show that <^ (w) + <^ (n + 1) + </> (n + 2) + . . . . ^ (2 ») 

w (3 w - 1) ^ ^ w (n - 1) (7 71 - 2) , 

" — rr2— "*•*■ — 17271 — ^ 
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19. Sliow also that 

zLxil + 9 ^^ " -■/ + <Jrc to n terms = twx + J w (ti - 1) c?. 
n n - I 

20. Find the sum of n terms of the series whose rth term 
is 3 r - 5. 

21. The sum of three numbers in A. P. is 15, and the sum 
of their squares is 83. Find the numbers. 

22. The sum of four numbers in A. P. is 10, and the sum 
of their products taken two together is 35. Find the numbers. 

23. The result in Ex. 15 may be arranged thus : 

p (Q - R) + g (R - P) + r (P - Q) = 0. 

What A. P. does this suggest; and what is the relation 
between the common difference of this series and the one in 
Ex. 151 

24. How many terms of the series 4, 7, 10, <fec., amount to 
144.1 

Geometrical Progression. 

127. Quantities are said to be in Greometrical Progression 

when they increase or decrease by a common ratio. 

Thus 2, 6, 18, 54, &c., is a G. P., and so is 12, 4, Ij, &c., 
the common ratios being 3 and J respectively. 

It is evident that the common ratio may be found by 
dividing any term by the preceding term. 

Let a be the first term, and r the common ratiO: 

The G. P. would then be 

a, ar^ ai^^ ar^, <kc. 

If there be n terms, the last or wth term = a/i^''\ 

Hence we have in G. P., I = ai^"^ (1). 

128. To find the sum of a Oeometrical Progression. 

Let a be the first term, r the common ratio, and S the 
sum of n terms ; then we have 

S = a + ar + ar^ + «fec., + ar^""^, 

or multiplying each side by r, 

rS » (if> + a/pi + j:c., + or'*-* + or". 
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Hence, enbtractihg tHe tipper line from the lower, we liave 
r S - S = or* - o, or S (r - 1) = a (r» - 1) ; 

.•.S = a,^^ (2). 

«. r" - 1 or* - o r. ai^'^'^ - a r^ - a 

Smcea. -^-^ = -_j- = ^,i = TTTT' 

Wehavealso, S = TLl^ (3). 

r- 1 ^ ' 

When r is less than nnity, it is usual to write these 
results as follows, being obtained by changing the signs of 
numerator and denominator in each case and reversing the 
order ; 

S=«.lzi: = f^' (4). 

1-rl-r ^ ' 

129. To find the limit of an irtfinUe G. F. wnose common 
ratio is less than unity, 

Def. The Limit of a series is that quantity to which the 
sum of the series continually approaches as the number of 
terms increases. 

We have (Art. 128), S = a. |-ll". 

1 — T* 

But since r < 1, and n indefinitely large, the value of r* 
is indefinitely small, and becomes smaller and smaller the 
larger n is. Indeed, the value of r" continually approaches 
' xero, as n increases indefinitely. 

Let 2 represent the limit of the sum of the series^ then 
we havo 

*rf — a. = • 

1 - r 1 - r 

130. To insert m geometrical means bettoeen a and b. 
Since there are m m^eans^ there must be m + 2 terms. 
Hence (Art 127) l^ aa^^^^^ » aa^-^\ 
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And tiierefore, since here I = b,we have 

ar*+* = 6, or r^+* = -. 

a 



m + l/y 

This gives the common ratio^ and the means can therefore 
be easily inserted. 

Ex. 1. Sum the series 2, 4, 8, 16, &c,, to 10 terms. 

Generally, S = a ^ — ^^ • 

r - 1 

Here a = 2 ) ow i 

r = 2 V /. S = 2, ^-I-J = 2 (2» - 1). 
n= lOJ 2-1 

Ex. 2. Given the first term of a G. P. to be 5, the last 
term 160, and the number of terms 6. Find the common 
ratio. 

By Art 127, i=ar*-^ 

~ g I Hence, substituting, 160 = 5 r*"^ = 5 r* 
n I Qj :.f* =-ieO -T 5 = 32, orr = v^ = 2^ 

Ex. 3. Find the value of the recurring decimal '666 &c. 

fi f) f> 
The value required is the limit of the G.P, =-^ + ,-^, + =-jri 

1(1 10 10* 

-f <Scc., to infinity. 

Now (Art. 129) 2 := ,--^ — 

1 — r 

The meaning of this result is that } is the quantity to 
which the value of *666 &a approaches as the number of 
decimal figures taken is increased. 

Ex. 4. Find the sum to n terms, and the limit to infinity, 
of the series : 

a + (c6 + 6) r + (a + 2 6) ^ + Ac., when r < 1. 
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We have 

S = a + (a + 6)r + (a + 26)r* + <fec. + (a + n-1.6)r"-* 

And;. Sr^ ar+ (a + 6)r*+ <kc. + (a + 71-2.6) r* 

+ (a + n - 1 . 5) r". 
Therefore, subtracting, 



— 1 



S(l-r)=a+6r + 6r* + <kc. + 6r""*-(a + w-l. 6)r". 
But (Art. 128) the sum of the G. P. 



1 -r 



1 - r» 



-1 



.-. S (1 - r) = a + 5r . — — (a + w - 1 . J) r". 

1 - r 

••s= r^ + »»-.-^i^-(«+^i-J)r?;:".(i). 

If r be a proper fraction, the limits off""* and r", as n 
indefinitely increases, are evidently zero. 
Hence we have 

2 = ^"f— + br . ,_J-=^ - (a + in .h). ® 



1 -. r (1 - r)* ^ ' • 1 - r 

1 - r (1 - r)*' 

Ex. XXXL 

1. Find the 6th term of the series 3, 6, 12, &c 

2. Find the 5th term of the series 35, 7, If, &c 

3. Sum the series 81, - 27, 9, &c., to 6 terms. 

4. Sum the series 2|, 7, 17^, &c., to 12 terms. 

5. Sum the series 6, - 2, § , <bc., to n terms. 

G. Find the sum of 10 terms of the series whose first 
term is }, and third term ^. 

Sum to infinity the following series : 

7. l+^ + i- + ^ + &c. 

8. 1 - § + J - /t - &c. 

9 10 - 9 + 81 - 7-29 + (fee 

10. 5J + Ij + i + ^V + «kc* 

11. -6 - -06 + -006 - &c 



GEOMETRICAL PBOOBESSION. 173 

12. a-b •- a +\ ' &Q. 

Q 

13. (a« - 6») + (a - ft) + ?L::4 + &a 

U. (^5 + 2) + 1 + (V5 - 2) + (9 - 4^5) + ifec 

15. 1 + I + I + 1 + &c. 

16. I + I + J + J + T^ + tV + ^c- 

17. ^/^■^l + 1 + ^/^"\ + &c 
^/3 - 1 ^/3 + 1 

19. If the sum of 10 terms of G. F. is 513, and eommon 
ratio is ~ 2, find the series. 

20. Find the 5ih term of the G. F. whose 3rd and 6th 
terms are respectively a, 6. 

21. If P, Q, R be respectively the ^th, ^'th, rth terms of a 
geometrical series, then 

P«-'. Q— '.' K'-» = 1. 

22. Show that the sum of 2** terms of a G. F. series may 
be expressed in the form 

a{r + 1) (r« + 1) (»^ + 1) . . . . (r^-* + 1). 

23. If 0^ be the sum of an infinite series, and s^ the smn 
of the squares of the terms of the series, find the series. 

24. If 8p be the sum of |? terms of a geometric progression, 
show that 

25. If 8^ be the sum of the mth powers of an infinite geo- 
metric series, then 

— ± — ± -- ± . , . , ad. xnf. = 



*iSi*j a ± 1 a ± r 

26. If ^ •*• ^? = ^ -*• ^^ = mc j^ ^ ^^ ^^^ 

ma -rib mo — tig ma ^ nd 
a, b, c, d, &c., are in G. F. 
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27. If «j, be the sam of p terms of a G. P., sliow that the 
Bum of the products of every two terms = -. Sp • 5,. x« 

28. Show also that 

^^n + (*x + *a + 's + ^'f to n terms) 

If a, b, Cf d are in geometrical progression, show that: 

29. (a« + V){(? + d") = b^{b + cO«. 

SO. o* + y + c" = (a + 6 + c) (a - 6 + c). 

31. 3 (a - 6 + c)« - (a« + 6» + c») = 2 (a - 6 + c) 
(a - 26 + c). 

32. (a + 6 + + d)' = (a + 5)^ + (c + (0« + 2 (6 + c)-. 

33. a«(a - 2 6 + c)« = (a - 6)*. 

34. a*(a -. 36 + 3c - ci)* = (« - 6)«. 

35. Find the sum of n terms of the series whose nth term 
is 2" + w. 

36. If a, b, e, d are in geometrical progression, show that 
(a - b)\ (6 ^ c)\ (o - c/)« are in G. P. 

Harmonical Progression. 

ISL Quantities are said to be in Harmonica! Progression 
when any three consecutive terms being taken, the iirst is to 
the third as the difference between the first and second is to 
the difference between the second and third. 

Thus, if a, 6, c be in H. P., we must have 

a:c::a-6:6-c. 

We cannot make a formula for the sum of n terms of an 
H. P., as in the cases of Arithmetical and Geometrical Pro- 
gi*ession. 

132. The reciprocals of the terms of an Harmonical Fro- 
greesion form a series in Arithmetical rrojression. 

Let a, 6, c be in H. P. 

Then Art. (131), a;c::a - 6:6 -Cj 
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.•. a(6 - c) =s c(a - 6), 
or dividing each side by dbe, 

L - i = L - I 
b b a* 

{hat is, {he difference between the first and second of the 

terms — , ^ ... is equal to the difference between the second 
a b e 

and third. 

Hence - , -r , - are in A. P. 
a b c 

183* To insert m hamumical tma/na between a and h 

Taking the reciprocals ^ and -^ , we must first find m arith- 

1 1 
metical means between ^ and •=- , and afterwards invert them. 

a b 
Let d be the common difference of the arithmetical series. 

1 - JL 
Then (Art. 126), d^ '-^ = J^rTVy^' 
The arithmetical means are 

a , (m + l)a6 a (?» + 1) a6' ' a (w+ l)o6' 

'^o + »i5 * 2 a + m - 1 . 6 . v ma + b 
(w + 1) a6 ,, (m ■¥ \)ab (m + 1) a6 

Hence, inverting, the harmonical means are 

(m + \)ah (m + l)ab . (m + l) a5 
o + m^ ' 2 a + m - 1 .6* '* - ma •\- b * 

134. 7/ A, G, H respectively represent tJie Arithmetical, Geo- 
metrical, and Harmonical means between a anc? c, show that 
A : G :: G : H. 

"We have A - a = c - A, and ..As \{a + c) (1). 

Again, _ = ^,and ... Q =~'^/ac (2), 

Also,a:e::H-a:c-H and .% H = (3). 
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Multiplying (1) and (3), we have 

AH = i (a + c).l|l = ac (4). 

And from (2) we get G^ = ac (5), 

(4) = (5), then AH = G^ or A :G : :G :H, 

Cor. a > G, and G > H. 

For, (l)-(2), A-G = ^(a + c)- n/^ 

= J (a - 2 Jac + c) 
= § ( V^f - \/c)', a positive quantity. 
.-. A > G. 

And hence, since A, G, H form a continued proportion, it 
must follow that G > H. Q.E.D. 

Ex. 1. The 6th term of an H. P. is -^^^ and the 1st term 
is \j find the intermediate terms. 

Inverting, we have 3 and 13 as the 1st and 6 th terms of 
the corresponding A. P. 

Hence 13 = 3 + 5 c?, or d = 2. 

Therefore the intermediate terms of the A. P. are 5^ 7, 
9,11. 
Hence the required terms are ^, ^, J, Vt- 

Ex. 2. If the first three of four numbers are in A. P., and 
ihe last three in H.P.-, then the product of the means equals 
the product of the extremes. 

Jjet a, hf c, d be the four numbers. 

Then, since a, 6, o are in A. P., we have, by Art. 1 34, 

h = i{a + c) (1). 

And, since b, c, d are in H. P., we have also, by Art. 134, 

-.-^. ■■■(=)• 

Substituting in (2) for the value of & in (1), we have 

c = ^ -J- , or be + cd = ad + cd ; 

+ d 

ovbc ^ ad. Q.JS.D. 
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. Ex. XXXIL 

1. Insert 7 harmonic means between 1 and -J^, 

2. Insert 6 harmonic means between 2 and |. 

3. Continue to 4 terms each way the series 2, 1^, 1^. 

4. If P, Q, R are respectively the^th, qih, and rth terms 
of an H. P., show that 

Qn(q - r) + RP(r - p) ^ TQ(p -^ q) = 0. 

5. Given P, Q, the ^th and ^th terms respectively, find tho 
nth term. 

6. What quantity must be added to each of the quantities 
a, 6, c in order to form an H. P. 1 

7. If s, »' be the sums of two infinite series whose first 

term is 1 and common ratios r and r', then will 8, »', 

be in H. P. r+l-2r', 

8. If a, 5, c are in H. P., show that 

a - b : a :: a " c : a + c, 

9. If G, H be the geometric and harmonic means between 
a and b, show that 

b = rt N/cmr - Vg ~ H 

* VG + H + VgT^H* 

10. The sum of three numbers in H. P. is If, and the 
sum of their reciprocals is 8}. Find the numbers. 

11. If H be the harmonic mean between a and 6, and Hj 
the harmonic mean between a and H, and also Hg the har- 
monic mean between H and b, show that 

III : Hj : : a + 3 6 : 3 a + 6. 

12. If Aj, Ao, be the arithmetic means con^esponding to 
the harmonic means Hj, Hg in the last example, show that 

AiHj = AaHj. 

M 
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Also^n =h, b.b,»». to n factors = 6**- 
Hence, substituting in (3), we have la + 6)" 

+ &c. + 6", Q.RD. 

Por exercises upon this formula, the student is referred to 
Ex.X 

Cor. 1. If a = l,6 = a;, we have, since a";a"*^ &c.,each=l, 

w (n - 1) « nin- 1) (ri — 2) « 
(1 + «)• = 1 + Tia; + 4~T~ *^ + 1 , 2.3 ^^ 

+ &c. + (C*, 
= 1 + CiOJ + Cjor + Cga:* + &c. + C«a^, 

where C|, Co, C3, &c., C^ represent respectively the number of 
combinations of n things taken 1, 2, 3, <fec., n together. 

Cor. 2. Since the coefficient of the (r + l)th term is C^ we 
have, by Art. 128, 

The (r + l)th term of the expansion of (1 + a)" 

= "<"-^)("-^)-;-^"-'-^^ )«r.or,a8itiuaybe written, 
|_n 



u: L 



n-r 



af. 



137. Tlie coefficients of tJie^ terms equidistant from the 
beginning and end- are eqiiaL 

For (Art. 136, Cor. 1) the coefficient of the (r + l)th term 
from the beginning is C„ and that of the (r + l)th term from 
the end is C„_;- 

Now, in Art. 129, we have shown that C^ = C^^^, and 
hence the truth of the proposition. 

138. To find the middle term of the expansion 0/* (1 + x)**, 
(1.) Let n be even. 
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Then, as there are {n + 1) terms in the expansion, the 
middle term will be the (^ + lyth term. 

Hence (Alt. 136, Cor. 2) putting ^ for r^ we havo 



Middle term 
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(1). 



Wg may transform this expression thus : 
Middle term 

n(«-l)(«-2)....(f+"l),:^(^-l)....2.1 



85* 



_ w(n^-^l) (71 - 2)..,. 4, 3. 2 , 1 ^^. 



(i.2.3....|; 



»' 



2 

or, separating the even and odd factors, 

^ {yt(?i -- 2) 4 , 2} X {(7^ - 1) 3.1} ^y 



«■ 



2> 



25||(«_l)....2.l} . {l. 3.5.. ..(»-!)} 

( 1 » 2 , 3 - • « « o" j 
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or, striking out common factors from numerator and deno- 
minator^ 

= 2' 1 3.5....(n- lL^ 



x*» 






(2.) Let n be odd. 

As there are (?i + 1) or an even number of terms in the 
expansion, there will evidently be two middle terms. These 

are the ('LiJ:)th and ("-^~ + l)th terms. 

The coefficient of es^h may be easily shown to be 
n( .-l)(.-o)....!i±J ^^ 1.3.5.... n 

X.^tU • .« 1, ^.O**** rr 



139. To Jind tlie greatest coefficient in the expansion of 
(1 + x)"*, n hdiig an integer. 

Since (Art. 136, Cor. 1) C^ represents the coefficient of the 
(r + l)th term, and we have shown that C,. is greatest, if n 

be even, when r = -^ ; and if w be odd, when r = - ~ or 

09 a. 1 

--^ — (see Art. 123), it follows that: 

(1.) When n is even^ the greatest coefficient is the 

(2.) When n ia ocfc?, the greatest coefficienta are the 
(— T-i + l)th and {Vl±1 + l)th, or the (^^)th and 

*^^ (-4—)*^ coefficients. 

Those evidently correspond to the coefficients of tlie 
middle terms« 
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Kow yt . - l^a: = 0, when r = w + 1, and this 

cannot be except when n is integral and positive. From this 
we learn that there are only (n + 1) terms in the expansion 
of (1 + xy when w is an integer and positive, and that 
there is no limit to the number of terms when n is negative 
or fractional 

It follows therefore that when n is /ractional or negative^ 
Hiere cannot possibly be a greatest term if a be > 1, since by 
increasing r sufficiently any term may approach as nearly to 
X times the preceding as we please^ and there is no limit to 
the value of r. 

We will now consider separately the cases in which a 
greatest term is possible. 

It will be necessary only to consider x as positive ; for 
when X is negative, we may put a; = - 2/» ^'^'^ ^^ "the 
greatest term in the expansion of (1 + y)**, and this will be 
the greatest term required. 

I. Let n be integral and positive. 

Now when (^ ^ ^ - l)x = 1, we haver = <!L±_1)^. 
\ r ^ X + I 

(a.) Let i .;— be integral. 

^ ' X + 1 

Then there is a term corresponding to the value of this 
fraction such that it and the next succeeding term liave 
the same magnitude, and are the greatest terms of the 
expansion. 

Hence the Hh and (r + l)th terms are the greatest terms 

(71 + 1^ X 
wuoxx # - :— an integer. 

X + I 

(b.) Let fa "*" ^l ^ be a fraction. 
^ ^ X -f 1 

Then {^ - l)x < 1, when the value of r is the in- 



teger next greater than ^^ ^—m 
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Henoe the rth term is tlie greatest term for the value of t 
corresponding to the integer next greater than ^ y'— . 

II. Letn he /)*actional and positive. 

It has been shown that when x is greater than unity there 
cannot he a greatest term. 

When X is less than unity the conditions are exactly as in 
I. above. 

III. Let n he negative. 

We have shown that here, as in II., there is no greatest 
term when x is greater than unity, 

"When X is less than unity y let ?i = - m, 

Then(!L±J: - l)x = - (^^ + \)x. 

men r^^ + iV = 1, we haver = (j^LzJ^ . 
\ r J 1-03 

(a.) Let ^ "^ — ^ he integral and positive. 

Then, reasoning as before, the rth and (r + l)th are the 

/nil __ 1 I 35 

gi'eatest terms when r = ^—z -'- a positive integer. 

(6.) Let ^ " — ^ he fractional a7id positive. 

Then, as above, the rth is the greatest term for that value 

(vn, _ 1 I 'J" 

of r corresponding to the integer next greater than V__ Li ', 

X ~" cc 

(c,) Let ^-~~ — ^— he negative, 
1 — x 

In this case, since x is less than unity, m is also less than 
unity. 
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We have then to show that - — is a proper fraction, and 

therefore has no influence upon the integral value of the 
remaining figures of the root. 

We assume that b contains n digits ; and therefore h^ con- 
tains not more than 2 n digits. 

But a, since it contains the n + \ figures of the root 
already found, and also n ciphers, occupying the place of 
those already to be found, must contain 2 ti + 1 digits. 

Hence -— is less than unity, and the proposition is proved. 

This result has been assumed and illustrated by an example on 
p. 56. 

146. When n + 2 figures of a cube root lutve been obtained 
'by the ordina/ry method, n more fijgwres may be found by 
dividing the remainder by the next trial divisor^ provided that 
the w/iole number of figures in the root is 2 n ^ 2. 

Let N be the number whose cube root is required, a the 
part already obtained, and b the part required. 

Then ^N = a + 6 

.-. N = a» + 3a26 + 3a6» + b\ 

or N - a» = Sa'b + Soi^ + 6' 

• • — Q — o + — + "5 — J. 

6 a^ a o a* 

Now N - a' represents the remainder after obtaining 
the part a of the cube root, and 3 a' is the next trial divisor. 

Hence we see that on dividing the remainder by the next 

trial divisor we get the required quotient b, together with 

^, ... b^ ^ P 

the quantity — + -— ;j. 

a o a" 
Now, in order that this may not aflect the integral value 
of the remaining figures of the cube root, we must show that 

— + -^—^ is less than unity. 
a o a' 

Since b contains n figures, we must have b < 10". 
And since a contains 2n + 2 figures, a cannot be less 
than lO^""*" ^, but muy b« equal to or £jreater than 10*'* + ^ 
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• 1' + z. is <r (^Q")' + (^Qy 

< + .and /. < 1. 

10 3 . 10« + '*' 

Hence the truth of the proposition. 
This result has been assumed and illustrated in p. 62. 

147. We shall now work out a few examples on the 
Binomial Theorem. 

Ex. 1. Expand to four terms the expression (1 + 3 a;) ^.. 
(1 + 3a;)-*= 1 +(.|).3a:+-JA_L__Z(3^). 

= 1 - 5aj + 20a? - ~ cc? + &c. 

o 

Ex. 2. Find the (r + l)th term of the expansion of 
(2 - 5x)-\ 

{r + l)th term 

= -4(-<;-l)(-4-2)....(-4->-H),^_,_,^_g^), 



• • a . 



1.2.3 
= (-ir-^-5.6....(r + 3)^_,_ _- 

l.J.«5..«. 7* 

= / ixsr 4 . 5 . 6 . . . . r (r + 1 ) (r + 2 ) (r + 3) Q , 4 . ^ ^ ^ ^^^ , 

^ ^ •rr2"T"3.4.5.6....r ^ "^ ^^ ^^ ' 

or, since (-1)^'" = 1, 
^ (r+l)(r+2)(r+3 ) (5 a;)'' 
1.2.3 •2*-+** 

Ex. 3. If a; be very small, show that 

(1 + 2a;)i + (1 + 3a;)^ „ . , 

•^ ^ ^ .^ = 2 - 4 a;, very nearly. 

2 + 5a: - (1 + 4a;)i 
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Expanding and retaining terms containing thejlrst powers 
of X only, we have 

(1 + 2x)i + (I + 3x)i 
2 + 5x - (l + 4:x)i 
= (1 + i ' 2 a;) + (1 + ^ . 3 a;) 
2 + 5x - (1 + |.4a;) 

= r-T4l = ^^'*'^''>-^^-*"^^>"'' 

or, expanding as before, 

= (2 + 2aj) (1 - 3a:); 
or multiplying out, and neglecting the term involving a^, 

= 2 - 4a;. Q,KD. 

Ex. 4. If p and q be very nearly equal, and n an integer, 
show that 

(P )}i = (^+ 1)P + (n- l)q ^^1 
S' . {n - I) p + {n + 1) q "^ 

2j? (P + 9) + {p- q) 
Wehave^ = ^H-? = ^ + ^ 

« 2g {p -^ q) - {p - q) 
p + q p + q 

1 + P^S- 

P + 9 

1 - ^ - g 

2> + g- 



^ p + q' 



expandingandretaining only two terms, since j9- g is very small, 

1 + l.?_IL^ 
- n p ■¥ q n{p + q) -\- {p -^ q) 

^1-1 P - ^ - ^{p -^ q) - {p - q) 

n ' p + q 

o (JL±J) P + (" - 1) g . ,2.^.i>. 

(w - l)i> + (n + 1)5^ 
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1 \* ■ 

1 + _ j , when X increases 

•without limit. 

Expanding by ihe Binomial Theorem, we have 

....'4. ('-^)('-i) , 

-' + I*l72* 1.3.3 *^ 

When X increases without limit, each of the quantities 

12 3 

_ _, &c., decreases without limit, and becomes ultimately 

XXX 

zero. 

Hence, when x is infinite. 



(^ ^ ^) 



■ ^ ^T^TTT * T72T3 — * ^ 



It is usual to demote this series by the symbol d ; it is the 
base of the Napierian system of logarithms. 
We therefore have 

(1\* 
1 + - ) when X is infinite » 0^ 

The approximate value of e is 2 '7 1828. 

Ex. XXXilt 

Expand to four terms the six following expressions t 
l.*(l + xy. 2. (3 + 2x)^. 3. (4 - 5aj)-i 

4. {a-^ha^yK 6. (l-2a; + 3aj=)-l 6. g «-?)"'. 

Find the middle terms of: 
7. {a + by. 8. (3 + 5 xy\ 9. (a» - 6^. 

10. (x + ly; 11. (3 + ly. 12. (4ai_. 365/. 
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Find the general or (r + l)th terms of: 

13. (3-5a:)-i U. ^ax + ^)". . 15. ^a^-J^)"*. 

16. If ^Cp represent the jt?th coefficient of the expansion 
of (a + a)"*, show that "*C, + '"0^ + 1= '" + '0, + j. 

17. If P be the sum of the odd terms of the expansion 
of the binomial (a + x)^, and Q the simi of the even terms, 
then will P* - Q^ = (a^ - ar*)"*. 

18. In the last example, 4 PQ = (a + «)="* - (a - a?)^**, 

19. Show that 1+-^-{-j^+-^+'7t + &c. = L 

2 2* 2^ 4* 

20. If A, B are two consecutive coefficients of the expan- 
sion of (1 + a;)" , show that the coefficients after B are 

B. , ^\- f^ ,, B (nB - A) (^T^T^B - 2A) ^ 
(« + 2)A+B (M + 2.A + B) (M+3.A + 2B) 

2 + -)- 

22. Fin4 the greatest term of the expansion of (1 - - j 

23. Show that 

3/ — ; — 1 f 1 1 X 1.4 a? 

^ \ 3'a + a;^3.6{a+a;)« 

1.4.7 ^ . I 

"*" 3T6T9 • {a + xf ""' I 

24. If 71 be a positive integer, prove that 

1 o^ , 2n{2n-l) . ixn-i 2n(27i- 1).. ..(n + 2) 

i^2n+—^ . •.. + (-!) jir:rT 

= (-i)«-^Ji2. 

2([n)» 

25. If n be an odd number, show that 

- 2n{2n- I) 2n{n - 1) {2n - 2) (2w - 3) 

1-^ [2—^ E 



1 71 - 1 . | to + 1 
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26. Show that 
1 . 2.3....;?. 2*+»+i 



(2' + 1) (g + 2). ...(jo + q + I) p + I (jp+l) {p+2) 

. 1 p jP (jP - 1) 

•*" g + 1 "^ ((? 4- 1) (y + 2) + (g + 1) (^r + 2) (2^ + 3) 

(q+i) (pfq + l). 

27. If a, 6, n are positive integers, and b less than 
2 a - 1, show that the integral part of (a + ija^ — by is 
an odd number. ; 

28. Show that the integral part of (1 + ^3)«*»+i contains 
2*** + ^ as a factor. 

29. Knd the coefficient of x^ in the expansion of 

p + qx 
q ■¥ rx 

in a series of ascending powers of aj, and show that if P and 
Q be the coefficients of af*, according as it is expanded 
according to ascending or descending powers respectivelj; 

thenPQ= -^^^l 

30. Prove that the coefficient of af in 

(1 + 2 aJ + 3 a* + &c. ad int)' 

is?(r + n^'f + 2)(r + 3). 

31. Show that if R is the remainder, after taking w terms 
of the expansion of (1 - a;)"^, then 

P _ '(w + l)af - waJ" + ^ 

^ (!•- xy ' — ^ 

X f -J f and show that the 
numerator contains 2** as a factor. 
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33. Show that ^1 -*)" - 1 ■ ^ ^ 

1 a!» 



= + - • ^ ' " 

Iw Iw 71-11— a? 

a* 

34. Prove that (a: + i) " 

^2n(2«-l)/^,_«^._lj:x ^^^1.3.5. (2»-lJ 
1*2 \ . a^""-*/ J [w 

35. Wheii X is amaU, show that G "^ ^j^ "*" ^ " ^^)* 
^ (1 - 3 a;)* 

«= 2 + --X, nearly. 

36. If X be greater than a, prove that the sum of all the 
terms of the expansion of (x + a)** but the first two is less 
than (2» - 71 r l)aaf—\ 



CHAPTER XVII. 

IKDETEBMINATE COEFFICIENTS AlO) FAJKTIAL FEACIIONS. 

Indeterminate Coefficients. 

148. 7/*a + bx +cx' + dx' + &c. = 0/or all valttes qfx, 
then each of the quantities a, b, c, d, &c,, must be zero. 

Since for aU values of x it is true that 

a + hx ■}■ car + dst? + &c. =,0 (1), 

it must be true when re = 0. 

Putting, then, sc = 0, we have a = 0., 

Hence, from (1), bx + ax? + dix? + &c = 0; 
or; dividing each side bj x, 

6 + CSC + cfo* + &C. = 0. 
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Since this is also true for all values of a, we may put a = 0, 

"We then get 6 = 0. 

And so we may show that c = 0, d = 0, &c. 

Cor. If for all values of x we have 

A + Bx + Cx + Dx' + &c. = a + bx + cx^ + dx' + &c.; 

then we must have A = a, B = b, C = c, &c. 

For, transposing, 
(A - a) + (B - 6) a; + (C - c)ar^ +''(D - c?) cc* + &c. = 0. 

Hence, by the above proposition, since this is true for all 
values of x, we have 

A - a = 0, or A = a; 
B - 6 = 0, or B = 6; 
C - c = 0, or C = cj &c. 

In many algebraical transfonnations the above proposition 
is especially useful. 

Ex. 1. Given x = y - Z y^y find 7/ in a series of ascending 
powers of x. * 

Here x = y — Sy^ .., (1). 

Assume y = ax + ba^ + ca^ + dx^ + &c (2). 

We have not introduced a constant term into the series 
for y, for from (1) we see that, when a? = 0, y = 0. 

Squaring (2), we have 

y" = a^^ + 6V + &c. 
+ 2 ah^ + 2 acoi^ + &c. 
= a=iB= + 2 ab^ + {p + 2ac)aJ* + &c (3). 

Hence, substituting in (1) from (2) and (3), 

X = (aa; + 6ar* + cx' + doi^ + &c.) 

- 3{aV + 2a6£c3+ (6= + 2 ac) a^ + &c. } 

= aa;+(6-3a2)a;- + (c-6a6)a;'+(a- 3 i>= - G oc) a;* + &a 

Equating the coefficients of like powers of x on each side 
of this equation^ we have 
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0=1. _ 

6 - 3 a» = 0, or 6 = 3 X 1« = 3. 
c-6o6 = 0, orc=exlx3 = 18. _ 

c£-3 52-6ac = 0, orc£=3x3^ + 6xl xl8= 135. 

Substituting these values of a, by c, d, 3bc., in (2), we get 
y = X + 3x + 18 0? + 135 a?* + <tc 

Ex. 2, Express the quotient of = jr %f-n, in ascend* 

1 — J a; + 7 ar 

ing powers of as. 

1 + 5 aj ' — 

I^t ^ s ;r-? - a + bx + C3? -h da? + ftB* + &c.....(l). 

1 — 2 a; + 7ar ' 

Clearing of fractions, we have 

1 + 5aj = a + fea; + ca? + cf x" + "^ eaJ* + &c. 

-2aa:-2&B'-2ca:»-2rfa^-<kc. 

+ 7aa?+7&c' + 7ca;* + <kc. 

=s a+(6-2a)a; + (c-26 + 7a)ai' + ({^-2c + 76)a^ 

+ (e - 2(i + 7c)aJ* + &C. 

Hence, equating coefficients of like powers of x^ we have 

a = 1 

6-2a = 5, or 6 = 5 + 2x1 =6. 

o-26 + 7a = 0, or = 2x7-7x1=7. 

ci-2c + 76 = 0, or <£=2x7-7x7 = ~35. 

6 - 2 d + 7 c = 0, or e = 2 ( - 35) - 7 x 7 = - 119. 

Hence, by substitution in (1), we have 

-_L±J-?_, = l+7a: + 7aj»- 35a;» - llOaJ* - «kc 
1 - 2 a; + 7 a* 

EXc 3 Find the square root of 1 - x -'r 7^^ 

Let J\-x-\'(3i? = a-{- hx-^ car + da^+ «K* + <fec.(l). 

/. l-» + ar^ = a' + 6V + <r*aJ* + <kc. 

+ 2aJaj + 2000;^ + 2acfa:' + 2aeaJ* + <kc. 

+ 26c«' + 26(;fofi* + &c 
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Hence, equating coefficients of like powers of x, we have 
a^ = 1, .'. a = 1. 

2a6 = -I, /. b - - --- = --• 

■2a 2 

2ad + 2bo =' .0, :. d = - ^- = - ~. 

a 16 

<^ + 2ae + Ud =^ 0, .-. e = -<^.?-^ = -~, <fea 

2a 64 

Hence, substituting in (1), 

Vr^^+^= 1 - la + I a!" +-,!'«'- II- a^ + &0. 



Partial Fractions. 

149. "When tHe denominator of an algebraical fraction can 
be broken up into factors it is always possible to separate the 
fraction into two or more fractions having denominators of 
lower dimensions. The limits of this work will only allow 
space for one or two examples. We shall not enter upon the 
general theory. 

Ex. 1. Resolve -= -rr, into partial fractions. 

Since a* + oj - 30 = (aj - 5) (a; + 6), 

3a: + 7 A , B ,.. 

assume - = + ^ ili. 

Clearing of fractions^ then 

3a3 + 7 = A(aj + 6) + B(a;- 5) (2). 

Wo may now pioceed by either of the following methods; 

I. First Metliod, 

Collecting like tenns, we have 

3a + 7 = (A + B)a; + (6A - 5D). 
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Equating coefficients of like powers cf x, then 
and6A -"sB = ?{, from which A = 2, B = 1. 

Hence, from (1) by substitution, 

3a; + y ^ 2 1 

or* + a; - 30 a? - 6 a? + 6 

IT. Second Method, 

To find A, we shall in (2) make the original denominator 
of A, viz. X - 5y equal to zero. And similarly for B. 

Thus we have in (2) 

. 3a: + 7 = A(a; + 6) + B (a: - 5). 

Put 05 — 5 = 0, or a; = 5, then 

3 X 5 + 7 = A(5 + 6), or A = 2. 

Put a: + 6 = 0, or a; = - 6, then 

3 ( - 6) + 7 = B ( - 6 - 5), or B = i. 

Hen9e, as before, 

3a; + 7 ^ 2 ■ 1 
a;^ + a; - 10 r; - 5 a; + 6* 

It is often more convenient to follow the second method. 

Ex. 2. Resolve -— — — — - into partial 

{x - 1)^ (a; + 2) (a; + 3) ^ 

fractions. 



Assume 



1 ^ ^ B C JD ,,^^ 



(a;-l)'*(a; + 2)(a; + 3) (a;-!)^ a; - 1 a; + 2 a + 3 

Then, clearing of fractions, 

1 = A (a; + 2)'(a; + 3) + B (a; - 1) (a; + 2) (a; + 3) 
+ 0{x - iy(x + 3) + D(c3 - lY{x + 2) (2). 

Put a; - 1 = 0, ora; = 1, thee 

1 = A(l + 2)(1 + 3), or A = ^,. 

Put a; + 2 = 0, or a; = - 3, then 

1 =. C(- 3 - 1)M- 2 + 3) - 9C,orC = ^. 
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Put aj + 3 = 0, or cc = - 3, then ^ 

1 = D (- 3 - 1)2 (- 3 + 2) = - 16 D, or D = '- ^. 

"W"e liave thus determined A, C, D. 

We cannot thus find B, but shadl proceed as follows : 

In (1) substitute the values of A, C, D just found, and 

transpose; then. 



I 1 



+ 



(«- l)2(aj + 2)(a3 + 3)^^ 12(a;- 1)^ ^ 9{x + 2) 16(a;+ 3)^ 
or, simplifying, 

f^7{x-^l)(x + 2) (a; + 3) _ 7 

" 144 (x "ly (x + 2) (aj + 3) " 144 {x - 1/ 
7 

•'• -~ul' 

We' have therefore* from (2), by substituting in (1) the 
values of A, B, C, D, obtained 

' iV ^ 

(x '.iy(x +^2) (oj + 3) 

1 _ • 7 1 ,1 



12 (a; -,1)V n44(a; - 1) 9((» + 2) 16(aj + 3/ 
Ex. 3. Find the partial fractions of — ; :; r. 

X* + XT + I 

The factors'* of ^ the, denominator are a? + x + 1 and 
aP-x-r 1. 

We shall assume the numerators of the inquired partial 
fractions to be of the form Ax + B and Co? + D 
respectively. 

We then have 

3a; + 5 Aa; + B Cx +. P ^^^ 



aj* + ar + l x^ + x + I aP - x + 1 

Or Sx + 5 = {Ax + B){aP-x+l) + {Cx + 'D){a? + x+l),..(2). 

Let aP + x+l = 0yOraP=: - x - I, then from (2) 

3x + 5 =(Aa; + B)(-ic-l-a;+l)= -2Aar»-2Baj 
= - 2A(- a; - 1) - 2Baj 
= (2 A - 2 B) JC + 2 A. 
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Equating coefficients of like powers of x, then 
2 A = 5, or A = I; 
tod 2 A - 2 B = 3, or 2B = 6 - 3 = 2, 01 B = 1, 

And similarly we find C = - J, D = 4. 
Hence, from (1), 

Sx + 5 5x + 2 5a; - 8 



a* + ar^ + 1 2 (ar* + a; + 1) 2 (aP - x + 1) 

Ex. XXXIV. 

1. Eind 05 in a series of ascending powers of y, when 
y = 2x — 5a^. 

2. Eind by the method of indeterminate coefficients tho 
quotient of ^j-^^- 

3. Eind the cube root of 1 + 3 aj + 4 as^. 

4. Express by a series the difference between (1 - Sa;)"* 

and (1 +2 x)' \ 

6. Eind the sum of the series 1^, 2^, 3', &c., to n terms. 

6. Show that l» + 2»+ 3^+43 + &c.+aj» = i ^ (^ + ^ I I 
Kesolve into partial fractions : 

7. . "UJ—^. 8. ^ 



(a? + 3) (a? + 5)* ' (ar^ - 6) (ar* + 8)' 

9. -. ^-^—-^^ .. 10. ^ 



ar» + 6a;» + llaj + 6' * a; (1 + a;)2(l + a; + aP)* 
11. ^^ + ^- ^ 12. ^ 



3a;^-4aj^ + a; 1+a;* 

T> 1 14. 1 

(?"T^)"p"^l)- 

15. ._^ ^^. 16. 

(X + a) {x + 0) (x + c) 

ar* -i- Oa;- + IGio- - lil' ' {x t f.'} (•« + ^) (aj + c) 



{X 


+ 


a) (a? 


+ 
x^ 


6) (a; 


+ 


c) 


{X 


+ 


a) (x 
a? + 


+ 
'/«a: 


b)x 
+ w 


+ 


c) 
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CHAPTER XVIII. 

LOGARITHMS. 

150. Dep. — The logarithm of a number to a given base 
is the index of the power to which the base must be raised to 
obtain the number. 

Thus, we may obtain the numbers 1, 10, 100, 1,000, 10,000, 
&c., by raising the base 10 to the powers 0, 1, 2, 3, 4, &c., 
respectively ; and hence, by the above definition, we have — 

Log 1=0, log 10 = 1, log 100 = 2, log 1,000 = 3, <kc., 

10 10 10 10 

the suffix 10 being added to the word log to indicate that the 
base is 10. It is usual, however, in common logarithms to 
omit this suffix; and hence, when there is no base expressed, 
the student will understand 10. 

Again, the numbers 1, 2, 4, 8, 16, <fec., may be obtained 
by finding the values of 2°, 2^, 2\ 2', 2*, &c., respectively, 
and hence we have by definition — 

Log 1 = 0, log 2 = 1, log 4 = 2, log 8 = 3, &c. 

2 2 2 2 

So also we find log 16 = 2, log 125 = 3, log 81 = 4, <fec. 

4 6 3 

Ex. Find log 256, log 216, and the logarithm of 9 to base 

4 S6 

Log 256 = log 4* = 4, by definition. 

4 4 

Log 216 = log 6» = log (6^)^ = log 36^ = f , by definition. 

86 86 36 36 

Log^9 = log 3" = log (\/3)* = 4, by definition. 

Characteristics of Ordinary Logarithms. 

161. Def. — The characteristic of a logarithm is the integral 
part of the logarithm, and the fractional part (generally ex- 
pressed as a decimal) is called the mantissa. 

o 



210 ALGEBRA. 

1. Numbers containing integer digits. 

Every number containing n digits in its integral part must 
lie between 10""^ and 10". 

Thus, 6 lies between 10<^ and 10*, 29 lies between 10* and 10', 
839 lies between 10^ and 10^ &c. 

Hence the ordinary logarithms of all numbers having n 
integer digits lies between {n - 1) and w. 

The integral portion or characteristic of the logarithm of a 
number having n integer digits is therefore (n - 1). 

Hence we have the following rule : — 

Rule 1. — The characteristic of the hgaritJim of a number 
having integ&r digits is one less tlian t/ie number of integer 
digits. 

Thus, the characteristics of the logarithms of 32, 713*54, 
8-7168, 56452, 73607-9 are respectively 1, 2, 0, 4, 4. 

2. Numbers less than unity expressed as decimals. 

All such numbers having n zeros immediately after the 

decimal point lie between 77^ and • ; . . „ or between 10""* 

10" 10** + ^ 

and 10-t» + i). 

Thus, '3 lies between 1 and •!, or between 1 and j^t or W and 
10-*; 

•027 Ues between -1 and 01, or between ^\ and ±, or 10- 

and 10- 9; 

•000354 lies between '001 and -0001, or between -L and y-, 
or 10 ~ • and 10 - *, and so on. 

Hence, by Def., Art. 150, the logarithm of any number hav- 
ing n zeros immediately after the decimal point lies between 
- n and — (n + 1). Hence, the logarithm is negativcy and 
the integral part of this negative quantity is 71, It is how- 
ever usual to write all the mantissse of logarithms as positive 
quantities, and the negative integral part of the logarithm, 
will be the next higher negative integer, viz., - (r* + 1). 

We have therefore the following rule : — 

HuLE 2. — The characteristic of the logarithm of a numb^ 
less tha/n unity, and expressed as a dedm^al, is ^le negative 
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integer next greater them the number of zeros iramediatdy 
after the decimal point 

Thus, the characteristics of the logarithms of '3, '0076, 
•02535, -7687, are respectively -1,-3,-2,-1. 

152. The logarithm of the product of two numhers is the 
SUM of the logarithm's of the numbers. 

Let m and n be the numbers, and let a be the base. 
Since m and n must be each some power of a, integral or 
fractional, positive or negative, assume — 



y > Then, by definition of a logarithm, 
a » \ 



7n = 
n — 
X = log m, and y = log n. 



Now we have mn = a' . a^ = a*^^, and hence, by definition, 
locr mn = X + y: WQ therefore have — 

log {mn) = log m + log^ n, Q,KD. 

CoR. This proposition may be extended to any number of 
factors. 

Thus, log^ {mnpq) = log^ m + log^ n + log^ p + log^ q. 

153. The logarithm of the quotient of two numbers is found 
hy subtracting tlie logarithm of the denominator from the 
logarithm of the numerator. 

Assuming, as in the last Art., we have— 

X = log^ m, y = log^ n. 



'a ' "^ °a 



m a* 



Also, — = ^17 = a* ~ ^ and hence, by definition, 

fm 
locr ~ = a; - v: we therefore have — 

log — = log^ m - log n. Q.E.D. 

154. TJie logarithm of the power of a number is found by 
multiplying the logarithm of the number by the index of the 
power. 
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Let it be required to find log N'^. 

Assume N" = a*, and therefore x = log N, 

We have iV* = (a*)' = a'*, and hence, by definition, 
log N^ == px = p log^ N. Q.E,D. 

Ex. 1.— Given log 2 = -3010300, and log 3 = 4771213, 
find the logarithms of 18, 15, -125, 6'75. 

Log 18 = log (2 X 3«) = log2 + 2 log 3 = -3010300 + 
2(-4771213) = 1-2552726. 

Log 15 = log (3 X V) = log 3 + log 10 - log 2 = 
•4771213 + 1 - -3010300 = 1-1760913. 

Log -125 = log(y = log 1 - 3 log 2 = - 3 X -3010300 

= - -9030900 = - 1 +J1 - -9030900) = - 1 + -0969100, 
or, as usually written, = 1-0969100. 

Log6'75 = logi^ = log|' = 31og3-21og2 = 3(-4771213} 
- 2(-3010300) = -8293039. 

Ex. 2. Find the logarithm of ^ — '- ^ '—. having 

(2-43)«x (-032)-^^ 

given log 2 and log 3. 

We have — 

Log N = i log 2-4 + 4 log -375 - 5 log 2-43 

- (- J) log -032. 

= . loff-- + 4 lofif— — 6 lo2 — + — log — „ 

2 ^ 10 ^2^* ''lO* 3 °10' 

=^ i (3 log 2 + log 3 - log 10) + 4 (log 3 - 3 log 2) 

- 5 (5 log 3 - 2 log 10) + J (5 log 2 - 3 log 10) 

= (I - 12 + i) log 2 + (J + 4 - 25) log 3 
+ (-^ i + 10 - 1) log 10 

= - V X -3010300 - V X -4771213 + V ^ 1 

= - 2-6590983 - 9-7809867 + 8-5 = - 3-9400850 

= 4 + (4 - 3-9400850) = 4" 0599150. 
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The Use of Tables. 

155. Tables have been formed of the logarithms of all num- 
bers from 1 to 100,000, and we shall now show how they are 
practically used. We shall not enter here upon the method 
of forming the tables themselves. 

The following is a specimen of the way in which the 
logarithms of numbers are usually tabulated : — 



No. 





1 


2 


3 


4 


5 


6 


7 


8 


9 


D. 

64 


7990 
91 
92 
93 
94 
95 
96 
97 
98 
99 

8000 


0025468 
6011 
6555 
7098 
7641 
8185 
8728 
9271 
9814 

9030357 
0900 


5522 
6066 
6609 
7152 
7696 
8239 
8782 
9325 

9868 
0411 
0954 


6577 
6120 
6663 
7207 
7750 
8293 
8836 
9380 

9923 
0466 
1008 


6631 
6174 
6718 
7261 
7804 
8348 
8891 
9434 

9977 
0520 
1063 


5685 
6229 
6772 
7315 
7859 
8402 
8945 
9488 

0031 
0574 
1117 


6740 
6283 
6826 
7370 
7913 
8456 
8999 
9542 

0085 
0628 
1171 


5794 
6337 
6881 
7424 
7967 
8511 
9054 
9597 
0140 
0683 
1226 


5848 
6392 
6935 
7478 
8022 
8565 
9108 
9651 

0194 
0737 
1280 


5903 
6446 
6989 
7533 
8076 
8619 
9162 
9706 

0248 
0791 
1334 


5957 
6500 
7044 
7587 
8130 
8674 
9217 
9760 

0303 
0846 
1388 


ft{M a;{ 


6 


11 


16 


22 


27 


32 


33 


43 


49 



Thus, if the number consist of four figures only, we have 
simply to copy out the figures in the column headed 0, prefix 
a decimal point, and the proper characteristic. 

Ex. Log 7991 = 3-902601.1, log 7*995 = -9028185. 

When we speak of a number consisting of four figures only, 
we include such numbers as '003654, '07682, &c., the num- 
ber of zeros immediately following the decimal points not 
being counted. 

Thus, log '07997 = J-9029271 

log -007992 = 3-9026555. 

When the number contains five figures, as, for instance, 
79936, we look along the line containing the first four figures 
' — viz., 7993 — of the number until the eye rests upon the 
column headed 6, the fifth figure. We then take the first 
three figures of the column headed 0, and affix the four 
figures of the column headed 6 in the horizontal line of the 
first four figures of the number. 

Thus, log 79936 = 4'9027424 
log '079927 = 2-9026935. 
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It "will be seen from the portion of the logarithmic table 
above extracted, that when the first three figures of the 
logarithm — yiz,, 902 — ^have been once printed, they are not 
repeated, but must be understood to belong to -every four 
figures in each column, until they are superseded by higher 
figures, as 903. When, however, this change is intended to 
be made at any place not at the commencement of a 
horizontal row, the first of the four figures corresponding to 
the change is usually printed either in difierent type, or, as 
above, with a bar over it. Thus we have above 0031, 
indicating that from this point we must prefix 903 instead 
of 902./ 

Thus, log 79-986 = 1-9030140, 
log -0079987 = 3-9030194. 

166. Tojlnd the logarithm of anutnbtf not contained in the 
tables. 

Ex. Find the logarithm of 799-1635. 

Since* the mantissa of the number 79916-35 is the same as 
the mantissa of the given number, and that the first ^yq figures 
are contained in the tables, we may proceed as follows — 

(1.) Take out from the tables the mantissa Corresponding 
to the number 79916. This is -9026337. 

(2.) Take out the mantissa of the n^ext higher number in the 
tables— viz., 79917. This is -9026392. 

(3.) Find the difierence between these mantissas. ' This is 
called the tabular difierence, being the difierence of the 
mantisssB for a difierence of unity in the numbers^ . We find 
tab. diff: = *0000055j which we call D. 

(4.) Then assuming, as will be J)rove<l in Art. 166, that 
small differences in numbers are proportional to the differ- 
ences of the corresponding logarithms, we find the difference 
for -35' = -35 x -0000055 = -0000019, retaining only 7 figures. 
I'his is often called d* 

(5.) N"ow adding this value of d to the mantissa for the 
number 79916, we get the mantissa corresponding" to tho 
number 79916-35. 

* Thus log 7991C'35 = log (100 x 799 1033) = 2 + log 799*1635. 
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(6.) Lastly, prefix. to tliis mantissa ^thej proper^ charac- 
teristic* 



The whole operation may stand thni 

M. of log 79916 = -9026337. (1). 

. M. of log 79917 = '9026392 

Tabular difference or D'_~ _i0000055 
Hence, difference for '35 or d 

= -35 X -0000055 =-0000019 (2). 

Hence, adding (1.) and (2.) — 

M. of log 79916-35 = -9026356. 
.-. log 799-1635 = 2-9026356. 

or better thus, omitting the useless ciphers — 

M. of log 79916 = -9026337 
M. of log 79917 = -9026392 

.-. D = 65 

Hence, c? = -35 x 55 = 19 

.-. M. of log 79916-35 = -9026356, as before. 

In the next article we shall show how the required dif- 
ference may be obtained by inspection from the tables. 

157. Proportional pa/rts. 

We saw in the example just worked that the tab. diff. 
(omitting the useless ciphers) is 55, and If we examine the 
table in Art 15^, we shall find the difference between the 
mantissaB of any two consecutive numbers there to be 54 or 
55 — generally 54. The number 54 is therefore placed in a 
separate column at the right of the table, and headed D. 

The student will understand that the tab< diff. changes from time 
to time, and is not always 54 or 55. 

Now assuming as in (4.) of the last article, we have — 

Diff. for -1 = 64 X -1 = 5 Diff. for -6 = 54 x -6 = 32 

•2 - 54 X -2 - 11 „ -7 = 64 X -7 = 38 

„ -3 = 64 X -3 = ir, ., -8 - 64 X -8 = 43 

„ -4 - 64 X -4 - 22 „ '9 - 64 X -9 = 49 

,. -5 - 64 X -5 = 27 

We find therefore the numbers 5, 11, 16, 22, 27, 32, 38, 43, 
49 placed in a horizontal row at the bottom marked Pj in 
the columns respectively headed 1, 2, 3, 4, &c. 
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Hence, if we require the difference for (say) '7, we taikd 
out the number 38 from the horizontal row marked P, in- 
stead of being at the trouble to find it by actual computation. 

The following example will illustra-te how we proceed 
when we require the difference for a decimal containing more 
than one decimal figure. Ko explanation ia needed. 

Ex. Find log 7994-372G— 



M. of log 79943 = -9027804 

Diff for 7 = 38 

„ 2 = 1 

6 



1 
32 



.-. M. of log 79943726 = -9027843 
Hence, log 7994-3726 = 3-9027843. 

158. Having given tlis logarithm of a number to find the 
nuiriber. 

After the explanations of Art 156, the method of working 
the following examples will be easily understood : — 

Ex. 1. Find the number whose logarithm is 1-9030173. 
Taking from the tables the mantissse next above and below, 
we have — 

•9030194 = M. of log 79987 

•9030140 = M. of log7998G (1). 

54 = -D. 
Again, -90301 73 = M. of log N (2). 

Hence, subtracting ( 1 ) from (2) — 

33 = cf, the difference between the logarithms of the re- 
quired number and the next lower. 

33 

Now -— = -Gl, the difference between the next lower 
54 

number and the required number. 

Hence_-9030173 = M. of log 7998661 ; 

.-. 1-9030173 = log -7998661 ; 
.-. '7998661 is the number required. 

Ex. 2.* Find lie value of ll:2!3)!^,(:091!3yi 

(1-32756)* 

* The logarithms used in this example are taken £rom the tables. 
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We have — 
log N = 31og 1-023 + ilog -00123 - 4 log 1-32756. 



Now, 3 log 1-023 = 3 x -0098756 
i log -00123 = i (3-0899051) 

= i (4 + 1-0899051) 

.-. adding, 3 log. 1*023 + I log -00123 
Again, M. of log 13275 = -1230345 
and diE for -6 196 

.-. M. of log 13275-6 = -1230541 
.-. 4 log 1-32756 = 4 X -1230541 

Tlien, subtracting, log N 
Hence we have, -5078867 
and -5078828 



= -0276268 



= 1-2724763 
= 1-3001031 



= -49 22164 
= 2-5078867 



also 



and 



39 
135 
39 

135 



= M. of log N, 

= M. of log 32202 ; 

= d, 
= D, 



= -29. 

.•.J5078867 = M. of log 32202-29; 
.-. 2-5078867 = log -03220229. 
Hence -03220229 is the number required. 

Ex. XXXV. 

1. Find the logarithm to base 4 of the following numbers: 
16, 64, 2, -25, -0625, 8. 

2. Find the value of log 32, log 25, log -729. 

8 ^, -81 ' 

3. Given log 2 = -3010300, and log 3 = -4771213, find 
the logarithms of 12, 36, 45, 75, -04, 3-75, -6, -.074. 

4. Given log 20763 = 4-3172901, what is the logarithm 
of 2^0763, 2076-3, -020763, -0020763] 

5. "Writ>e down the characteristics of the common logarithms 
of 29-6, -25402, -0034, 6176-003. 

6. Given log 20-912 = 1-3203956, what numbers corre- 
spond to the following logarithms:— 2-3203956, 6*3203956, 
1-3203956,4-3203956? 
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7. Given log 20-713 = 1-3162430, and log 20714 = 
3-3162640, find log -2071457. 

8. Given log 3-4937 = -5432856, and log 3-4938 = 
•5432980, find the number whose logarithm is 3*5432930. 

9. Given log 1-05 = -0211893, log 2-7 = 1-4313638, log 

135 = 2-1303338, find the value of log ^^''^\.l£^^'^' 

10. Given log 18 = 1-2552725, and log 2-4 = -3802112, 
find the value of log -00135. 

11. "What are the characteristics of log 1167, and log 19651 

12. Having log 2 = -3010300, and log 3 = -4771213, find 
X when 18* = 125. 

13. Given log 47582 = 4-6774427, and log '47583 =: 
4-6774518, find log 47-58275. 

14. Given log 5-2404 = -7193644, and log 524-05 ^ 
2-7193727, find log 5240463. 

15. Given log -56 145 = 1-74 93111, and log 56-146 - 
1-7493188, find log ^-05614581. 

16. Given log 61683 = 4-7901655, and log 616-84 =» 
2-7901725, find the number whose logarithm is 2-7901693. 

17. Find the value of (1-05)^^ having given log 1-05 = 
•0211893, log 20789 = 4-31 78336, and log 20790 = 4-3178545. 

18. Find the compound interest of ^£120 for 10 years at 
4 per cent, per annum, having given log 1-04 = -0170333, 
log 14802 = 4-1703204, and log 14803 = 4-1703497. 

19. A corporation borrows £8,630 at 4 J per cent, com- 
pound interest, what annual payment will clear off the debt 
in 20 years] 

Log 1-045 = -0191163, log 4-1464 = 6176712, and 

log 4-1465 = -6176817. 
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CHAPTER XIX. 

THE EXPONENTIAL THEOREM. — ^LOGARITHMIO SERIES. 

Exponential Theorem. 

159. To expand d^ in a series of ascending powers of x. 

a» = {l + (a •*_!)}" 

= 1 + x{a^"l) + ^^^ " ^) (a - 1)^ 

^1 + x{a - 1) +^-l-?(a - 1)« 

+ (a - Ir + &c. 

6 

Collecting the terms invohdng the first power only of a?, 
we have 
«- = 1 + {(a - 1) - ^ (a - i)= + ^(ci - 1)3 - &c.} a^ 

+ terms in aP^ oc^y &c. 

Assume then 

a* = 1 + Aaj + Bai^ + Ob* + &c. (1), 

Where A = (a - 1) - |(a - 1)^ + J(a - If - &c. (2). 

From (i)j squaring and arranging, we have 
ar'=l + 2 Aa;+ (A^+ 2 B)ar* + (2 C + 2 AB) a^ + &c...(3). 

But from (1), putting therein 2 x for aj, we also get 
a-' = 1 + A (2 x) + B (2 xf + C (2 xf + «fec. 

= l + 2Aa; + 4Bar^ + 8Ca;^ + &c (4). 

Hence the series in (3) and (4) are identical, and we may 
therefore equate the coefficients of like powers of x. 

Hence 4 B = A« + 2B, or 2 B = A\* Therefore B = A_^. 
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8C = 2C + 2AB,or 6C = 2A.^^. /. C = j-A_. <kc. 
Hence, substituting in (1), 

** = 1 ^ X -^ 172 ^ 1-7273 ^ ^ (^)- 

Since this equation is true for all values of a?, we may put 

Ax = 1, and .\ x = - . 

I 1 1 1 

We then have aA = I + :^ + ^ — ^ + j- y- § + ^' 

Hence, by Art 145, Ex. 5, 

1 

aA. = e, or a = e^. (6). 

Taking the logarithm of each side of the equation to 
base e, we get ^ ^ ^^^^^ ^^^^ 

Hence,. substituting in (5) for this value of A, we get 

a* - 1 . «?log.« . (a; loge«)' (a;log.a)' . k,^ 
a - A + i ^—TTT^-^ 1,2,3 ^ ^' 

The (w + l)th term of this series is ^ — . ■ "* , and the for- 
mula itself is known by the name of the Exponential 

Theorem. 

Cor. 1. Put a - e, then since log, e = 1, we have 

X or 2; 

'' = ^^r"i-:2 -^-172-73 ^*<'- 

CoR. 2. Since in (7) we have A = log, a, it follows at once 
from (2) that 

log. a = (a - 1) - J (a - 1)« + J (a - 1)» - &c. 

Logarithmic Series. 
160. To bIiow tlmt log. (1 + x) = x - ^x' + ~ x' - &a 

aind iluii log. (1 - x) = - x - -j^ x^ - -^ x' - &c. 
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In Art. 159, Cor. 1, we have 

log.a = (« - 1) - i(a - ly + i{a - 1)» - &c. 

Put 1 + 05 for a, and therefore aj for a - 1, then 

log, (1 + x) = X - o^^ + 3^ " ^ ^^^' 

Now put - X, then 

log. (1 - jc) = - aj -^^-ar^ - -a» - &c (2). 

These series are not suitable for the calculation of loga- 
rithms. We proceed to obtain from them more convergent 
series. 

161. To show that log^ (n + 1) 

Now log;, = log, (!+«)- log, (1 - x) 

1—03 

= ^05 - ^a? + -^ a* - -, 0^ + V oj" - &c. ) 
V 2 3 4 5 / 

-(----2^-4^-1^-;^^-^ 

= 2(a; + Ix" +la^ + &c.) (1). 

Since this is true for all values of x, we may put 

_ = - , and therefore also x = • 

1 — X n m + n 

We then have log, - 

n 

= 2 {«»_-'* + l^HLJIi^)' + i('"i^'*y+ &a 1(2). 
{m + n 8 \m + n/ 6 \7» + w/ J 

Now put m = w + 1, and therefore 

w» - w = 1, and m + n = 2n + I , 
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W + 1 



Then we have loff, 



°'' n 



f 1 1 1. . 1 _1__ , ft, ) 

1 2irri "^ 3 • i2n + l)s'*" 5 • (2 w + 1/ '^ "^^^ T 



i 



Hence, transposing, log^ {n + \) 

an important series, by which the logarithm of any number 
may be easily computed when that of the next lower is 
known. 

162. To show tJiat log^ (x + 1) 

We have in (2) of the last Art., putting 

m = a?j and n — a? — 1, and therefore 
wi - w = 1, and m + w = 2 as^ — 1, 

^"^'^\ '{2-^ -^l- (2^^» -^ •^•}- 

Butlog.-5^ =\og,.—-J^ 

ar - 1 (x + I) {x - 1) 

= 2 log, X - log. {x + 1) - (aj - !)• 

Hence 2 log. a? - log.(a; + 1) - log. {x - I) 

Or, transposing, log. {x + 1) 

= 21og..-log.(.-l)-2 {2-^^ + 1. ^.^3 + &c.}. 

This is a very useful formula, by which the logarithm of 
any number is found from the logarithms of the two numbers 
next preceding. 

163. To show that, when x is large, whatever he tlie base, 
2 log :s. = log (x + 1) + log (x - 1) 

.1/1 1 1 i.)7X+l 
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Now. log. ^j = - log.^1 = - log. (1 - ^) 

a? ^ 2 • a^ 3 • a!« ^^^• 

And log. ^^! = log. f, and therefore, by Art. 161 (1), 

X — i 1 — 

X 

• Dividing (1) by (2), we have, after performing the 
division, 

Now, log,-^— -^ = 2 log, X - log, (aj + 1) - log. (a; - 1) ; 

•K + 1 

Hence, multiplying each side of (3) by log, ^=, and trans- 

posing, <kc. 

2 log, X = log, (aj + 1) + log, {x - 1) 

■^2-.{l^6^-W-^*''-}^<-^} W. 

Now it is shown (Art. 162) that 

log; X = log, a . log, X. 

Hence we may replace the base e in (4) by the base a, 
if we introduce the factor log, a into every term. Dividing 
each side of the newly-formed equation by this factor, we 
then get the formula in (4) expressed thus : 

2 loga X = logrt (x + I) + loga (x — 1) 

2a;( osxr 90 a* Ja-l 
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Logarithms to base e are called Napierian logarithms, 
from their inventor. 

It is evident that, by the series of the last articles, and 
by similar series, Napierian logarithms may be calculated. 
It will be necessary to use each series however. for prime 
numbers only, since composite numbers may be broken up 
into their prime factors, and their logarithms easily obtained 
from those of their factors. 

Ex. 1. Find log, 2, log. 3. 
We have 

n Km + n o\m + n/ o\m + n^ j 

Put m = 2, 71 = 1, and .•. = = -. 

wi + w 2 + 1 3 

We then have 

Or, reducing to decimals and adding 

= -6931471... 

Similarly, putting wi = 3, n = 2, and .'. ^ ~ ^ = — , 

m + n 5 

we have 

OT.dnc l^.|..l<«.3-log,3, 

we have, 

log.3 = log.2 + 2{l + l.(l)VJ(l)V&a}; 

or, performing the necessary reductions, &c., 
= 1-0986122... 

Ex. 2. Find log, 5, log. 10. 

Put m = b.n ^ ^. and .*. — - — = ^r, then since 

«* + n 9 
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log, 7 = loge 5-2 log, 2, we have, by transposing, 



5 

4 



log.5 = 21og.2 + 2{| + IQ)' +^Q)% &c. }; 

or, reducing, &c., 

= 1-6094379... 

Again, 

log. 10 = log, (2 X 5) = log. 2 + log. 6 

= -6931471... + 1-6094379... 

= 2-3025850... 

Ex. 3. Find log. 16205. 
log. 16205 = log. (2» X 3* X 52 + 6) 

= log.{23x 3^x5^(1.^^^^)} 

= 31og.2 + 41og.3 + 21og.5 + log.(l + ^t—^)- 

By substituting the values of log. 2, log. 3, log. 5, already 
found, and by developing log. fl + --^ ^ ^V the re- 
quired logarithm is known. 

Calculation of Common Log^arithms. 

164. To show that log^N = = -, . log- N. 

loga 6 

Let N = a* = 6» (1). 

Then we have, from the definition of a logarithm, 

X = log^N (2). 

y =log5N (3). 

Again, we have in (1), a* = 6*^, or taking logarithms to 
base a, 

X = y loga 6: 

p 
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or, substituting from (2) and (3),^ 

log^N = log4N.log„& 

,. log»N=^^.log,N; 
CoE. Put 6 = 10, and a = e, then 

Hence common logarithms may be found from Napierian 

We call this quantity the modulus of the common system 
of logarithms ; and if we represent the modulus by /*, we 
have, 

** = dxo = 2:302^509- = ;43.^29448... 

165. By multiplying by /i the series obtained in Arts. 
160, 161, and putting ^i log, = logio, we have, omitting the 
suffix 10. 

log(l + a;) = /x -{ a; - -. cc* + --a? - <fec. j- ...(1). 

log(l - a;) = /A j -aj-^ai^- - a^-&c. V (2). 

IogL±^ = 2/x \x^\q? + \(x^ + &c.\. (3), 

1 — a? too J 

iog^==2^ j^^ + J(^i::^y+ 1 ('?!-!*)'+ &a I (4). 

\og{n +1) 

= log 7^ + 2/x j _1_ + V 1^ y + J( _1_) + &c. I (5). 
t2w+l 3\27i4-l^ 5^2w+l'' J^' 

\o7 (x + 1) 
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Theory of Proportional Parts. 

166. To find the loga/rithm of a number containing (^ + 1) 
digits^ when the table contains the logarithm of nun^)efr% conn 
taining n digits. 

We have 

log(n + S)-logn=log!?l±i = log(l + -) 

*^ n ^ n^ 

/8 1 8» ^ 1 S» . \ 

'^Kn 2 n^ 3 n^ ) 

Suppose n to be an integer cpntaining 5 figures, and S a 
quantity less than unity. 

We then have, since ja (= '^S^,..) is < 5» 

'^•^^^riw-^-^-'-^-''^^^^^^^ 

^ . ^ < ^ . ,^_ and /. < -0000000000002, &c. 
3 71* 6 10000* 

Hence, at least as far as the seventh place of decimals, the 
omission of all the terms of the above series after the first 
will not afiect the residt. 

We then have 

log(n + S) - logii = /* . - (1). 

n 

And, similarly, 

log(n + 1) - logn = yx . - = d suppose, (2). 

n 

Then we have, 

log(7i + 5) - logn = U (3). 

Now d is the difference between the logarithms of two 
consecutive numbers ; 

And 8 is the difference (less than unity) of two numbers, 
the logarithm of the greater of which is required. 

Hence we have the following rule : 

To find the logarithm of a number which lies between two 
consecutive numbers, multiply the difference of the given 
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number and tHe next lower in the tables by the difference of 
the logaiithms of the numbers next above and below the 
given number, and add this result to the logarithm of the 
smaller given number. 

This rule has been assumed in Chapter XYIII., to which 
the student is referred for practical applications. 

IIemark. Since the mantissas of all numbers, having the 
same digits, are the same, it follows that the above applies 
equally to numbers the integral part of which contains more 
than five digits. 

167. To prove that 

n' - n (n - 1)' + ^"-i) (n - 2)' - n(n-l)(n-2) ^^ _ 3 

2 1 3 



+ d&c. = l^i, ifv = n, and = 0, ifr < n. 
"We have 
(e« - 1)- = e"* - n . e^--^)* + ^L&Lzi) e«— «* 

11 
If we now expand each of the quantities «*•*, e^**"^^', &c., 
by the Exponential Theorem, and write down the coefficient 
of af in the whole expression, we have 

Coefficient of of in (e* — 1)** 

_ n^ (n - ly n{n - 1) " (n - 2)^ 
J — — /6 . -r • j • 

LL L!L li 1^ 

_ n(n-l)(n- 2) (n - 3)- . ,.. 

]3 \r~ * ^''' : ^^^ 

A^ain, (e* - 1)" , 

= (* ^ ^ ^ ^-^ '^''•)" 

= iC" + terms involving higher powers of a; (2). 

ITence the coefficient of as** is 'unity ; and since the ex- 
pansion contains no terms with lower powers of x than the 
?4th, we may say that 
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The coefficient of af in (e* - 1)» = 1, when r = n, ) 

and = 0, when r < n, j ••• W- 
Hence from (1) and (3), equating the coefficients of af, 
!^ - n ^^ - ^y + ^ fa - 1) {n - 2)'- 

ir. !!L ll *"~1Z~ 

? 2 (n - 1) {n- 2 ) (t* - 3)" ^ . 

li \L 

= 1, when r = w, 
and = 0, when r < w. 

.-. W - w (w - !)•• + ^^^ - ^) (n - 2)- 

- "^"-;>^""^^ n^3/^&c. 

= [_n, ifr = n. 
and = 0, if r < w* 

Ex. XXXYI. 

Show that 
e^ - 1 



1. 



-.{i.^.^.fa} 



3. m- = m + *" ^f ~ ^> (2- - 2) 

1 • 2 

^m(^-l^)(m-2)^3,_3^^,^3^^^ 

4. »-„(„- 1) + ^(^-mn-2) _ ^^ ^ ^ 

6. «-'-n(n-ir-i +ii^L::Li)(„ _ 2)-» - &c=a 
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7. »"+» - n (n - l)"+i + !L('L:^ („ _ 2)»+J_- &c 



= -71 \n + 1. 



8. 1- - « . 2- + ZL^JlI) 3" - &C. + (- 1)- . (n + 1)' 
= ( - 1)- \n. 



^m+1 ^ .. ^o»— 1 



m+1 2 1.2 

10. If o, fl' are each less than 1, show that /^^ v " P' ia 

. log (1 - j) 

l«ss than — :? — , and greats than ?JZ^, 
q -pq q 

11. If «y = rP, show that 

«!-««» + ^^^T^U + <&c. + (-irM„+i = (- !)• [a 

(1 \* 
1 + — ) * when aJ is infinite, 
i wa;/ 

is e". 

13. Having given that 1 ,2 .3. . , , n - Jtiiri, w*»+' . e""*, 
when n is increased without limit, show that 

1.3.5 (2 w - 1) = 2«+* . w- . (J-*, 

when n is increased without limit. 

14:. Hence show that the limit of 

1 . 3. 6... (2 n - 1) 1 . i 
2.4.6...2W 2w-l ' 

when n is increased without limit. 

15. Show that 

16. If a = 6 - Xf show that log, a 
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17. If a» + 1 = 0, show that 

(l.)6- + e-« = 2|l +^ + ^+&c.} 

(2.) ^-e-"= 2a\x + ^+ ^ + &c. I 

13, If a, h, are consecutive numbei's, show that 
log 6 = _ (log a + log c) 

^ |2ac+l ' 3 • (2ac+l)« 5(2ac+l)» J 



CHAPTER XX. 

THE MULTINOMIAL THEOBEM. 



168. It is often required to expand the powers of alge- 
braical expressions containing more than two terms. This 
may be done gradually by means of the BiQomial Theorem, 
but the method is often cumbersome and inconvenient. By 
means of the Multinomial Theorem ive are able to do this 
more concisely. 

169. To find the gerieral term of the eocpcmaion of 

(a + b + c + d + dx.)\ 

Put bf=h + c+d + &c., 
and n = p + qj. 

Then the (q^ + i)th term of (a + 5,)" is 

n{n - I) (n - g, + 1) ^^^^j^, 

- n(r^- 1) (JP + 1) ^A 7, ^^ ^l^^ 

when ^; is a positive integer. 

Put Cy=C + C? + 6 + &c..i 

andg, = gr +r^. 
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Then tKe {'»•/ + l)tli term of 5/^/, or (6 + c, y, is 
q,{qi - Vf {q, - r/ + 1) ^^^ ^r, ^ r 

where g',, 7, r, are positive integers. 

Hence, combining this with the expression in (1), where 
for 6// we may substitute its general term, we find 

The general term of the expansion of (a + 6 + C; )*" 



_n{n -l) (;? + 1)^^. \q. 



a* 



6'c// 



Si. \1 \'!1 
« n{n-^l)....{p + r) ^j, r (2^^ 

Proceeding in this way we shall find 

The general term of the expansion of (a+5 + c + d + <fea)* 

^ 7 i(n- 1)....(;7+ 1) ^ ^pj^,^r^ 
\q yr <fec. 

where g, r, <kc., a/re positive integers. 

Since ^ = jp + g'/, 5^, = S' + »•/, ^, = r + «/, &a, we 
must have 
p + g' + r + <kc. = w, and 5^, r, «, (fee., positive integers, 

CoR. When w is a positive integer, we have 
Greneral term o£(a + 6 + c + ci + &c.)" 

|£_ 12_ II. '^• 

=, [^ a^6V<fea 

[jo I g I r &c. 

where ^ •{■ q + r + &c. = w. 

170. To expand {a^ + a^x + OaO^ + aasc* + &c.)" 

In the result of Art. 169, put a = o^ 6 = o^a^ 
c = aj**, &c., then 
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General term of (^o + «!«? + a^ + a^ + &c.)** 

I? t l-f ^* * '• * ^ ^ 

where ^ + j' + r + « + &c. = to, and q^ r, », &c., positive 
integers. 

When 71 is a positive integer, this result, by Art. 56, Cor., 
may be thus expressed : 

General term of («o + (hP^ + a^ + a^ + (fee.)" 

r !^ _ <a/a/a3'...a?» + ^»' + »• + *»•... (B>. 

■where p-^q-{'r + 8 + &c. = n, and p, q, r, «, &c., are 
positive integers. 

Suppose now we are required to find the coefficient of the 
term involving jb"*. 

Taking the formula in (A) above, we have the conditions 

and g' + 2r + 35 + &c. = 7». 

whure g, r, «, &c., are positive integers. 

Now, by assigning to g, r, «, &c., aU possible values , subject 
to the condition that they are positive integers, and that 

j' + 2r + 3* + &c =771, 

we may obtain sets of values o! py q^ r, &c., which, when sub- 
stituted in (A), will give the partial coefficients of a;"' ; and 
the sum of these will give the whole coefficient. 

Ex. 1, Find the coefficient of ic* in the expansion of 
(1 - 305 + 4ar -^^v?f. 
As 7i = 5, a positive integer, we may use the formula (B). 
We have 

^ + g + r + « = 5 (1). 

g' + 2r + 35 = 6 (2). 

We shall find it convenient to proceed as follows : 

1. Commence with the hi^est possible value of the letter 
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at the right of (2), viz., in this case^ of 8 ; and take each 
lower value until we arrive at s = 0. 

2. Then with the resulting equation — here with the equa- 
tion containing q + 2 r — ^take first the highest possible value 
of r, and so on. 

3. Find the value of p from (1) by means of the values of 
q, r, 8 thus obtained. 

Thus:— 

Take 8 = 2, and :. q + 2r = 0, where we may have 

r = 0, 2' = 0, j9 = 3. 
Take « = 1, and .*. g' + 2r = 3, where we may have 

r = l,q = l,p = 2, 
or, r = Of q = 3, p = I. 

Take « = 0, and :. q + 2 r = 6, where we may have 

r = 3,q = 0,p = 2, 

T = 2,q = 2,p = I, 

r=l,q = 4c,p = 0. 

These are all the possible solutions, and they are conveni' 
etitly arranged thus : 

p q r 8 



3 








2 


2 


1 


1 


1 


1 


3 





i 


2 





« 

3 





1 


2 


2 








4 


1 






Hence, irom (B), since Oq = l, (^ = -3, 03= 4, 
08= -2. substituting the values of p, q, r, «, and omitting 
fjTom the formula ever^ term containing a letter whose value 
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may happen to be zero, and remembering that ]l^ =_ 1, w© 
have 

Coefficient of «• 
« ll^ (ly (- 2)^ + l| (1)* (- 3) (4) (. 2) 

+ !4(1)(- 3)»(-2) + _LL.(1)»(4)» 

+ JLL-(1)(-3)M4)» + 4(-^)*W 

= 40 + 1440 + 1080 + 640 + 4320 + 1620 = 9140, 

Ex. 2. Find the coefficient of a' in (1 + 3a: + 6ai» -f 
10 0:^ + &c.)J 

Here 9t = ^, a fraction ; we shall therefore use the for« 
jmula ^A)i 

We have 

p + q-hT + s + ^ct^ \ ...* (1)* 

and gr + 2r + 3s + &c. = 8 (2). 

The equations (1) and (2) need not contain any letter 
beyond a; for if we take another letter, as t, we have 

g + 2r + 35 + 4< = 3; 

and the only value of t possible is < = 0, and so of any othet 
letters. We shall therefore treat equations (1) b,nd (2) as 
if they were written 

p + q + r + 8 = l. 
3r + 2r+3» = 3. 

On trial we find the only solutions to be as in the annexed 
iable: 
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p 


^ 


r 


c 


o 






' 


w 








1 


3 
















5 


1 


1 





3 
























8 


3 








3 









Hence tlie coefficient of «* 

= \. (10) + iizi) (3) (6) + *(- t)(- t) (3)« 



¥ - ^ + ? = 1- 

3 3 



We may verify tHs result. 

For 1 + 3 a; + 6 »* + 10 (B* + «feo. -= (1 ^ a)-' 

:. {1 + 3x + 60? + lOa^ -r &c.)* = |(1 -a)"*}* 
= (1 - (c)"* al+aj + a? + a:' + &c. 

Ex. XXXVII. 

Find the coefficient of 

1. a:» in (1 + a; + a?)\ 

2. a^md ' 2x + 3a? ^ 4ta?)K 

3. a? 10.(4: - 5 X + ar)*. 

4. a;* in {6 + 5 a; - G a;^)'. 

5. aJ* in (a^ + aiX + a^ + a^^. 

6. ar» in (l + -a; + ~a? + —a:' + (kc ) . 

7. c?h(?d in (a + 6 + c + c?)^. 
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8. aW in (a + 6 + c + df. 

9. ahc\d^ in (a + 6 + c + cf + e)*. 

10. a^ in (ao + OiO; + a^ + o^*. 

11. aj*in(l + 2a; + 3a^ + 4a:" + &c.)-|. 

12. a»in(l + 4aj+10aj" + 20a' + 35aJ* + 42aj^ + &c.)-*. 

13. Expand (1 - 3a; + 4ar)"'ito five teiTQS. 

14. Expand (1 + 7 a:' + a?)^ to four terms. 

15. Show tliat the coefficient of the luiddlo term of the 
expansion of (1 + x + v?)*^ 

= 1 + ^(^ "■ •^) 4- ^(^ - 1) (m - 2) (m - 3 ) 
— jj- ([2)« 

m(7yi - 1) . . . . (771 - 5) ^ 

mjm ^ l)....(m-2r->- l) ^ 
()jr)« 

16. If c^ denote the coefficient of of in the expansion of 
(l + 2aj+2ar»+2iB» + 2i«* + &c.)", show that 

{m + l)(?«+i - 2 7ic« - (m - 1) <?«.! = 0. 

17. If c^y Ci, Ca, &c., be the successive coefficients of the 
expansion of(l + 3a5+5a3' + &c. + 2^ + 1 , a:'')*', show that 

Co + Ci + Ca + &c. + c^ = (;> + 1)'*. 

18. Show that the sum of the coefficients of the expan- 
sion of 

{l-3aj-6aj« + 7a:»+9a^.... + (- 1)~ (4w- 1) o'"'-^}'* 

= 0, or ( - 2)", according as m is of the form 2^ or 2 o + 1. 
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CHAPTER XXL 

tirrSBEST AND ANNUITIES. 

Interest. 

171. Tofirtd the amount of a given sumfcr a given number 
ofyea/ra at a given rate^ simple interest. 

lict P = the principal in pounds. 

T = the interest of £1 for 1 yeaz; 
n = number of years. 
M = the amount. 

We have 

Interest of P for 1 year = Pr. 
„ n years = Pnr. 

Hence M = P + Pnr = P(l + nr) (1). 

M 

/, also P = -=~^=!=— (2). 

1 + nr ^ '. 

and r = — ^ (3). 

CoR. If interest be allowed fov fractions of years the above 
formulas hold. 

172. To find the amount of a given sum for a given number 
of years at a given rate, compound interest. 

Let It = the amount of £1 for 1 year. 
/. II = 1 + r. 

Also, the amount of P for 1 year = PH. 

}f P „ 2 „ = PH . H = Pxv . 

„ P „ 3 „ = PR* , R = PR». 

& z= &C. 



Hence also „ P for n years = PR". 

M = PR" 
and .-. log M = log P + n log R 



^^ = ^^" } (1). 
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M ^ 
Wo have also P = -g.„ { ^^^^ 

and log P = log M - w log R J 

And again, B = 7-^ 

1 y (^)- 

and /. log R = -^ (log M - log P) 



it/ 

K7 



Wo have also, T\P = ^ 

and .-. n = i2SJM[_=losP ^ ^'^' 

logR 

Cor. If n be fractional, and interest be allowed for the 
fractional part of a year at the same rate, the above formulas 
require modification. 

For, let n = m + -f where - is a proper fraction, and m 



an integer. 



P P 



to' 



We have, by (1). amount for m years = PR"*. 

Now amount of £1 for -- year = 1 + — . 

P P 

Hence, amount of PR*" for -- year, and 

P 

:, Amount of P for (m + — j yeara 

= PR-(l + -). 

It is easy to see here that interest is really reckoned in 
two ways, for whole yearS; and for a fraction of a year. If 
it be agreed that interest is to be reckoned for every mth' 
part of a year, we obtain^ different formula, as shown in 
the next article* ' ^ ' 

173. To find the amount of a given sum at compound 
interest, interest being reckoned m times a year, 

Xn n years thpre are mn distinct periods, for which com- 

/ 
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pound interest is to be reckoned. We therefore have to 

find the amount of a sum P for mn periods of time, when — 

m 

is the interest of £1 for one such period. 

Hence we have simply to apply formula (1) of last article, 

where we must put mn for n. and — for r. We then get 

M=p(i + r.r. 

Cor. Let m be infinite, that is, suppose interest to be 
considered due every instant, then 

Jl = limit of P I 1 + — j , when w = X : or, by Art 42, 

^ m^ 

M = Pc*^. 

Annuities. 

174. To find the amount of an annuity for a given time, 
reckoning simple interest. 

Let A be the annuity, n the number of years, r the 
interest of £1 for one year, M the amount. 

Then, amount due at the end of 
lyear=xA. 

2 „ =A + (l+r)A 

3 „ =A+(l+r)A+(l + 2r)A. 
ifea = (fee. 

n „ =A + (l+r)A + (l + 2r)A + &a + (l+w-l .r)A. 
Or, M = {l + (1 + r) + (1 + 2r) + &c. + (1 + n^ . r)} A. 

= {2x1 + n - I .r}^. A = wA + Jn(7i- l)rA. 

175. To find the present worth of an annuity to continue 
for a given tim^ reckoning simple interest. 

I. Let P be the present worth of an annuity A, which is 
to continue for n years. 

Then if P be put out to simple interest for n years, its 
amount will be equal to the amount of the annuity for the 
same time. 
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Hence, P (1 + nr) = nA. + J w (w - 1) rA. Tlierefore 

P_ nA + i w (n - 1) rA _ wA 2 + (ti - l)r . . ^ 

1 + wr 2 1 + wr ' 

11. There is another way of solving this problem, which 
brings out a different result. It proceeds on the principle 
that the present worth of the annuity is the sum of the 
present worth oi the separate annual payments. 

ThuS; present worth of A due 1 year hence = ■ 

1 + f 



A 



>l if ^ 99 



$9 9f ** W 



T + 2r 
1 + 3? 



fl » ** M 



&0. = &c. 

A 



, 

1 + nr 



Now, taking P as the sum of these, we have 

p= j 1 .+ l^.+ J +&C. +-.J_Ia (B). 

ll+rl + 2rl + 3r 1 + nr ) ^ ^ 

If this sum be put out to simple interest for n years, we 
shall find that its amount is not the same as that of the 
annuity for the same time. The reason appears to be that 
in reality we are reckoning both simple and compound 
interest. 

Thus, for any specified yeai', as the ^th, the present value 

of a payment A = . 

^ '^ I + pr 

It is true that at simple interest this sum amounts to A in 
p years, and we may allow this sum A to remain till the oi 
years are completed. But this is equivalent to interest upon 
tJie interest gained in the first p years, in addition to the 
interest upon the principal merely. 

"We shall presently find that when compound interest is 

reckoned throughout, the present worth of an annuity is the 

same by either method of proceduiu 

Q 
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176. To find the amtywnt qfan ammdty, reckoning compownd 
interest. 

We have 
Amount due at the end of 
1 year = A 





2 „ 


= A + AR 










3 „ 


= A+AR + AR' 










iSz«. 


= &c. 










n „ 


= A + AE+ AR2 + 


&c. 


+ A'R"- 


-» 






. R»*- 1 A 
' • R-1 r 


(Il» 


-1). 




Hence M 


r 


»-l). 









177. ^o find the present worth of cm annuity, reckoning 
compoTJi/nd interest, 

I. We shall proceed on the principle that if the present 
worth P be put out to compound interest for n years, it 
ought to amount to the same as the annuity for that time. 

Now, amount of P in w years = PR** ; 

And, amount of annuity for n years = — (R" - 1), 
Equating these we have 

PR- = £ (R» - 1), 
r 

:. P = £(l - R-«), 
r 

IT. We will now proceed on the principle that the present 
worth P is the sum of the present worths of the respective 
annual payments. 

We have, Art. 172, ^ 

Present worth of A due 1 year hence = .^- 

R 

2 - ^ 



l» 9i 



3 



P> IP W ;> 



_ A 

R« 

<fec. = <kc- 

_ A 
"R- 
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.p_A A A ^-. A^A R-^A,i_jj.„ 

We thus see that when compound interest is reckoned, we, 
arrive at the same result, hj finding the present worth on 
either principle. 

178. To Jind tlie present worth of an annuity to continue 
for ever. 

I. Reckoning compovmd interest. 

We have P = ~ (1 - R-"). 

r - ' 

A 

When w = 00 , the limit of R~" = 0: and then P = — . 

r 

Hence, the present worth of an annuity A to continue 

for ev§r-^ — . 
r 

TL." Reckoning simple interest. 

Taking the formula (A) in Art 175, we have 

- +(\- In 
p _ wA 2 + (w - l)r _ wA n ^ n) 

- + r 

n 
Now, whenw = oo , the limit of 

n'^\^' V^ = + (1 - 0)r _ , 

1 + r '" • 

— + r 

n 
Hence, the limit of P, when w = oo,=co .- = 00. 

This result shows that, reckoning so-called simple interest, 
an infinite sum of money is required to be left, in order to 
insure an equal annual payment for ever. 

It indicates therefore that the only correct method of 
computing annuities is on the compouna interest principle. 
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We should arrive at the same result by taking formula (B) 
of Art 63. 

179. To find the present worth of an annuity to commence 
in p yearSf amd to continue for q yea/rs. 

Amount of annuity A to continue for q years 

= 7 (R'-i) (1). 

Now, if P be the present worth, it will amount in {p + q) 
years to exactly as much money as the annuity, if left to 
accumulate for q years. 

And the amount oi'P va. {p + q) years = P . R'+*... (2). 

Hence, equating (2) and (1), we have 

P.R^ + J' = -(R* - 1); 
r 

Cor. If the annuity is to continue for ever, we have 
^ = cx) , and the limit of R"''"* = 0. 

Hence the present worth of a perpetual annuity which is 

A 

to be entered upon in jo years = - , R""**, 

T 

Ex, 1. A sum of £a is borrowed for a period of m years, 
to be repaid by equal annual instalments, the first payment 
to be made after one year. Find the amount of the annual 
instalment. 

Let A be the annual instalment. 

Then the amount of this annual payment in m years 

= :^ {R- - 1}. 

Again, if the sum a be allowed to accumulate for m years 
at compound interest, its amount = a . R** 
Now, these two amounts ought to be equal 
Hence we have 

:^- {VsT - \\ = a R", 

r ^ ' 

. A _ « R*" _ « 1 

r 11"* - 1 r 1 - R-*** 
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Ex. 2. A debt a now due, is paid off in n years by a series 
of n payments in arithmetical progression ; reckoning com- 
pound interest show that, if 6 be the first of the n payments, 
the common difference of the arithmetical progression is 

ctRV - h{Br - l)r 
R (Br _ 1 - 1) - (7i _ l)r' 

If we suppose the debt and the whole of the payments to 
be allowed to accumulate for the n years, the two amounts 
should be equal. 

Now, amount of the debt aian years = aR** (1). 

And, amount of the n payments in the same time 
= h Br-\ + (6 + cQ It'*-^ + (5 + 2c^) R'-s + &c. + (6 + n^'Vd). 
where d is the common difference of the A. P. 

But (Art, 130, Ex. 4) the sum of this series 

R * R/ ^ R 

^-*.R- + ;^. (R" - R) - t±IZhi (2). 

(2) = (1), then 

... K +3 (Br - K) = a . R" : or, 

r r r 

' d =. - aRV j-^6 (R** - l) r _ 
R'(R;'»-^ - 1) -" (7^- T)r' 

Ex. XXXVIII. 

1. Find the compound interest on X530 for 12 years at 3 J 
per cent. 

2. In what time will a sum of money double itself at 5 per 
cent., compound interest? 

3. Find the amount of an annuity of £50 for 10 years at 
4 per cent. 

4. A corporation borrows ^£3^769 at 4 per cent.; to be re- 
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paid in 30 years by equal annual instalments. What will be 
the annual payment ? 

5. Find the equated time for £320, £390, £450, due 
respectively in 6, 7, 8 months, simple interest being reckoned. 

6. In how many years will £1 amount to £5 at 6 per 
cent, per annum, compound interest 1 

7. A freehold bringing in £120 a year is sold for £1,920. 
Find the rate of interest. 

8. A debt of £1,200 is to be paid out in 20 years by 
annual payijjents, increasing in A. P. If the first payment 
is £70, what is the last payment ? 

9. If interest be payable every instant, in how many years 
would £1 amount to £6 ? 

10. The present value of a freehold to be entered upon in 
5 years is £1,600. Find the rent, interest being reckoned 
at 6 per cent. 

11. A property is let out on lease for a years at an annual 
rental of £b, and after c years the lease is renewed on paying 
a fine of £d. What is the additional rent equivalent to this 
fine? • 

12. An annuity a is found to amount in n years to the 
same sum as when 6 is put out for the same time at com- 
pound interest. Express n in terms of a, 6, r, where r ia the 
interest of one pound for one year. 



CHAPTER XXII. 

CONTIIOJED FRACTIONS, 



ISO, Let X be any quantity, rational or irrational ; and 

suppose that x = a^ + -,a?i = ai + — , 3^2 = 02+ — , <fec. ; 

-. OCi x^ . x^ 

where Aq, Oi, a^t a^, &Cf are respectively the greatest integers 
in X, 01, iCa, x^, &c. 
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"We tben have 



X = a^ + f or, as often written, 

aj + 

©2 + 



» = Ca + 



1111 



Such an expression is called a contirvaed fraction^ and it is 
rational or irrational according as the quotients Oj, 02, Og, &c., 
terminate or not. , 

The quantities Oq, Oi, a^, Oj, &c., are called incomplete 
quotients ; the first of them, Oq, may be zero, but each of the 
others must at least be equal to unity. 

The quantities x^y x^ x^, Ac., are called complete quotients; 
and when the continued fi'action is made to terminate by a 
complete quotient, the resulting expression is identically 
equal to the gives quantity cc 

When, however, it is made to terminate by the successive 
incomplete quotients, we get successive approximations to 
the true value of a;. 

Thus— 

(1.) We may express the true value of the given quantify 
X in either of the following wavs : 

Xi Oi + X 01+03+ a;, 

(2.) We may express the corresponding approximations as 
follows : •' 

- •. 1 / 1 1 ^ 

CL^i Clo "^ — J Oo + — J <CC. 

Oj Oi + a^ 

Cor. When the approximation to the given quantity x is 
expressed by terminating the continued fraction by an incom- 
plete quotient, we may obtain the true value of x by sub- 
stituting the corresponding complete quotient for the last 
incomplete quotient* 
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181. Conversion of a given fraction info'a'eontintied frac- 
tion, 

P . . - 

Let - be the given fraction, and let the ordinary opera- 

tion of finding the G. C. M. of P and Q be performed. 
W© will suppose the operation to stand thus : 

Q) P {a, 

ttoQ 
'p) Q (^ 

9)p((h 
a^ 



r) <fec 



Then we have 



Q Q p p q .q 

By successive substitutions we therefore get 

— - tVQ T • • • • • ■ • • • • 

Q 01+03 + 0,+ Or + 

It will be presently seen (Art. 184) that the approxima- 
tions obtained by terminating the continued fraction by 
the successive incomplete quotients are alternately less and 
greater than the given fraction; and further, that they 
gradually approach nearer and nearer to the true value. 
For this latter reason these approximations are called conr 
verging fractions y or convergents. 

p 
The convergents of— may be written as follows: 

Oq OqOi + 1 Oog|Oa +^3 + ^0 .^ 

, 1 Oi OjOj + ••• 

If we look at the third of these, we notice : 

(1.) Its numerator is found by multiplying the numerator 
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of the 'second convergent by the third incomplete quotient, 
and adding the numerator of ihejirst convergent. 

Thus, a^a^ + a2 + do = {a^ + 1) Oj + ag* 
(2.) Its denominator is similarly formed. 
Thus, OjOa + 1 = ai{a^ + 1. 

\The existence of a general law for forming these con- 
vergents may therefore be suspected. This law is proved in 
themext article, and may be expressed thus; 

Law of formation of the convergents. 

(1.) To find the numerator of the (n + l)th convergent, 
miiltiply the numerator of the nth convergent by the next 
incomplete quotient, and add to the product the numerator 
of the {n - l)th convergent. 

(2.) To find the denominator pursue a similar method. 

In order, however, to apply this rule practically, it is 
evident that we require to have found at least two conver- 
gents by ordinary vulgar fractions. But if we make use of 
a fictitioTis convergent for the first, we may then apply the 
above rule when we know only one other. 

Thus, assuming -- as the first convergent, we may form all 

the convergents by the above law, if we only know — ^, the 

first approximation, and the successive incomplete quotients. 
The accompanying table exhibits this to the eye at once. 



Incomplete ) 
Quotients. J 


1 


1st 


1 

2nd 


Cto 


«8 


ikc. 

&C. 

&c. 

1 


Convergents,.... 


affVi + 1 


a^a^ + 1 


Order, 


3rd 


4th 





CoE. If we designate by Pq, P^, '£^ Pg, &c,, the numera- 
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tors, and by Qq, Q^, Qg, Qg, &c., the denominators, of the 
successive convergents, we have 

Qo = 0, Qi = l, Q2 = ai> Qg = o^ag + 1> <tc- 

182. To show that T^ = a„Pn_i + Pn-a, 
and that Q^ = a^Qn«i + Qn-a- 

We shall assume the rth convergent to be formed according 
to this law, and then show that the (r + l)th is formed 
according to the law. 

By the last Art. we represent the rth convergent_by 
"We assume, then, that 

Pr-i = a,.-iPr-2 + Pr-8> and) f-i X 

Qr-l = «r-lQ.-3 + 0.-8, J ^ ^^ 

. Pr-1 _ C&^-lPr-2 + Pr- 



3 



Qr_l ttr-lQr-a + Qr - ; 



(2.) 



Now, Art. 68, Cor., we can from this expression obtain 

p 
the true value of - , if we replace the incomplete quotient 

a^-i by the corresponding complete quotient a;,._i. 

We then have ?- = ^--^-^^-^-z^ 

Q a;^_iQr-a + Qr-8 

But, Art. 180, a;^_i = a^^i + — j we therefore have 

p ^ (^r-l + -)Pr-a + Pr-8 fl;^(,,^_,P^_, + P.^3) + P.-a 
Q , , ^\n , r\ a;r(»r-lQr-2+Qr-3) + Qr-a' 

(a,..i+-)Qr-a+Qr^s 

, ,-. P aJ^Pr-1 + Pr-a 

or, by (1), Q = ,;q - ;— q;-- 

Now, replacing x^. by the corresponding incomplete 
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quotient a^, we get the (r + l)tli convergeni Thus we 
iind— 

The numerator, P^ = o,Pr_i + Pr-aj 
The denominator, Q^ = OrOr-i + Or -a* 

Hence, on the asstimption that the law is true for the 
numerator and denominator of the rth convergent, we have 
shown it to be true for that of the (r + l)th convergent. 

Now, we know. Art. 181, it to be true for the 3rd and 4th 
convergents ' it is therefore true for the 6th ; and hence for 
the 6 th, &o. We conclude, then, that it is generally true. 

183. To show that P^Qa-l - Qn^a-l = (- 1)^ 

We have 

P» = ^nPn-l + Pfi-a^ 
Q« = »«Q«-1 + Qn-a* 

We easily get 

^n "■ Qn-a ,; Qn-1 

PnQn-1 "" Qn-l-tfi-a = Qn-Pfi-l ~" Pn-lQn'-2> Of, 
,"" (PnQn — 1 ~ QnPfi-l) = Pn-lQn-a ~ On — l-^n — »• 

Or, multiplying each side by (- l)""^, we have 

(- l)-(PnQ„_l- Q„P,_x) 

=•(- l)"-'(P._iQ._, - Q„_iP,_,). 

We learn from this equation that, whatever he the value of 
r, the quantity (- l)** (P,.Q,.„i - Q,P,._i) has a comtcmt 
vaJ/ae. 

When r = 1, it becomes (- 1) (PiQo - Qi^o) 

= -(«(, X - 1 X 1) = 1. 

We then have 

Constant value of (- Vf (PrOr-i - Qr^r-i) = L 

Put r = n, then we get 

P»Q.-i - Q.P„-i = ^j5 = -^^'^ <" ^^" ^•^•^' 
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Cob. 1. Hence, dividing each side by Q»Qh-.19 "^^ Have 

On Qn.l ^ ^ QnOn-l.' 

Cor. 2. iiZZ converging fractions are in their lowest 
terms, 

ForwehaveP^Q^^i - QnPn-i = (- 1)". 

Hence, if F« and Q^ have a - common measure, this 
measure must divide unity. And the same may be said 
of the common measure of Pn-i and Qn-i> if any- 

184. Of two consecutive convergents, the one is greater amd 
the other less them the true value of the continued fraction^ 
and each convergent approaches more n,ea/rly to the true value 
than the preceding, 

PP. 
Let ^c^^^y ^ be consecutive convergents to a continued 

fraction whose true value is x. 

Then we have 

SB P + P 
a = JL_5 ^Lzl ; from which we h&re 

*«• - p.-oKj. ' '' q;::; "^^ " "5—- ^^^• 

Qn 

Now Q„, Qn-i, x^ are positive quantities. 

P P * . 

Hence, x - yy^ and — ? - x arc of the same sign. 

P P . 

Therefore z lies between """^ and —-, which proves the 

Q»-l Qn ■ 

first part of the proposition. 

Again (Art. 177), x^ (a complete quotient) is greater. than 
unity. 

Also, ^^^ must be greater than unity. 
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P. 



X - ""-^ 



Hence, from (1), ^"-^ > 1 ; 

— " - JC 

Qn 

that is, the difference between x and ~^ is greater than 
that between —? and aj; 

P 

Hence -^ ia a nearer' approximation to the true value of 

p 

a than ^—^^ 

Qn-l 

CoR. Since ihejlrst convergent is - , and the second^, it 

follows that : 

Convergents of an odd order form a decreasing series, and 
convergents of an even order form an increasing series, each 
series ^^ually approaching to the true value of the continued 
fraction. 

186. To Jind the limits of ike error in taking ■ **"' as an 

y a ~ 1 

approximation to the true value ofii. 
By Art. 68, we have 

X = ^^J^JL^Lizi ; hence 

««Qn + Q«-l 
^ _ Pn - 1 ^ ^nPn + Pn — 1 _ Pn-1 

Qn-l a«Q« + Q„-i .- Q„-.i 

_ ^»(PnQn - 1 — Q nPn ■- 1) ^« l^^ A ^ TA 



(-i.r- 



a:" 



Q«-i(a;«Qn + Q«-i) 
=.(-1)". ^ 



Q,-l(Qn+ ^Qn-l)* 
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Now x^ia >l, and therefore — > and < 1, 



»» 



Hence 

Qn-l Qi.-lQ» Qn-l (Q« + Q— i) 

Cob. 1. Since Q„lii« < Q„, and /. Q'n-i < Qn-iQm 
aiid Qn-iQn < Qnl WO have 



Cor. 2. Hence if it be required to find a convergent 



Pn-X 



Qn-l 

which differs from a; by a quantity less than any given 

quantity - , 'we must find the successive convergents until 
a 

we reach one whose denominator Q»-.i is ^ Ja, 
186. Any convergent ~ approaches more nearly to the vahte 

Qn - "'■■ 

ofn than <my other fraction whose denominator is < Qn. 
Let ^ be any fraction which lies between ~ and os. 

If ■? be a convergent, then (Art. 184) q is necessarily > Q;». 

But if ^ be not one of the convergents, then, since x lies 
between ^and - ** ~ ^ , and ^ lies between 7^ and a?, it follows 

Qn Qn-l q Qn 

that 

-^lies between -^ and , "~^ . 

2 Qn Qn-l 

HenCe^~^l< 55co5^< ^nQn-l^^ QnPn-l 
^ Qn-l Q; Qn-l Q«Qn-l 

But(Art. 183) neglecting the sign, PnQn-i ~ QnPn-i = 1 5 
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/.-?ie» ?*^ < — i ,or 

"' q Qn-l QnQn-l' 
i^Qn-l ~ q^n-1 < ^' (1). 

Now ^Qn-i^S'Pfi-i cannot bo equal to zeroy for then 

^ = ""^ , which is contrary to our hypothesis. And hence, 
q Q»-i — 

since p, S', Pn - 1> On - 1 are all integers, 

pQn - 1 ~ 9'Pn - 1 cannot be less than unity. 
Therefore the condition in (1) is impossible, if 5^ < Q„. 
Hence no fraction £- can approach more nearly to the value 

q 

p 
of X, than the convergent —*, if 5^ is < Q„. 

187. To solve the indeterminate equation 

ax + by = c 
6y means of a continued fraction. 

Let -- be converted iiito a continued fraction, and let ^ be 
b q 

the convergent immediately preceding the last f viz. , - J. Then 

we have (Art. I83)> 

aq " hp = ±1, or o(± cq) - b{± cp) = c. 

Or, adding and subtracting dht, we have 

a(bt ± cq) + h{± cp " at) = c. 

Comparing this with the original equation, we see that 
the givea equatioix ia solved by putting 

X = bt ± cq 
y = + cp - at, 

Ex. Reduce ^ to a continued fraction and find the 

convergents. 
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100000 


314159 
300000 


14159 


100000 
99113 


887 


14159 

887 


• 


5289 
4435 


864 


887 
854 


S3 


854 
66^ 




194 
165 


29 

•• 


33 
29 


4 


29 
28 


1 


4 
4 



15 



25 



The continued fraction is 

3 1_ J_ 1 1_ 1. JL 1 

7+ 15+ 1+ 25+ 1+ 7+ i' 
And the convergents 
3 22 333 355 9208 9563 76149 314J59 
1' 7 ' 106' 113' 2931' 3044' 24239' 100000 
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Ex. XXXIX. 

Reduce to continued fractions : 

5. Why is f ff a nearer approximation to tt than y 1 
a Show that 5^ = ^« + i " ^n-i 

Qn Qn + l - Qn-1 

7. If a„«i be the nth incomplete quotient, prove that 

a = / (P« - ^-») (Q» - Q.-») 

p 

8. If r~ represents the (r + l)th convergent, show that 

(PnQn-l - Q«Pn-l) (P«-lQ»-8 - Qn-lPn-j) .... towfactors 
p - - . 

9. If vr* represents the (r + l)th convergent to the frac- 

p 

tion-^, show that the {n + l)th complete quotient 

QPn-PQn ' 

10. Prove that ^ - ^ = 

1 l__ , 1 . 1^ ^. 

1 



(- 1)-^ • 



Q«+iQ, 



11. If ^ be a convergent to a given quantity re, show that 

no fraction having a less denomiiiator than q can be a nearer 
approximation to x than =?. 

12. Solve in positive integers the indeterminate equation 
Zx - 6y = II. 
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Beduction of Qaadratio Irrational Quantities to 

Continued Tractions. 

188. Every quadratic equation with rational coefficients 
may be reduced to the form 

cuxP + 2 hx + c = 0, 

-where a, 6, c are integers, either positive or negativa 

Solving this equation, we get 



^ J h^ — ac — b ,., , , 

X = , which may be also 

a 

written as = -^ 2L. , 

± a 

we put N = 6' - ac, we have 

a + a 

Hence, since for the purposes of continued fractions we 
need consider only the magnitvde of these roots, and since, 
too, we may so choose the sign of a that x shall be always 
positive, we arrive at the following result : 

The roots (neglecting the sign) of a quadratic equation 
having rational coefficients may, when irrational, be always 
referred to the form _^ 

where 

(1.) jt? and q are integers either positive or negative, the 
sign of q being so taken that x shall be positive ; 

(2.) — —^ is an integer. 

Continued fractions developed from such irrational quan- 
tities are called irrational continued fractions of the second 
degree. 
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189. To express 2^ as a corUiniied fraction, Pq and 

<lo ^^^'^ integers, and t/ie sign o/qQ being so taken ifiat the 
expression shaU be positive, and where also — I-E5L is an 
integer. 

Let Aq be the greatest integer in ^ 2p = x, suppose. 

Thenx = a,U'J^-±P^-a,)==a,-, J^'(^o%'Po) 



^ " n/N + {a,q, - p,) 



•"*1^. ("• 

whero q, = ^ - Mo - ^o)^, 
and p^ = a^q^ - p^. 

— '= tr^ + - 



"We then have a; = a^ + ^"^s — ^ '= a^ + — (2), 



where x. = n/N_+_^ 



9i 

We may notice that x^ has the saTTW /orm as the given 
quantity x; and we may therefore in the same maimer 
obtain as complete quotients x^, x^, <fec., expressed in the 
same form as x. 

We may then write x = "^ "*" ^0 = a.^ 1, 

% ^\ 
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<kc. = <tc, 

where CTq, rt^, ao/&c., are all positive integers; and where 
iCj, ojj, iC3, <fec., are also positive quantities greater than unity. 

We hence have 

^111 1 



• • • • 



• • • • 



a^ + ttg "^ '^s ■*" 



»!» + 



the required continued fraction. 

Ex 1. Reduce ^ — to a continued ftaction. 

4 

The expression is positive, 2\ a^id S'o ^re integers, and 
V -Po' _ 17 - 9 _ 4 

It therefore answers the required conditions. 
Wo have, since uniti/ is the greatest integer in the given 
surd, 



^17 + 3 ^ 
4 



s/17 + 1 



. 4 



+ -. 



4 
17 - 1 



- l) = 1 + ^_zi 

4 



4(V17+ 1) 
1 

jn + 1 



,-. = 1 + 



^/l7 + r 



• (1). 



17-9 , . 2 



- 3 



4(^17 + 3) 
1 

s/17 + 3-- 
2 



= 1 + 



s/17 + 3 



(2). 
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4 

/17 + 3 
We have thus arrived at a quantity ^ — exactly the 

same as that with which we started. The quotients will 
therefore recur. 

We then have, by successive substitution, 
V17 + 3 ^ 1 + J^ 1 X 1 



1+ 3+ 1+ 3 + 



• • • • 



Ex. 2. Reduce ^26 to a continued fraction. 

Here p^ z= 0, qQ = I, and the given expression answers 
the required conditions. 

V26 = 5 + ( V26 - 5) = 5 + ^f " ^^ = 5 + -y^-R- 

^^ -^ n/26 + 5 ^/:^6 + 5 

Hence ^26 + 5 - 10 + -7— . 

/s/26 + 5 

And so, by successive substitutions, we get 
^26 = 5 + j^ y^ jQ- . . . . 

190. To show tJiat (I) Pa = aa_iqn-i - Pn-l 

We have, in the last Art. 

'a,. = i^_±J.« = a. + J_ (1). 

$'n a'n + l 

Putting n - 1 for w, then 






X^ = 



(2). 



(1) = (2), then 

^ ^P- = -^,,j —Sn^l ^ J or, reducbg, 
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Equating tlie rational and irrational terms, then 
and N - f?„(an-i9'»-i - Pn-^i) = gn^n-i, or 

The expressions (i.) and (ii.) just proved contain the law of 
formation of the complete quotients, and hold for all positive 
integral values of n, 

191. The quantities pi, p^, Pa, &c., and qi, qo, qa, ot'c, are all 
integers, and Tooreover, after a certain value of n, p^ and q^ 
are positive integers. 

We have (Art. 182) x^ = ^"^^ "^ ^""' . 

Hence also, replacing the incomplete quotient a„ by the 
complete quotient a7„, we get 

«^nQn+Qn-l ^^' 

Butaj = J^/^Jt^?, x^ = ^^^^?i^j then we have from (1) 

J^+Pn . P + p 



qn ' " 
Reducing, then 

Qn. N + jt?o(Qnit?n + Qn-l?n) + (Qni^O + Qni^n + Qn-l!Z«) ^/N 
= PnS'o. n/N + qo {^nPn + Pn-l^'n)- 

Equating the rational and irrational parts, we have 

QnPo + Qn^» + Qn-l^n = ?«?()..... (2). 

Q„. N + i?o(Q«i^« + Qn-lS'n) = q^(^nPn + Pn-^)..- (3). 

From (2) we have 

QnPn + Qn-lS'n = Pn^Zo " QnPo j ^ud from (3) 

{J^nS'o - Q>pPQ)Pn + (I'n-iS'o - Qn-ii^g)y« = Q»N". 
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Solving for q^ we get 
Hence, since (Art. 183) P„Q^ _ i - Q„P„ _ ^ = ( - 1)«, we have 

(-1)- (-1)- ^ ' ' 
•.2«=^^"{(P.i?.-Q»^.):-Q»'N} (4). 



<[o 



{Q«-lQ«N-(P,_j3,-Q„_,i>o) (P„?o-QnJfo)} •• (5). 



Now the expressions in (4) and (5) may be easily expressed 
thus: 

y, = (- 1)" { P.'?,- 2 P»Q^,- Q«f . ^5^:^' I , and 

(-!)"{ Qn^lQn. ^^' - P«-lPn2o - ^nOn-lPo " Qn^n-lPp } • 

Now — I^ is by hypothesis integral ; and hence, since 
2o 

all the other quantities in these expressions are integers, it 

follows that Pf^ and q^ are integers. Moreover, after n has 

reached a certain limits they are positive integers. 

For from (2) 

buta:„ = i^J-Aorg.= ^^?:±-^«. 
Therefore, substituting, 

"07 — ^^ "Vq-^^ ^«; ^- 
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P 



. Qn-l _ 



~-^ = ^n 



(q;- ^^-Po)'P. 



Now -^ is the {n + l)th convergent to a;, or ^^ 2? ; and 

it differs the less from a;, the greater the value of n (Art. 70). 

p 
Hence by taking n large enough -Ji . g^ -p^ may be made 

to differ from .^N by as small a quantity as we please. 

Hence, when n has attained a certain limit, 
^"^ differs fi'om ol . V . "/^** by afi small a quantity as we 

please. 

Now if jp„ is negative, «„ • -^k j" ^ greater than unity, 

and therefore -ly^ > 1, or Q„_i > Q^ 

But this ia impossible, and therefore p^ cannot be negative. 

Hence p, is a positive integer, after n has reached a certain 
limit. 

And so we may show that g^ is a positive integer, after n 
has reached a certain limit. 

192. TJie continued fraction is periodic afteft a certain 
number of quotients. 

For (Art. 190) we have ;?„ + i>«-i = o«-i9«-i 0)- 

and qnqn-i = N - p^^ (2). 

Now, by the last Art., after a certain limit, y^ and q^ are 
positive integers. 

We shall consider only the portion of the continued frac- 
tion beyond this limit. 

We have then q^ 5'„-i, each positive integers 

Therefore from (2) p^ < >/N , 

and therefore, also, Pn^i< \/ NT 

Hence from (1) w© have ffn-ig'a^i < 2 >AN. 
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Now a„_i is a positive integer, and Q'n-i is such. 

It must therefore follow that a»_i < 2 \/N, 

and g«_i < 2 /s/N. 

Or, putting w for w - 1, we find that for all values of 
o^, p^ q^ beyond a certain limit, we must have 

p, < ^^, an<2 n/N; q„ < 2 JW. 
Hence the values of a^ p^, q^ are limited, and the complete 

quotient a:^ = — ^ must have di, finite number of differ- 

ent values, as must also the incomplete quotient a„. 

Therefore commencing with the first complete quotient in 
which pn and q^ are positive, the values of a„, p„, q^ will 
recur, and the number of quotients in the period cannot 

exceed 2 ^/N x ^N, or 2 N. 

CoR. Since from (2) we have 5„^„_i < N, 
we have also 5'»-i9'n-a*^ N". 

Hence, if Jn - 1 > sf^f we must hare q^ < a/NJ and 

Sence, if any denominator of a complete quotient is 
> \fN, the denominators immediately preceding and follovy 
ing are each < iJ~W. 

Ex. 1. If N = a* + 1, find \AN in the form of a con- 
tinued fraction. 

Sr = a+( Va*+l-a) =a+ ^ — = a + 



V a- + 1 + a _ ^/N + a 
Hence^ by successive substitution, we get 

nAN - a + ^- ^ 1 

2 a + 2 a + 

/~27 + 3 
Ex. 2, Develop ■'^ — ^r as a continued fraction. 
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2 2 2(^27 + 6) >/27 + 5 ^ ' 

1 1 t'27 + 5 _.. -s/27 + ' 



t • 



^ =5 + -^-—- — =0 + ^. ,^ =5+—== ...(3) 

Hence, by Buccessive substitutions from (1), (2), (3), wo 
have -^ii±3 = 4 + -J-_L_i L_. 



2 10 + 5+ 10 + 5 + . 



9 » t 



193. -St»ry periodic continued fraction is Hie development of 
one of the roots of a quadratic equation. 

Suppose tbe period to commence after the quotient x^^^^ 
and to consist of x' terms. 

Then we must have Xjj^-x^^gf (1) 

Also we have g.,a^m^m + Pm-i /2^^ 

And (T - ^"»+^^"'+^ "*" ^m+/+i 

which, by (1), ^ a;^P^4-^ + P^+^,i 

From (2), solving for o;^, we get 






Pm-1 ~ ^*^Qm-l 

And from (3), solving for a?«, we get 

Equating these, we have 

from which we get x as one of the roots of a quadratio 
equation. 
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Ex. If a; = 1 + - — - — - — - — ', express x 

2+3 + 4+3+4 + ' ^ 

as the root of a quadratic equation with integral co^cients. 

Put V = ;j — , then we have 

3 + 4 + 

«J= 1 + «-^ (1). 

and x= 1 + L ^ -J— (2). 

2+3+4 + 2/ 

From (1) 2/ = ^ " ^,^ j and from (2) y = ^^_zJ^, 
^ ^ '^ a - 1 L > ^ ^ '^ 7 a; - 10 

TT^ r, 3-2a; 43 -30 a: . ,./• • 

Jtience we nave = ■— --. ; or, simplifying, 

16 «» - 32 o; + 13 = 0, from which x = — -^. 

4 

!Ex. XIj. 
Develop as continued fractions : 

I. a/Io. "' 2. JU. 3. Vl9. 4. V29. 5. ^-±A 
- v'22 + 4 ^ ^/28 + 5 „ ^/J + 1 

^ — 3 — '•— 3 — ^-:jr^v 

Express as continued fractions the roots of the six follow- 
ing equations : 

9. 3ar - Sa + 2 = 0. 10. 5 a- - 6 re - 7 = 0. 

II. 2ar - 5a; + 1 = 0. 12. ~ = -i— + 1. 

X X + 2 

13. X + \/a; + 2 = 3. 14. a;= - 4 aa; + 3 a' = 1. 

1 1 



15. Find the value of + 



10 +10 + ••,o' 
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16. Show that the product of the infinite continued 
fractions 

. and 4: + ^ — -^ — 



2+3+4+2 + ' 3+2+4 + ' 



IS 1 — . 

7 



17. Show that 



/_}__ J:_ J__A___J^ W , 1 11 1 X 

\m+ n+ p+ q+ 7n + . , . J \ p+n-i-m+q + ..,./ 



m + p + mnp ' 

18. Show that 

(a + _i_ .—1—) (« - JL _i — )= v«-rri. 

\ 2a+ 2a + ..../\ 2a- 2a-..../ 

19. Find the value of 2 + -L -L J- i- -— 1— . 

1+ 2+ 3+ 2+ 3 + 

20. Find the first four convergents to the greater roots of 
the equations in examples 9, 10, 11. 

21. Show that the roots of a quadratic which can be ex- 
pressed as a recurring continued fraction are of contrary or 
the same sign, according as the recurring period commences 
with the fii'st quotient or not. 

22. When the two roots of a quadratic are developed as a 
continued fraction, the quotients of the recurring period 
occur in reverse order. 

P P P 

23. If ^^^^"^ ' rT^ ' YT ^® successive convergents to the 

continued fraction 

(h ^ (h 

hi+ ^3 + 63 + . . . . 

bhow that^« = \^""' "^ r"^""S a^d find whether the 
successive convergents are necessarily in then- lowest terms. 
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1111 

24. If ~ ^ — - — = be a periodic continued 

a+ + a+ 6 + . . . . 

fraction, show that 

•Pn + 2 + -Pn-a _ Qw + S "*" Qn - 3 _ >,;i i O 



CHAPTER XXIII. 

SERIES. 

194. A series is said to be convergent or diviBTgent accord- 
ing as the sum of n terms has or has not & finite limit, when 
n is increased indefinitely. 

Thus, the series 1 + ~ + -- + (fee. is convergent* 

3 9 

1-1 

3 3 

And hence, when w = oo,2 = -{l-0) = ^. 

Again, the series 1 + 3 + 9 + <fec. is divergent. 

And, when w = oo , we have _ (3* - 1) = oo • 

195. If all the terms of an infinite series a/re of the same 
sign, and each term is always greater than some given finite 
guaniity, the series is divergent. 

Let each of the terms be greater than a ^ven quantity h 
Then, the sum of n terms > vk. 
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Now, if n be indefinitely increased, nk k greater (ban any 
assignable quantity. 

Hence there is no limit to the sum of the series when n is 
infinite^ and therefore the series is divergent. 

196. If the term of an infinite series he aUemaiely positive 
and negative, and tlie terms contijmall]/ decrease, the series is 
convergent. 

Let a-5 + c-«Z + c-y+ &c, be the series, where 
the quantities a, h, c, d, &c.y continually decrease. 

Wethenhave2 = (a^6) + (c-rf) + («-/) + &c., .... (1), 
and 2 = a-(6-c) — (<i-6)-&a, (2), 

From (1), since a >h, c> d, &c., we learn that S > a — 6. 

And from (2), since h > c, d > e, &c., we learn that 2 < a. 

Hence 2 lies between a and a — h, and therefore is finite j 
and the series is convergent. 

197. When tlie terms of an infinite series are such that after 
some finite number ofterTns, the ratio o/each term to the pre- 
ceding is numerically less than some proper fraction, the series 
is convergent. 

Let Oj + ^2 + ^3 + ^^' ^ *^® portion of the infinite 
series, after, a finite number of terms, in which the ratio of 
each term to the preceding is numerically less than a given 
proper fraction k. 

Then we have d^ < ka^, a^ < ka^j kc 

Hence 2 < a^ + ka^ + Ica^ + &c. < - — 1-. 

This portion therefore of the infinite series has a finite 
limit. Now the sum of the finite number of terms before 
the terms Oj, ag, a^, &c. is necessarily finite. Hence the sum 
of the whole series is finite, and the series is convergent. 

CoR. 1. In the same manner it may be shown that 

When tlie terms of an infinite series are stich tluzt after some 
finite number of terms, the ratio of each term to the preceding 
is nvmericaUy greater than unity ^ the series is divergent. 
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Cob. 2. So also we may prove that 

When after some finite nvmber^ the ratio of each term to tJie 
ftreceding is unity, and t/ie terms have all the same sign, the 
series is divergent. 

Case when the Batio of each Term to the Preceding 

approaches Unity. 

198. THien the ratio of each term to the preceding is less than 
unity, but stiU approadies unity, the series may be convergent 
or divergent, * 

111 

199. To show that the series _-^ + --- + -r- + dte. is con- 

1™ 2™ 3™ 

vergent whefn m is greater tlian unity, and divergent when m 
is equal to or less tlmn unity. 



The ratio of the nth to the (n - l)th term = ;^ v 7 



n"^ ' (n - 1)"» 



n 

This ratio is less than unity, but continually approaches 
unity as n is indefinitely increased. 

(1). Let m be less tluin unity. 

Now, S, = ~ + --+^+ + --. 

And the least of these terms is — • 
Hence, S„ > w times - - > w^ "**. 

But since m is less than unity, 1 - m is positive, and the 
value of 71^ ~ "* increases indefinitely as w is increased. 

Hence, as n is indefinitely increased, the sum of n terms 
becomes greater than any assignable quantity. 

The series is therefore divergent. 
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(2.) Let m be eqiuil to unity, 

TheiiS= l + i+ (1+ I") + ('1+ X+ 1 +A) 

11 1 1 

> 1 + A + _ + i. + _- + &c, 
2222 

Hence 2 is^ greater than any assignable quantity, and the 
series is divergent, 

(3 ) Let m be greater tlian unity, 

WehaveS = l + (l + i-) + (i + ^ + l + -L) 

Ill 

w ^ «j 

Now this is a geometric series whose common ratio is — L- . 

It has therefore a finite sum. Hence the ^ven series has 
also a finite sum, and is convergent. 

200. If two series, u^ + Ui + U3 + ...., v^ + Vj + v- + .... , 
he such that tlie limit of -^ when n becomes infinite is a finite 



Va 



quantityj then the two series are both convergent or both 
divergent. 



Let -1 = Ajq, -1 = ^,, . . . . , - " = ^„, &c. 
'^ V, ^ v^ 



And let h be the limit to which h^ continually approaches 
as 71 is increased indefinitely. 
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We have • 

^n + w„ + x + w„ + i + .... = Kv^ + ^„ + iV„ + i 

+ ^n + 2V« + a + (1). 

Now, as Zj is the limit to which Z:„ continually approaches, 
all the ratios ^n> ^n + 19 • • • • ? niust lie between h •{■ h and 
k - h where ^ may be as small a quantity as we please. 

Hence, h^v^ + ^n + A + i + ^n + 2^n + 2 + . . . . lies between 

(]c + h) (Vn + ^n + i + v» + a + ) and 

(^ - h) (t7„ + v^ + i + v„ + 3 + ), 

where 7^ is as small a quantity as we please. 

Hence, from (1), w„ + w» + 1 + w* + 3 + • • • • lies between 
ijc + h) (i7„ + v^^.1 + v„ + 3 + ....) and 

(^ - h) (v„ + t;„ + ; + v„ + 5 + ), 

where A is as small as we please. 

Hence the series w« + Wn + 1 + w„ + 2 + . . . . will have a 
finite limit according as the series v^ + 'i^n + i + v„ + 2 + • • • • 
has a finite limit. 

The two series, w^ j- w„ + i + w^ + g + . . . . , and 
^n + ^n + 1 + ^n + 2 + • . . . , are therefore both convergent or 
both divergent. 

And since the finite number of terms preceding w„ and v^ 
cannot affect this conclusion, it follows that the given series 
are either both convergent or both divergent. 

201. The series ^ (1) + ^ (2) + ^ (3) + ^ (4) + ike, aiid 

^ (1) + m </> (m) + m^ ^ (m^ + m' <^ (m*) + <t-c., 

are convergent and divergent together, when ^ (x) is positive, 
and continually diminishes as x increases, m being a positive 
integer. 

By extending the first series we may write it thus 
^(1) + ^(2) + ^(3) + </»(4) + &c. 

+ {<t>(2) + <f>{S) + + <l>{m)} 

+ {<t>{m + I) + cj>{m + 2) + ^ (m=)} 

+ {^m? + 1) + <t>{m^ + 2) + <^(m»)} + &c (1). 

s 
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But since the quantities ^ (1), <^(2), <^ (3), <fec. are positive, 
and continually diminish, we have 

^ (2) + ^ (3) + + <l>(m) > (m"l)<f) (w), and 

<(77*-l)<^(l), 

^(w + 1) + <li{m + 2) + . . , . + <l>{m^) > {m? - m) ^(m-), and 

< (m' - m) ff> (w), 

4>{rf?-{-l) + ^(m^ + 2) + + ^(m^) > {m^-m^ ^(m*), and 

&c., &a 

Hence, adding these inequalities, we have, by (1), 
^(1) + 4>{2) + 4>{Z) + <^(4) + &c. 

><^(1) + (w- 1) {^(w) + m^ (m?) + mV (w') + &c.}, 
and ><^(l) + (wi-l) {</»{!) + m^irn) + 7nr<l>{vi^) + <fec.|. 

Or, arranging, we have 

+ ?illl{^(l) + m<^(m) + 7)v'<f>{nr) + m^<l>{m?) +&c.}.... (2). 

And< <^(1) + (m- 1){<^(1) +m<^(»w) + m=</»(m^ + &c.}... (3). 

From (2), we learn that when the second series is divergent, 
the first is divergent; and from (3), that the £rst is con* 
vergent when the second is convergent. 

Ex. The series ^^ + Wg + Wj + c . ^ is convergent when the 

limit of Z^^SJ^ is greater than unity, and divergent when 
log n 

the limit is less than, or equal to, miity. 

By what has just been proved, 

The two series t^ + w« + w, + t^ • • . , and -- + -- + ---- 
+ .... are both convergent or both divergent, if the limit, 
when n is infinite, of the ratio w„ : — is a finite quantity. 



Let h be this limit. 



n"* 
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Then, when n is infinite, we have 

«„.%'* = k, or log Un + «i log w = log k} 

- loff w„ log k 

log ?» log 7i 

or, since the Hmit of J^ = 0, tiie limit of Z^Si!b = m. 

log n log w 

111 
Now, by Art. 189, the series _-+_- + 5- + 13 

convergent when m is greater than unity, and divergent 
when ?;» is less than, or equal to, unity. 

Hence, since m is the limit of " , ** , and in that case 

log n 

the convergency or divergency of the series u^ + U2 + u^ 
+ . . . . depends upon that of the series _--+-_ + _-- + &c., 

L JL o * 

it follows that the series t^^ + Wg + M3 + . . . . is convergent 

when the limit of ~ , ^ ^^ is greater than unity, and diver- 
log n " 

gent when equal to, or less than unity. 

Ex. XLI. 

Test the convergency or divergency of the following 
series : — 

^' iTa "^ 577"^ 9:11 *•••• 
9 1 + 2 . 3 

H li Ti 

o 1 ^1.3^1.3.6. 1.3.6.7 - 

J, a . 2a^ ^ 3a^ . 

4. 5. 4. + -- + • • • • • 



I g + 1 [g + 2 



a + 3 



a . a^ €? 



^' ^rr6'*'(a + 6)(a + 2 6)"*'(a + 6)(a + 26)(a + 3 6)"''"' 
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^' i^^^'^ (a + 6)(a + 26)^ (a + 26) (a + 36)"^ ' ' * ' 

c, , . 2n(2w-l)^27t(2 n^l)(2rt-2)(2n-3) , 

8. 1 + J--2 + 1.2.3.4 ^ "*'"'• 

a; 2»ar^ 3«a^ . . n^x- 

^- 2 "* 2m ■" sm "*■ " " \^ 7?n ^ ' • •• 

in 1 4. « ^ J. ^(^-lila^ + «(a + 1) (fl& + 2) , 
6 6(6+1) 6(6 + 1) (6 + 2) 

11. Show that the series whose nth term is <l>{n)af* Ib 
convergent or divergent according as the limit of ,T J ^ x9 
when n is infinite, is less or greater than unity. 

* If the limit be negative, or unity, what is the test you 

apply' - . 

12. Show that the ~ + j— ^ + ^ ^ o + . . • • is con- 
vergent, and that the error in taking the first n terms for 

the series is less than =r^ =-. 

(n - 1) |n - 1 

Becurring Series. 

202. The series a^ + a^x + a^ + . . . .ia called a recur- 
ring series, when the relation existing between every set of 
(r) consecutive terms can be expressed by the equation 

where p^, p^ p^, Pr~\ are constant quantities, and 

where n may have any integral value. 

, It is usual to call \ •{■ p-^x + p.^ + . . . . + Pr^i^'^ 

the scale of relation. 

A simple case is an ordinary geometric series. 
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Thus, in the series 1 + 2 x + i a^ + S a? + , . , , ywe have 
Oo = 1, o^ = 2, Oj = 4, &c., a^ = 2*, <fec. 

Hence -^^ = - — r = 2, or a- -' 2 «-_, = 0. 

^ On — 1 ' " » — * 

This equation expresses generally the relation existing 
between any two consecutive terms. • 

So we have a, - 2 Oq = 0, ag - 2 Oj = 0, ag - 2 a^ = 0, &a 
And ^ scale of relation of the series is 1 - 2 a;. 

The following examples will illustrate the method of find- 
ing the scale of relation of a given series. 

Ex. 1. Given the series 2 + 2 a;-4a'-22{B"-46a^-&c., 
find the scale of relation. 

We can see that the given series is not an ordinary G. P., 
and therefore its scale of relation will consist of more than 
tivo terms. 

Assume it to be 1 + p^x + p^^ 

Thenwehave - 4 + 2p^ + 2 p^ = •••(l)i 

- 22 - 4 j7j + 2p^ = (2), 

- 46 - 22^1 - 4 p, = (3). 

Prom (1) and (2) wb get p^ = - 3, jt^g = ^> ^^^ these 
values also satisfy (3). Hence we conclude that our as^ 
sumption is correct, and that the scale of relation is 
1 - 3 a; + 5 ai*. 

We might have founi that the value of p-^ and p^ in (1) 
and (2) would not satisfy (3), and we must then have made 
another assumption. 

For instance, we should have assumed the scale of relation 
to be 1 + p-^ + p,^ + pgfc*. 

In that case we must have had given us another term in 
the series ; for we should have required three equations to 
determine the values of j^^, p^ p^, and a fourth to verify our 
results. In the next example we shall assume the scale of 
relation to consist of fou/r terms, as on trial it would be 
found 1 + p^x + p^ would not answer the conditions. 
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Ex. 2. Find the scale of relation of the series 
1 + 10 a;+ 34 iB*+ 67 a»+ 115 aj*+ 247 0^+ 716 a» + &a 

Assume the scale of relation to be 1 + p^ + p^ + p^. 
Then 67 + 34 ;7i + 10 p^ •\- ^3 = 0. 

115+ 67jpi+ 34 2?2 + 10;?3 = 0. 

247 + llSyi + 67 j»2 + 34jE?3 = 0. 

716 + 247^71 + 115^2 + 67;?3 = 0* 

IVom the first three equations "We find p^ — -^ 3, />2 = ^> 
p^ — - 5 j and these values satisfy the ybwr^ equation. 

Hence the scale of relation isl -3a; + 4ar^-5a:'. 

803. To find th6 8vm of a recuffing sejiea. 

Let oo + CLiX + a^ + .... be the feeries, whose scale of 
relation is 1 + piX + p^fiP + *••.+ Pr-^i^"^' 
"We have then 

where n has any, positive integral value. 

Let 2 = ao + ai* + a2a*+: * . . +a^«2af'^ + ay^i{4f'"* + ... . 

Multiplying each side of the equation by 1 + p^ + p^ 
+ . . . . i^r-i^*^" ^ "^^ have 

(1 +^105 + JP2^ + .... +p,«iaf"*)^ 

fiiao+ «i«+ a^+....+ a^^jof"*-!- a,...iaf"*+ ...« 

+ i...... 

Coilectihg the coefficients of like powers of cc, and remeia- 
bering that the coefficient of of "*, viz., 

^r-l + Pl^r^lk + P^r-i + . . . . + Pr~2<h + jPr-1^ 

and all succeeding coefficients are each equal to zero, as wo 
leani from (1) above, we get 
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Ex. 2. Find the sum of the infinite series 
1 + 10 a; + 34 ar^ + 67 aj' + 115 a;* + 247 a* + 716 a^ + &o 
We found the scale of relation tobel-3a; + 4a;'-5a:?. 
Hence, by (3) above, 

V _ 1 + {lO- 3(1)} a? + {34 - 3(10) + 4(l)}a^ 

1 - 3 a; + 4 ar* - 5 a" 

^ 1 + 7a; + 8ar^ 
l-3a; + 4ar»-5a:»' 

Since, by the process of long division, or otherwise, the 
expression found in (A) above will give the original series, 
we give to the value of 2 there found the name of the ge7u&- 
rating function of the series. 

204. When the scale of relation can he broken v/p into simple 
factors J it is easy tojlnd the general term of the series a/nd the 
sum to n terms. 

Let the scale of relation be capable of being broken up 
into the (r - 1) factors, (1 - \x)^ (1 - M)> <fec. 

Then the generating function can be resolved into partial 
fraotions, having these factors for denominators. 

Thus we have 

= Pi (1 + b^x + b^a? + + V" V-i + ) 

+ P3(l +b^+ bisi? + T 6a""^aJ"^^ + ) 

+ &c. 
+ P^.i(l + 6,«ia; + 6,_iW+ .... +5,.«i*-^a;«-^+ ) 

We thus find the nth term of the series to be 

(PA«-^ + PA«-i+ +P,«A»i'-^)aj«-^ 

Also, the sum to n terms, 

' ' ir^,x" ^ ^' ' 'i^b^ ^ • • " 

1 - br,iX 
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Ex. Find the sum to n terms and to infinity of the series 
8 - 29 a; + 257 ar^ - 1691 a? + 12053 a* - &c 

The scale of relation is easily found to be 1 + 5 a; - 14 a^. 

. V ^ 8 + {- 29 + 5(8) 1 X ^ 8 -f llg 

1 + 5 a; - U a^ (1 - 2 «) (1 + 7 x)' 

Resolving into partial fractions, we have 
2 = _J_, + ^ 



_l-2a; l + 7aj 

= 3{l + 2a:+(2a;)2 + .... +(2 a?)"-* + ...,} 

+ 5{l-7a;+(7a:)=+ +(-7a;)'— *+ }. 

Therefore sum to n terms, or, 

s = 3 . 1 =4?)% 5 . l-iii:^". 

l-2a; l + 7a; 

When the given recurring term does not contain the 
powers of x, but is of the form 00 + 01 + 03 + . ...,we 
may first find the scale of relation and the sum of the 
series Oq + c^x + 02ar* +...,, and put a; = 1 in the 
result. 

Sumination of Series. 

205. Certain series may be summed by particular artifices. 

In the series w^ + i^a + . . . . + u^, suppose u^ to be 
bi'oken up into the difference of two terms, one of which is 
the same function of (n - 1) as the other ia of w. 

I. Thus, suppose w„ = U„ - TJ„ _ 1. 

Then, putting for n all values from 1 to n, we have 

S = (U, - TJo) + (U, - uo + . . . . + (xx« - u,_o 

= u„ - u,. 

IL Suppose «» = XT»_i - V^ 
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We have, similarly, 

S = (tJ, - Ux) + (U, - U=) V . . . . + (T;„_, - T7.) 
= 17, -IT,. 

Ex. 1. Sum the series 

1 . 2 + 2 • 3 + 3 . 4 + . , . . + w (n + 1), 

AYe have 

Un = n{n + 1) = J w(n + 1) {{n + 2) - {n - 1)} 

« J n{n + 1) (w + 2) - J (w - 1) w (w + 1) 

where V^ = i n{n + 1) {n + 2), 

and therefore XTo = J (0) (1) (2) = 0. 

fience, S or U„ - Uq = } w (» + 1) (n + 2) - G. 

: /. S ss ^ n (n + 1) (?v + 2). 

£iC4 2. Sum tke series 

178 B7I 5TT (3 « - 1) (2 » + 1/ 

Here « - > ": 1 (2 «+l)-(2>.-l ) 

• " (2"w-1)(2m+1) 2 ■ (2 « - 1) (2« + 1) 

^1 1 -1 _J_-TJ -U 

2'5ir^i 2*2im~ "-• " 

where U, = - . _ -, and /. Uo = ;,■ . 



2 * 2 « + 1' " 2 ■ 2(0) + 1 2' 

Hence, by II. above 

2 ~ 2 ' f »m ~ 2» + 1' 

206. Tr%«» i/te ii(& fernt qfa aeries is qfthe/orm 
u„ == (an + b) (a . n + 1 + b) , . . , (a . n + m - 1 + b), 
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where a, b are constants^ aiid m the numler offactcrs, then 
S = Ua - Uo, where 

■rr _ (an + b) (a . n + 1 -f b) . . . . (a . n -f m + b ) . 

(m + l)"a 

t^uU isy Un is found by talcing (me factor more^ and dividing hy 
as many times the common d\ffere7ice as there are tlien factors, 

^ u^ja .n ■\' m + b) ^ (a . rT^ \ + h)Un 
(m + l)a \m -k- \)a 

- (<»^ + 5) (g . n + f + &)... « (g . n + m •¥ h ) 

(m + l)a 



(g . *?/ - 1 -f 6) (a?i -f 6) , . . . (a . n + m - 1 + 6) 

(?» + 1) a 

tirbereUn = ( ^^ •*-^) i^ - ^^ + 6) . . « . (» . w + m + fe) .|. 

(m + l)a ••• V / 

flence, by Art. 205^ S = U„ - Uq, where TJ^ bas the 
value in (I). 

Es. 1. Sum the series 
8.5.7 + 5;7.9 + .... + (2 7» + 1) (2w + 3) (2n + S)i 

We have w^ = (2 ^ + 1) (2 w + 3) (2 n + 5). 

Here the c'Ommon difference is 2^ and with one mord 
factor, the number of factors will be 4. 

HenceU - (2^^+ 1) (2n ^ 3) (27i + 5) (2f^ -v 7) 
s.g(2n + 1) (2h + 3) (2n + 5) (2w + 7). 



Therefore Uq = g (1) (3) (5) (7) = l|- . 
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.-. S =-^{(2n+l)(2w + 3)(2n + 5)(2n + 7)-105} 

= 2w* + 16w» + 43n» + iin. 

When u^ consists of the sum o/seTjeral terms of the form 
in Art. 206, it is evident that XJ^ must also consist of the sum 
of an equal number of terms, each obtained according to the 
law there proved. The next example is an illustration. 

Ex. 2. Sum the series P + 2' + 3' + . . . . + w*. 
We have m„ = w' = n {(n - 1) (ti + 1) + 1} 
■= (n - 1) w (n + 1) + ??• 

TTencG TJ - (^ - l)n{n+ 1) (n + 2 ) " n(n + 1) 
Hence U, -^^ + ^ (i) 

Therefore TJo = 0. 

Hence S or U, - TJo =ln«(n + 1)' = jiw(w+l)l! 

207. When the nth term of a series is of the form 

1 

(an + b) (a . n + 1 + b) . . . . (a . n + m - 1 + b)* 

where a, b are constants, and m the numbefr of factors^ then 

S = TJo - Un, where 

^ 1 

XJ = == ; ■■■ • 

• ^ (m-l)a.(a.n+ i +b)(a.n + 2.b). ... (a.n + m- l.b)' 

that is, where TJn is found hy omitting the first factor, omA 
dividing by as many times the common difference as there are 
factors remaining. 

For u^ 

1 (a.w + m-1+6)- (an + h) 

(w-l)a (a7i + 6) (a . w+1 + &)....(«. w + m- 1+6) 
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Here w„ = ^^ •" ^ 

" n{n + 1) (ri + 2) 



2 J_ ^ 

(n + 1) (w + 2) n(7i + .1) (n + 2) ' 



Therefore U. = ... ^ ^ 



1(1) (7i+ 2) 2(1). (7J+ l)(7l + 2) 



2 



' w + 2 2(71 + 1) (w + 2) 

47i + 3 

"■ 2(71 +"l){h + 2)' 

Hence TJn = = — • 

° 2(1) (2) 4 

Therefore Uo - U^, or S = ? - ^ti + 3 



4 2(rt + l)(7i + 2)' 

4 + ? 

XT 1 • 4n + 3 ^ w 

Hence also^ since o~ 



(« + !)(« + 2) 2(« + l)(l + ?) 



3 

= 0, when w = c» , we have 2 = ~ . 

4 

Fignirate ITtimhers. 

208. We give the name Figurate Numbers to those of the 
following series, where the n\h term of any series is the sum 
of n terms of the preceding senes : — 

1st order, 1, 1, 1, 1, &c. 
2nd „ 1, 2, 3, 4, &c. 
Srd „ 1, 3, 6, 10, &a 

For the first order, we have S„ = n. 

And for the second, ^^ ^\n{n ^ 1), 

This is the nth term of the Srd order. 

Hence, to find the sum of n terms of the third order, we 
have 

u^ = ln{n + 1). 
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Therefore (Ai-t 206), 

jT _! n(n + l)(n ■\- 2) _ n (n+l)(n +2) 
''""- 30) r'2T3 

And therefore Uo = 0. ' 

Hence U, - U. or S.' = !i(!L+iH^g±l) . 

To find S, for the rOi order, 

Assume that for the «th order, S„ = Mn+l)..-. (n+p-1) 

1.2. .,.p 

Then for the (p + l)th order, «, = n(n + l)_^..(n+p^l)^ 

1 • 2 . • • , p 

Therefore 
Tj _ njn+l) . ,\ . (w+jo) _ n{n-\-\) ... .{n-h p+l-l ) 
" ij> + \).l.T...,p l,2....|>+i 

and Uo = 0. 

Therefore U. - U. or S. = !il!L±i)^^'^ Jtl+lli). 

1.2,.. .^+1 

Hence, by assuming S^ to be formed according to a certain 
law for the /?th order, we have proved it to be formed accord- 
ing to the saTne law for the (/? + l)th order. Now, we know 
it is true for the 2nd and 3rd orders. It is therefore true 
for the 4th, and therefore for the 5th, and so generally true. 

Hence for the rth order, 

q _ n{n-\^\),^^^Jji + r - 1) 
* 1.2 r 



Polygonal Numbers. 

209. These numbers are called linear, triangular, square, 
pentagonal, and generally polygonal, from the fact that if a 
dot be taken to represent unity, they may all be represented 
in the foim of the corresponding polygons. Thus— 
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lAnea/r NumberSy , \ . • , • , &c., or 1, 2, 3, 4, kc 

Triangular „ .A .W , &c., or 1, 3, 6, 10, <fec. 
Sqiuvre „ n n I , &c., or 1, 4, 9, IG, &c. 



Fentagonal „ • • ' * ' * 9 &c., or 1, 5, 12, 22, <fec. 

The first order of polygonal numbers is the series in which 
each term is unity. 

And hence, by observing the above diagrams, it is easy to 
see that the several orders may be arranged as follows : — 

1st order, 1, ^ 1 ,1 , &c. 

2nd „ 1, 1 + 1, 1 + 1 + 1, 1 + 1 + 1 + 1, &a 

3rd „ 1, 1 + 2, 1+2 + 3, 1 + 2 + 3 + 4, &c. 

4th „ 1, 1+3, 1 + 3 + fl, 1 + 3 + 5 + 7, &c. 

5th „ 1, 1 + 4, 1+4 + 7, 1 + 4 + 7 + 10, &C. 

&C. 

The law is evident. The nth number of each order after 
the first is the sum of n terms of an A. P., whose first term is 
unity ; and the common difference in the rth order is r - 2, 

Hence the nth term of the rth order 
= 1 + (1 + y - 2) + (1 + 2 . r - 2) + &c., to n terms 

= {3 + 7r:ri\(r-2)}^ 

= n + ln(n - 1) (r - 2). 

Hence, for the rth order, we have u^ 

= n + ^(r - 2) . (n - 1)«. 

Hence, TJ, = "^V ^> + H*- - 2) . (!Ll.IL^i), 

^ 3 

and /. XJo = 0. 

Hence (Art. 205) for the 7'th order. 

Sn = «(«+ l){(r-2)(»-l) + 3}, 
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Cor. Let r = 3, 4, 5, successively, then, 

For triangular numbers, S^ = Jw(n + 1) (n + 2). 
„ square „ S,, = X7i(w + 1) (2 w + 1). 

„ pentagonal „ S„ = |n(7* + 1) (3 w - 3 + 3) 

= ^ n\n + 1). 

810. To jini the number qf cannon balls in a p^amidai 
lieap. 

(1.) When the base is an equilateral triangle. 
Let n be the number of balls in a side of the base. 
Then, number of balls in lowest layer 

= 1 + 2 + 3+. •.. + w = i n{n + 1), 
the wth triangular number. 

Hence, by Art. 205, S„= J n{n + 1) (w + 2), 

(2.) When the base is a square. 

We have, similarly, S„ - J n{n + 1) (2 w + 1). 

(3.) When the pile is deficient^ the first m courses being 
removed. 

Here, if S^ = the number in the complete pile, 
and S^ = the number in the removed courses, 
S« - S« = the number in the incomplete pile, 

211. To find the nwrnherofbaXls when the base is rectan- 
giUar, and not square. 

The pile will now terminate in a single row at the top. 

Let I be the length of the top row. 

Then, the wth row, reckoned from the top, will contain 
Z + w - 1 balls, and its breadth will be n. 

Then, number of balls in the lowest or nth layer 

= {I ■{■ n " I) n. 

Hence w« = (Z + w - 1) to = Z . n + (n - l)n. 

Therefore (Art. 206) 

U„ = ^ "t^tl) + (lzJlpi±n i or, since U, = 0, 

T 



i 
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« 

S I ^ (^ •*• ^) 4 (^^ - 1) n{n ^ 1 ) 

= Jn(w+ 1) {3^+ 2{n -ij} 

= iw(w + 1) {3(; + n - 1) - w + 1} 
= J w(ii + 1) (3 ^ - w + 1), 
when ^ is the length, and n the breadth, of the lowest row. 

method of Differences. 

212^ Suppose we haye to find the sum of the series 

3, 6, 11, 18, 27. 38, &C. 

Taking the differences of each two consecutive terms, and 
then the differences of each two of these differences, and so 
on, until the differences become a series of identical terms, 
we have ; 

Series, ...... 3, 6, 11, 18, 27, 38, &c. 

1st order of differences, • 3,5, 7, 9, 11, <&a 
2nd order of differences, . 2, 2, 2, 2, &c 

It will be seen that the nth term of any qftlieae series is 
tJie sum of its \^ term, and the first (n - 1) terTns of the 
succeeding series, (A). 

Thus, in the Ist order, 

w^ = 3 + 2(71 - 1). 

Therefore,by Art.206,U, = 3 . » + 3 . (!Lzi)i? 

= 3.^ + 2..^^l4r'*ior,sinceTJo = 

Hence, by (A) above, in the given series, 

«„ = 3 + 3 .?L:=J + 2. <2^H^-zi). 
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•. l/n - 3 . Y + •J . -"172-, + 2 . ^7273 ' 

or, since TJo = 0, 
a - ^ «, . q ^(^ - 1) . n(n - 1) (n - 2) 

= g(7l«+ 3 71 + IS). 

V^e shall in the next article give the general theorem* 

213. If ^19 Ug, 1I3, d:c. he a series, and dj, dg, dg, d:c. the first 
terms of the sv^ccessive order of d'^erences, the differ enjceis in the 
Tth order being iderUicaZ, ihm we have 

Q «.., j_ ** (^ - 1) ^ . w (n - 1) (n - 2) , J 

S5„ = WMi+ - ^^ ' d^ + — ^^ — ^ ^^g 'd^ +.• .• 

^' w(n - 1). . . . (rt --r )^ 
, |r + 1 

In the Ir - l)th order, we have wjj = c^^.j + (n - l)c?^ 

Therefore TJ« = -cf^^i + i" o^ ^**^ ^"^^ therefore, sinc3 

Therefore 8.:;-= *LzJ<i,_, + (» " ^) ^» " ^) <?^ 

1 - 1 . J 

In the \r - 2)th order we therefore have 

Therefore tr:'>cf,_; + <!LZ^«<f,_. + ^L^H^^^d,; 
and therefore, since TJj, = 0, • , 

" 1 r-2T J 2 '•-l^ 1.2.3 •^ 

We may easily show therefore by induction that — 



202 
Far the (r - ^)th oider 

(w-j?) (n-p+1) (n-l)n , 

1.2 (p + 1) 

Pat p = Tj then for the series preceding the 1st order of 
differences, that is, for the giren series, sxDoe d^ = iij, we baTd 

• 1^ 1.2 ' 1.2.3 ^ 

(w-r) (w-l)« , 

1.2 (r+1) '^ 

- ««, J. »^(*»-l)^ .»(**-!) (»-2),. 

|r + 1 '* 

Ex. XTJL 

Find tbe generating f mictions of the foDowing six series : 
l.:l + 8a; + 22 a? + 50 a?+ 106ai* + ..., 

3. 2 + 13 a; + 38 a? + 61 a* - 22 ai* - ... . 

4. 3 + 11 a; + 57 a? + 309 ai» + 1683 ai* + . . . . 

5. 9 - 11 aj - 62 aj» + 129 a:? + 235 a^ - . . . . 

6. 6 + 16aj + 25a?+ 170^-333^-1423;^- 277 a/^-.... 

8um to n terms, and to infinity, the following eight seriss : 

7. 3 - 13 a + 69 a? - 337 «» + 170 a* - 

8. 6 - 33 a; + 249 ar» - 1707 ^ + 12021 a^ ^ .... 

9. l-2a; + 7ar»-8a» + 37aj*- 14aJ^ + 211a^ + . . . . 

10. l-7aj+22ar»-70aJ» + 211aJ*-637a5+1912a:«-.... 

11. 2 - 11 a: + 54 a? - 271 a? + 1354 a^ - • . . , 
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12. 1 + 4 a; + 10 ar* + 34 a;3 _ 26 a* + . . : . 

13. 3 + 14 a; + 36 ic' + 69 a;» + 113 a* + 168 a:» 
+ 234 a« + .... . 

14. 4 + 29 a: + 131 ar^ + 491 a;» + 1679 a^ + 5459 ^ 
.+ 17231 a;« + 

15. Find the scale of relation of the recurring series 

■ P + 2« + 3« + 4« + . . . . 

16. Find the generating function of the series 

a + (a + h)x + (a + 2 6)ar^ + (a + 3 6)a;» + . . . . 

17. If tto, Oi, Oa, . . . . form as A. P., and 60, &i, 63, . . . . 
form a G. P., show that the series 

A'X +T^ + *«'-is recurrmg, 

28. If 1 + ;}ia: + 'p^ is the scale of relation of the series 
Cq -\r a^x ■\r ai^ + a^ + . • . . , show that 

. - + an-a(»^«+i - a«a« + 3) = 0. 

Sum to n terms the following ten series : 

19. 1.3.5 + 2.4.6 + 3" 5. 7 +' 

20. («:+l)(a;+2)(a;+3) + (a: + 2)' (a; +.3) (a; + 4) + 

^'' 27476 ■*■ 57577"^ 47678 ■*■••••' 

22.^^+ _I_ + .J2_+ ' ' 

^ 2r:37i ^ 3.4.5 ^ 4.5.6 ^"^ 



• • 



^i>, — ^_ — + — ^ — + ___, + • . . • 



P +__! 2^+1 35+1 
2 3 4 

24.'— _i___ 
• (a + 6) (a +26) (a + 36) 

(a +26) (a +36) (a + 46) 

23. 1« +• 3« + 5' + ' 

36. 1» + 3" + 6' + 
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^^' Tr2 ^ 17273 ■*■ 1.2.3.4 ^ • ' • • 
OQ 1 ^ 12 ^ _^ 3n« + 271 -4 



[3 |_4 |n + 2 

29.— + —. — + ^—, — i\r— ~~i + «tom - 71 + 1 terms. 

m «i(wi-l) w(wi-l)(m-2) 

^°' 271 -^ J^'l-' 2-^i^-^ -^ . . .to infiBity. 

31. Find the number of shot in a triangular pile, each 
side of whose base contains 10 balls. 

32. There are 12 balls in the length, and 8 in the breadth 
of the base of a rectangular pile, and it terminates in a single 
row. Find the number of balls. 



flT- 



.33. Find the number of balls in a rectangtilai* pile when 
vriy n represent respectively the number in the length and 
breadth of the base, and there are p layers. 

34. If a; -^ {(1 - a;)* - ex} be expanded in a setiefl of 
ascending powers of x, show that the coefficient of ;e^ ia 

35. Show that 

1 _ „: _i_! + !t^=-l> . ^11- - &c + (- 1)-. _i_ 
w» TTh'^p 1,2 ^ m+ 2p -— ' m + np. 



m(jn -^ p) . . ^ • (m ^ np) 

36. If Pr be the coefficient of the (r + l)th term o£ 
(1 + x)% where w is ft posttire integer^ then 

■^ + ?l^ + ?^» X . . . . + J^ = 1 „(„ + 1), 
P» Pi Pa P—i . ^ 

and \pt + pi) (pi + Pi) (Pi + Pa) + (Pn-l + Pp) 

^ P.P.P.. . . . P. ^„ ^jy. 
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CHAPTER XXIV. 
Scales of NotatioiL 

214. An ordinary number as 6437 may be thns written: 

6 . 10» + 4 . 10» + 3 . 10 + 7. 
We call lO the radix of the decimal system of notation. 

And generally^ if r be the radix of any other scale, and 
1^09 P19P29 ' » ' ' Pn-^i9 ^^ ^ digits commencing with the one 
at the right hand, we may es^ress a number N thus : 

It is easy to see that in order to express all numbers iii 
loiy given scale, it is necessary and sufficient to have, besides 
zero, one digit lesd than the radix of the scalei 

^us, in ordinary notation, we have 9 digits^ 

Hence also, for the duodenary scale we ^all require 
diaracters to represent ten and eleven. It is usUal to re^ 
t)re8ent them by i and 6 respectively. 

Ex. Expresil 1420 (senary jscale), and l^eS (duodenary' 
ticale), as common numbers. 

1420 (senary scale) =1.6» + 4.6^ + 2.6 + = 372* 

ited (duodenary scale) =1.1 2^ + 10. 12« + 11*12 + 3 = 3303* 

&I5. To tranq/brm an integer from any scale 0/ notation to 
any oiheir ecale^ 

Let K be the iiumber, and f the radix of the scale i& 
which we are to express iti 

We shall therefore have 

where po, pi, p^ &c., are the digits whose values are required. 
Prom (1), dividing each side by r, we have 

Quotient =;?„»i»^-;^+^n«gr**"!+ •.. . + Pf'+Pi*., (2), 
and remainder = p^ ^ '^ 
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We ohtam then the first or right hand digit hy dividing 
the given rvumher by die proposed radix, and taking the re- 
mainder. 

Again, dividing each side of (2) by r, we get — 

Quotient = /?«lir""' + Pn-a^"^ + . . . . + ;?2...(3), 
and Bemainder = pi. 

Hence, we obtain the second digit by dividing the first 
quotient by the radix, a/nd taking the remainder. 

And so we may proceed until we have found all thQ digits. 
We have therefore the following rule : — 

BuLE. — Divide the given nwmher by the proposed radix, 
tJien the quotient so obtained a>gain by the radix, and so on. 
Then the successive remainders are the respective digits re- 
quired, commencing with the right hand one, 

Ex. 1. Transform the common number 3526 into the 
iema/ry and sept&nary scales^, 



3 


3526 


7 
7 
7 
7 
7 


3526 


2 


1175 1 


503 .... 5 


S 


uUI • • • • 2 


71 6 


S 


ISO .... 1 


10 1 


3 


43 .... 1 


X • • • • t5 


3 


14 1 


• • • • 1 


S 


4 • • • • <M 




3 


1 .... 1 





1 

Hence 3526, in the common scale, is expressed by 
11211121 in the ternary scale; and by 13165 in the sep- 
tenary scale. 
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Ex. 2. Transpose Sbetfsom the duodenary scale to the sep* 
tenary scale. 

First method. 

Expressing 35et as a common number, we have 
35et = 3 . 12» + 5 . 12^ + 11 . 12 + 10 = 6046. 

IheU; £U3 in the last example, 

7 6046 



7 

7 



863 5 



123 2 



17 4 



2 • • • • 3 



• • • • 2 

Therefore, the number required in the septenary scale is 
23425. 

Second method. 

We may proceed to divide the given number, 35 e ^ at 
once by 7. Thus — 

35 ee 



7 

7 



56 . • •• 6 



<3 • . • • 2 



15 .... 4 



2 • • • • 3 



.2 



The operation requires a little explanation. Dividing 36 
by 7, we get 5, and 6 over ; for 35 in the duodenary scale 
is 3 X 12 +'5 or 41 in' the common scale. # 
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Then divicliiig 6ehj 7 we get e, and 6 over^ for 

6 e = 6 X 12 + 11 = 83. And so on. 

In the next examples, the student is reoommended to 
work out) as above, the process for himself. 

Ex. 3. The numbers 357 and 76 are in the duodenaiy 
acale j find their product. 

357 

76 



1896 
2031 

iletS 



£x. 4. I^iai the quotient of 1420422 divided by 241, bo& 
tiumbets being in the senary scale. 

241)1420422(3502 
1203 



2134 
S125 



522 
622 

Ex. 5. Find tiie area oi^ a room which measures 2^Sh 9ifi«' 
by 10 ft. 10 in. 

Expressing these in the duodenary scale, we have 

23*9 
16-« 



l6lS 

1K6 
239 



876-76 = 376-76 sq. ft. In the duodenarjr scale. 
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^is e^ressed in the common scale 

= (3-12» + 7-12 + 6) sq* ft (7 x 12 + 6) sq. in. 
= 522 sq* fb. 90 sq. in. 

S16. To l/rcmspoae a given propef fraction from any scale oj 
notation to am/y othet ecale* 

If we transform the numerator and denominator eact 
into the new scale^ we transpose the fraction into the ne-w 
scale. 

It may, however, be required to transform it into a flfac* 
tion having the form of a decimal in ordinarj notation! 
Such fractions are called radix fractionSi 

We proceed to investigate the method of doing this*. 

Let F be "the given propei^ fraction, 

And let qi, q^ q^ &c., be the digits of the radix fractionj 
commencing from the left. 

We then have , 

P = fi + S7^3 + &C .;*......(!); 

\7here q^ q^ q^ &c., are integers whose values are required; 
Mtiltiplying each side of (1) by r, we have 

F,* = Ji 4- ^» + ^» + &c (2). 

Bence, th0 first digits (^i, bf the radix fraction is found by 
Inultiplying the given fraction by the proposed radbc^ and 
taking the integral portiom ]^_ 

The Iremaining fractional part is ^ 4- -^ + &c;, and it id 

therefore evident that the second digit iq^ of the i'adik frac^ 
tion is found by multiplying this by the radix. And so oti. 

Hence we have the following rule for bringing a given 
fraction to a radix fraction. 

ItuLE. Multiply the given fraction hy the radix, and the 

integral portion of the product is the first digit Multiply the 
fractumaZ part hy the radix, and the integral portion of tha 
product is the second digit. And so on. 
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Ex. 1. Transform *8125 from the common scale to the 
scale whose radix is 8. 



•8125 
8 
» 

6-5000, 
8 



/. q^ = 6. 



4-0 , .'. q^ = 4. 

Hence the required radix fraction is *64. 

Proof, — '64, in the scale whose radix is 8, 

= -75 V^0625 = •8125. 



6 4 

8 ■*" 8« 



Ex. 2. Transform 713*44^ in the scale eight to the scale 
six. 



6 


713 


•44 
6 


6 


114 .... 3 = pQf 


' 3-30, .-. q. = 3. 


« 


14 . . . . 4 = j3i, 


6 


6 


2 .... = ^2> 


2-2 , .-. y„ = 2. 
6 




.... 2 = ^3. 

• 


1.4 , /. q^ = 1. 
6 



3*0 , .-. g^ = 3. 
Hence the number required is 2043*3213. 

217. A numher whose radix is r is divisible 5y r - 1, when 
the sum of its digits is so divisible. 

Let the number N be such that 

N = Pn-y^ + Pn-if^'^ + -^P^^ -k-pjT +J5o...(l), 

where p^y pi, JO21 • • ♦ • ; i^n-u ^^^ the digits commencing at 
the right hand. 
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"We hare 
N = p..^ (r«-^ - lUvn'^^ (f - 1) +....;>, (r^ - 1) 
+ Pi{r " 1) + (p„_i + ^„_3 + + 1^2 + l?i + i^o)- 

Now each of the quantities r^~^ - 1, r""^ - 1, .... , 
r' — 1, r - 1, is divisible by r - 1. Hence the whole of 
the right side of this equation is divisible by r - 1, if 

(Pn-i + ^H-9 + . . . . + ^2 + i'l + Po) is so divisible; i.e., 

N is divisible by r - 1, when {pn-i + Pn-^ + . . . . -^ p^ 
+ i^i + P^> *^G sum of its digits, is so divisible. 

Cor. Hence also, a nwmber whose radix is r, will leave the 
same remainder when divided by v - 1, as the sum of its 
digits leaves when divided 6^ r - 1. 

218. A number whose radix isr is divisible bt/r -^ 1, when 
tlie difference between the sv/m of the digits in the odd places 
and the sum of the digits in the even places is so divisible. 

We have 
N=;?„.it^"^+j3n«3r^-2+ .... + p^r^ + p^T^ + p^r + Pq. . ,{iy 

+ 1^3 (^ + 1) + P2 (r^ - 1) + Pi {r + 1) 

+ {Po - Pi + P2 - Pz + + (- ir~!Pn-l}. 

Now (Vol. I., Art. 30) each of the quantities r + 1, r^ - 1, 
r* + 1, .... , r^"^ - (-1)"-^, is divisible by r + 1. 

Hence the whole of the right side of this equation is 

divisible by r + 1, i^ {po-Pi+P2''Pz + - • • • (-ir~X-i} 
is so divisible. 

But Po - Pi - Pa - P3 + ' - - - + (- l)"~^jt>n-i is the 
difiference between the sums of the digits in the odd and 
even places. 

Hence N is divisible bv r + 1, when the difference be- 
tween the sums of the digits in the odd and even places is 
BO divisible. 
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Cob, Hence, also, when a number^ whose radix w r, ts 
dinided 5y r + 1, i< wiU leave the eatne remainder as the dif- 
Jerenee between the sums of the dibits in tfie odd and even 
places wiU leave when so divided, 

Ex. XTiTTT, 

1. Expnss the oominoii nmnbeis 654 and 387 in the 
Benaiy scale. 

2. Transform 372 and 516 from the denary to the septenary 
scale, multiply the results together, and divide the pro- 
duct by 516 (septenary scale). Express the quotient in the 
denary scale. 

3. Transform 4163 from the septenary to the scale whose 
radix is eight 

4. The number 86 expressed in another scale is 95. Find 
the radix. 

5. The number 172 expressed in a different scale is 124. 
What is the radix. . . 

6. If the number 516 be divided by 2, the quotient when 
expressed in another scale has the same digits as the original 
number. Find the scale. 

7. Transform 79'875 from the denary scale to the scale 
whose radix is 8. 

8. Express 4521 (senary scale) in the duodenary scale. 

9. Und the area of a room measuring 52 ft 9 in. by 30 
ft. 7 in., expressing your result in the duodenary scale. 

10. Simplify -j^-= -—f , the number beins in scale 

^ 45t^ X 210 . ^ 

six. Give your answer in scale seven. 

11. The number 52614 is in scale seven. Find its square 
root in that scale. 

12. Beduce '32 (scale six) to a vulgar fraction in the 
same scale. 
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13. Show that 1331 is a cube number in any scale above 
iihree. 

14. The difference between any number and the number 
composed of the same digits in reverse order is divisible by 
r - 1, where r is the radix of the scale. 

15. Show that the difference between two numbers having 
the same digits is divisible by r - 1, whatever be the ordez 
of the digits in the second number. 

16. Given a system of weights 1 lb., 3 lbs., 3' lbs., &o., 
(one of each kind) ; show how to weigh 1135 lbs. 

17. If 4> (n) represent the remainder after dividing a 
number w by r - 1, show that 

18. If the digits of a niunber n be added together, the 
digits of the result added together, and so on, until the sum 
is represented by one digit; and we represent the final result 
by F (n), show that 

F(w) .^{p) . F(^) z,n^Y{npq ) 

are either equal or differ by a multiple of (r - 1). 

19. If a number whose digits BTepQ,pi,p2, is a perfect 
square in any scale, find the relation between Pq, pi, p^ 

20. Show that if the sum of two numbers is a multiple of 
the radix, the sum of the last digits of their cubes is equal 
to the radix. 

21. Every number having its digits repeated in threes, 
and being in any scale of the series— ^(mr, seven, ten, thirteen, 
&c. — is divisible by 3, and the quotient contains a factor, the 
sum of whose digits is equal to the radix. 

22. The sum of the numbers (scale s) represented by the 
permutations of any three digits of the scale amongst each 
other, is always divisible by the number (« 1) of the scale 
whose radix is (« + 1). 

23. Every number less than 2* + * can be expressed by the 
sum of certain terms of the series 

if 2f 2 f , , , , ^ 2\ 
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24. Every number less than 3** + * can be expressed by 
terms of the series 

the coefficients of the terms being either ± 1. 



CHAPTER XXT. 
Properties of Numbers. 

219. By the term number in the present chapter we mean 
a positive integer. 

Owing to the extensive nature of the Theory of Numbers 
we shall be able to give in this work only the more 
elementary propositions. 

A Prime number is one which has no divisor except itself 
and unity. 

Two numbers are said to be prime to each other when 
they contain no other common divisor than unit?/. 

220. ^<* number a he prime to each of the nuTribers b arid 
c, it is prime to their prodtict be. 

For suppose a, b, c to be each broken np into their 
elementary factors. 

Then a contains no factor except unity, which b contains ; 
and neither does it contain any factor except unity, which c 
contains. 

Now, he when broken up into elementary prime factors 
cannot contain any other such factors than what can be 
found in b and c. 

Therefore a contains no factor common to be other than 
unity. 

Hence a is prime to be. 

Cor. 1. Hence if a be prime to any number of quantities 
hf c, d, &c., it is prime to their product bed, <kc. ; and if a 
be prime to any quantity 5, it is prime to each of the factors 
of 6. 
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Cor. 2. If a be prime to 5, it is also prime to 566 ... . , 
that is, to any power of 6. 

CoR. 3. If a be a divisor of &c, and be prime to h, it must 
be a divisor of c. 

ft fi^ 

CoR. 4. If - is a fraction in its lowest terms, then — is in 
h 6** 

its lowest) terms. 

221. If ~ he a fraction in its lowest terms, and r = i j 
b d 

tJien will c and d he equimultiples of a and b. 

For -- is the fraction -- reduced to its lowest terms, 
a 

Now in order to express - in its lowest terms we have to 

a 

divide numerator and denominator bj the greatest common 

measure x, suppose. 

We must therefore have - = a, or c = ax; 

X 

and - =: h, ord = hx, 

X 

222. If 1^ he an integer, and ^N a surd, we cannot eot^ess 
the latter hy a fraction. 

For suppose J^ =-?, we then have N = ^ , (1). 

Now if - be not in its lowest terms, we may so reduce it. 
6 

Then we shall have -r- in its lowest terms, and also a fraction. 

Hence in (1) we have, an integer = a fraction, which is 
absui'd. 

223. Any number is prime if it cannot he divided hy some 
number equal to, or less tha/n, its square root. 

For every number N which is not a prim^e is composed of 
two factors, as a and h, so that we have 

N = ab. 

u 
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Kow if a = 6, "vre have a = 6 = ^/N, so that N is 
divisible by VN. 

Again, if a > 6, we have b < vN; 

And, if a < 6, we have a < a/N. 

Hence, for every number not prime, there always exists a 
divisor, either equal to, or less than, its square root ; and 
therefore, every number not having such a divisor is prime. 

Ex. To determine whether 101 is a prime number. 

We have n/IOI < 11. 

Now, as 101 is odd, we need only try the prime divisors 
S, 5, 7 j and we find it is not divisible by either of them. 

Hence 101 is a prime number. 

224. 2To rational algebraical formula can contain prime 
numbers only. 

For, if possible, suppose that the expression 
p -k- qx + ra? ^ ed(? -^ &c. ♦ . . • 
expresses prime numbers only. 

Suppose that when x = m, the expression equals P ; and 
when aj = m + wP, the value of the expression is Pj. 

Then we have 

P = J3 + g'm + rm? + sm^ + &c (1), 

and Pi = ^ + q{m + wP) + r (m + nVy + « (m + nP)* + &c. 

s= (jt> + qm + rm? + am? + &c.) 

+ {(^n + 2 rmn + 3 am^n + <kc.) P 

+ (rn^ + 3 amn? + <kc.) P' + <ka 

= P + terms containing P as a factor. 

Hence Pj is divisible by P, and therefore not prime. 

And hence the algebraical expression 

p-\-qx + rx^ + aa? + &c. 

cannot represent prime numbers only, 

Eemabk. There are several remarkable algebraical formulso 
which represent a large number of primes. 
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Thus a^ + « + 41, by msLking a; = 0, 1, 2, 3, &c. 39, 
will give a series of forty numbers, all prunes. 

a* + 33 + 17 gives similarly seventeen primes. 

2 or + 29 gives twenty-nine primes. 

2" + 1 is prime for w = 1, 2^ 4, 8, or 16. 

225. Tlis nimiber of primes is infinite. 

For suppose p to be the greatest prime number. Then 
the product of all the prime numbers up to ^ is 

2.3.5.7 p. 

And this product is divisible by each of the prime numbers. 
Hence 

(2.3:5.7 p) + 1 

is divisible by none of the prime numbers 2, 3, 5, 7, ... . p^ 

Now, if this quantity is a prime, it is a greater prime than 
p ; and if it be a composite number, it must have a piime 
factor greater than p, since none of the prime numbers 2, 3, 
6, 7, , . . . ^ will divide it. 

Hence, in any case, there exists a prime number greater 
ibau any supposed prime p, 

226. j^a bepriTne to b, and each of the terms of the series 

b, 2b, 3b, (a - l)b 

be divided by a, all the remainders will he different. 

For suppose any two terms of this series, mh and mfi, to 
have the same remainder, where m and rtii are of course each 
less than a. 

Then their difference (w5 - mj)) will be divisible by a. 

But since mh - m^h = (m - wij) h, it is composed of two 
factors, one of which is prime to a, and the other of which ia 
less than a. It therefore cannot be divisible by a. 

Hence no terms of the given series can leave tho saoiQ 
remainder when divided by a. 
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Cor. 1. Since all these remainders are less than a, and 
they are all different, and since there are (a — 1) terms in 
the given series^ it follows that the series 

If ^f Of , , , , (I — 1 

represents the remainders, not regarding their order. 

Cor. 2. If a be prime to 6, the terms of the A. P. 
& + c, 2 6 + c, 3 6 + c, . . . . (a - 1) 6 + c, 
when divided hj a, will give for remainders the series 

1, 2, 3, (a - 1), 

no regard being had to their order. 

Fermat's Theorem. 

237. If n he a prime number, and N 6« a numl^ prime to 
n, then N" " ^ — 1 w divisible by n. 

We shall give two demonstrations of this important 
theorem. 

First proof. 

By Art, 226, Cor. 1, the terms of the series 

N, 2 N, 3 N, , (n - 1) N, 

when divided by n, give for remainders (disregarding their 
order) the series 

1, 2, 3, • . • • , (ti — I). 

Hence, assuming g^, 5'2> S'a* • • • • > S'n-i as the quotients 
corresponding to these remainders, we must have 

]Sr.2N.3N (w-l)N 

= (1 + qin) (2 + q2n) (3 + q^n) ....(»- 1 + g„«iw) ; or, 

N"-^ 1 . 2."3 (7i-l) = l . 2 . 3 (n-l) + terms 

containing w as a factor 

=r. 1 . 2 . 3 . . . . (ri - 1) + Mrt, suppose. 
.-. (N'»-i - 1) . 1 . 2 . 3 (n - 1) = Mn. 
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Now fly being a prime number, is prime to each of the 
factors 1, 2^ 3, .... y (n - 1). And hence 

1.2.3.^..(«-l ) ^ ^ ^*'^' 
since N*~* - 1 and n are integers. 

Hence we have N""*^ - 1 = Pn, when P is integral 
.'. N*"^ - 1 is divisible by w. 

Second proof. 

WehaveN"= {(N-1) +1}" = 

+ .... + w (N - 1) + 1. 

Now every term of the second side of this identity, ex- 
cepting the first and last, is divisible by n. 

For the general coefficient ^ " ? "o* ~ is aJi 

integer, and is so divisible, since r is < n, and n is prime. 
Hence we have 

N*= (N- 1)*+ 1 4-Pon, where Pq isan integer. 
.-. N»-N = (N-l)*-(N-l) + Pow; 

Gr,putting successively, N - 1, N - 2, . . . . , 2, for N, we have 

(N-- 1)"- (N- 1) = (N- 2)»- (N- 2) + Pin, 

(N-2)"-(N-2) = (N-3)''-(N-3) + Pa7i, 

&c, = &c. 
2»- 2 = 1"-1+P„.a 
where Pi, Pj, &c., are integers. 

Hence adding these equations, we have — 

N--N=r-l + (Po + Pi + Po + P„_2)?l 

= Pti, suppose, where P is an integer. 

Or,N(N-i-l) = Pn. 

P . . 
Now n is prime to N, and therefore » is integral 

Hence N*^* - 1 is divisible by n. 
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Extension of Fermat's Theorenu 

228. If nhe prime to IT, and </>(n) represent how many 
numbers there a/re less tJian n, and prime to it, then 

Ni>M^ I is divisible by n^ 

XiCt ttf b, c, d, . . • . m, (1). 

'be the f{n) numbers which are less than n and prime to it. 
Then if the series be multiplied by K we have the second 
series 

oN, 5N, cN, , wN, ...(2). 

Now it may be shown, as in Art. 226, that if the terms 
of the series be severally divided by n, we shall have for 
remainders, neglecting their order, the series (1). 

Hence, as in Art. 227, assuming q^, q^^ q^y &c.,' q^ as the 
quotients corresponding to these remainders^ we must have 

aN . 6N . cN . . . . wN" 

= (a + 5in) (b + q^n) (c + q^n) .... (m + qji);or, 
abo m. •N*(^) 

s= ahc . . . . m + terms containing' n as a factor 

s= abe .... 771 + Mti, suppose. 

Now each of the quantities a, &, c, . . . . , m is prime to n 
and less than n. Hence n is prime to the product abc . • . . »k 

Therefore N*^^'*) - 1 is divisible by n. 

Cob. Fermat's theorem follows at once from this. 

For suppose n a prime number^ then the numbers less than 
n and prime to it are 

1, 2,3,. ...,(7i-l). 

Hence, here ^ («.) = n - 1. 

Hence, if n be a prime number, and n bo prime to N, 

N*^^ - 1 is divisible by n. 
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Wilson's Theorem. 

229. If n he a prime number ^ then 

|n- 1 + 1 
19 divisible hy ru 

Let a represent one of the numbers of the series 

1,2, 3,...., (71-1) (1). 

a is therefore prime to iu 

Multiplying each term of this series by o, we have the 
second series 

o, 2 a, 3 a, • c . . (?i - l)a (2). 

Now (Art. 226, Cor. 1) if the terms of this series be divided 
by 71, we have fqr remainders, not regarding their order, the 
series in (1). 

Hence some one of the numbers in series (2) give umty 
for a remainder when divided by n, 

11 we represent this number by ma, we have 

ma - 1 divisible by w = SqW, suppose (3)« 

ITow m cannot be equal to a, except 

a = 1, or a = n - 1 (4). 

For suppose we have wi = o, we then have from (3) a' - 1 
s= h^n or (a + 1) (a - 1) = h^n. 

Now 71 is a prime number ; 

Hence either a + 1 or a - 1 is divisible bv n. 

But a is less than 9i, and hence when n divides a + 1, wd 
must have a = 7i - 1. 

And so, when n divides a - 1, we must have a = 1. 

Hence, leaving out the numbers 1 and n - 1, we may say 
that it is always possible that any one of the niunbers 

-i, 3, 4, . . . , , (ti — 2), 

may be multiplied by some other number of the same series, 
80 as to form a product of the form h^n + 1. 
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Suppose then we multiply these numbers so as to form suoh 
products as b^n + I, b^n + 1, <fcc. By multiplying together 
thesSs products we have 

2.3.4 (n - 2) = (&in + 1) (hn + 1) 

= Mn + ly 

where Mn represents the terms having n as a factor. 

Hence, multiplying each side hy n - 1, we have 

1.2.3 (» - 1) = (Mn + 1) (n - 1) . 

= M(n -l)n + n-l; or 

1.2.3 (n - 1) + 1 ={M(n - 1) + l}n. ' 

Hence | n - 1 + 1 is divisible by n. 

Cor. Hence ( 1 . 2 . 3 . . . . — ^ — ) ± 1 w divisible by 

n, wlien n w prime, and > 2, the upper or lower aignbeivg 
taken aania of the form, 4m+ lor4m- 1. 

Since 'i-^^ — is integral, we have 
1 . 2 . 3 .... (n - 1) 

/'i o o w-l\ /7i + l n +3* — — -\ 

E=^i . J. o. ... — o~/« \^— o — ' — g — ••' 'n-S.?! — 2.n— 11 

= 1.2.3 "^^'{(^ ' ~Y^ 7i-3.^-2.n-lj 

= 1.2.3... .!?-^l |Mn+ (-1) -? 1 .2 . 37. . ^Lzil 

where Mn represents terms containing n as a factor; 

= (l.2.3....'i^)Mn + ( - l/'^'(l.2.3....!iziy; 

or, adding unity to each side, |n - 1 + 1 

= (l.2.3....?L=i)Mn+(-l)^.(l.2.3....!Lzi)'+l. 

Now w© have just shown that |n - 1 + 1 is divisible 
by n. 
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Hence (- 1) ^(l .2.3 ^^^Z + 1 is divisible 



n-l 



Now ( - 1) * = ± 1> according as n is of the form of 
4w+ lor4w-l. 

Hence the truth of the proposition. 

280. 7/* a, b, c, . . . . , 1 are a series of numbers prime to 
each other, and <f> (n) represents how many numbers there a/re 
which arre prime to n aiid less tham it, then 

<l> (abc . . . . 1) = ^ (a) . ^ (b) . <^ (c) . . . . <^ (1). 

Pirst, suppose N = o6. 

We maj arrange the numbers from 1 to a5 in 6 columns 
thus: 

Xf M, Oj • • • iC, m » • Ctf 

a + 1, a + 2, a + 3,... a + k,,.,2a, 

2a +1, 2a + 2, 2a + 3, ... 2a + k,.,.Za, 

'• . . ■ • 

• a . . • 

... • • 

(6 - 1) a + 1, (6 - l)a + 2, (5 - l)a + 3. ; . . (& - l)a + ^, . . . oS. 

If we consider any column as the one commencing with 
k, we see that all the numbers in it are prime to a, or all 
the numbers contain some factor common with a, according 
as A; is prime to a or not. 

Hence the number of columns which contain all the num- 
bers of the column prime to a is equal to the number of 
quantities in the series 1, 2, 3, , . . k, . . , a, which are prime 
to a. And no other column contains any number prime 
to a. 

» 

Hence <^ (a) is the number of columns containing numbers 
prime to a out of all the numbers from 1 to a6 (1). 

Again, by Art 226, Cor. 1, if the numbers in any column, 
as that commencing with k, be divided by b, the remainders, 
when k is prime to b, will form the series 

ly 2; 3; • , , , ,(6 - 1). 
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Hence in every column tliere are as many numl)ers prime 
to 6 as there are of such numbers in the series 1, 2^ 3, ... • 
(6-1). 

Therefore <^ (5) is the number of quantities in each column 
which are prime to h (2). 

Hence from (1) and (2) we conclude that — 

The number of quantities in all the columns which are 
prime to a and prime to h, and therefore prime to ah, is 
^(a).<^(6). 

Therefore <l>(ab) = <l> (a) . i> (6). 

If N = abc ... . Z, we have 

^ {abo . . ., I) = <^ (a) . <^ (6c , . . . Z) 

a= <l>{a) . <l>{h) . <f>{c . , . t) ^ &c. 

= if>(a) .<l>lh). 4>{c) <f>(r). Q.E.D. 

KoTB. It will be seen that we consider here unUy as prime 
to a, by c, &c 

231* To find tlie number of positive integers which are less 
ihan N and prime to it. 

Suppose N = a''6^c'* ..,.?, where a, &, c, . . . . , ^ are prime 
factors. 

Now the number of positive integers which are less than 
a^ and prime to it is found by subtracting from a' the num- 
ber of quantities in the series 

a, 2 a, 3 a, .... , a^""'a or a''. 

The number of these is evidently a'~^ 

Hence we must have <\> {a^)^a^— a^~\ 

or ^ {a^) = a' (l ) j and so 

<(c')=c'(l-l), 

kC.y =3 &C. 
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Hence, mtdtipljing, we have 

= aW....?.(l-i){l-l)(l-i)....(l-p. 

= K.(r-l)(l-J)(l-p....(l-J> 

But by last Art., 

^(N = ) =^o') . <^(6') . ^(c') 4>(?). 

Hence ^(N) = Nfl-y (l- i) (l-i)....(l- J). 

232. 5^0 Jind the number of divisors in a given integer. 

Suppose N" = a^b^c^ . . . . , where a, b, c , . , . are primes. 

Now N is divisible by every power of a not greater 
than a^. 

Hence, including unity as one of its divisors, N is divis- 
ible by every term of the series 

And so it is divisible by every term of each of the seridS 

1, 6, 6', . , . , 6*, 

A, c, Cy • • • I v ^ 

N IS therefore divisible by every combination of the terms 
of these series. 

Hence N is divisible by every term of the product 
(1 + a + a' + .... a'') (1 + 6 + 6* + . . . • + 6«) 
(1 + c + c* +....+ <f) .... , 
and by no other quantity. 

Now the number of terms of this product is found by 
putting a = 6 = c = &c. = 1. 

Therefore, number of divisors of N, including itself and 
unity 

■= (i' t J) (!7 t 1) (r t 1} . , , , 
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Cor. 1. Since every divisor has a corresponding divisor for 
a quotient, it follows that the number of ways in which N 
may be broken into two factors is half the number of 
divisors. 

(I) When N is not a perfect square, 

One at least of the indices is odd, and therefore 

is even. 

Hence, number of ways in which N may be broken up 
into two factors . 

= i(p+l){q+l)(r+l).... 

(ii) When N is a perfect square. 

All the indices, p, q, r, , , . . are even, and therefore 

(p + 1) (? + 1) (r + 1) . . . . 
is odd. 

But \/Sf is a divisor, and hence, since N = VN . JW, 

there is one way of resolving N into two fisictors, by means 
of one divisor. 

Hence, number of ways in which N may be resolved into 
two factors 

= Ho* + 1) (? + 1) (»• + )•••• + !}• 

It must be remembered that (N^ 1) is one of the pairs of 
factors. 

Cor. 2. The sum of the divisoi*s of any numher N", includ- 
ing among them itself and unity, 

= the product (1 +a + a'' + . .. . + a^) (1 +& + £*+.... +6^ 

(1 + c + c* +....+ c*") ... . 



"s^ni rnr* c-i •• 



• • 



CoR. 3. If n be the number of prime factors, a, J, c, &a 
(not including N or unity), in N, 

The number of ways in which N may be resolved into 
two factors prime to each other = 2*""\ 
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For we must tave o** in one factor of any pair ; and so 
we must have 6', c', &c. ; and we cannot have any lower 
powers of a, 6, c, d^., in any of the factors which are prime 
to each other. 

Hence the number of ways in which we may resolve N 
into two factors prime to each other is the same as that of 
the number abc . • . . ; 

We have therefore, by Cor. 1, making there p = q = r 
*= &c. = 1, 

Number of ways in which N may be resolved into two 
factors prime to each other, 

^ J (1 + 1) (1 + 1) (1 + 1) . . . . to w fa<Jtors = 2"-\ 

Ex. XLIY. 

1. If any number divide each of two other numbers, it 
will divide their sum and difference. 

2. If two numbers be prime to each other, then will their 
sum and difference be prime to each of them. 

3. If a square number be multiplied by a square, the 
product will be a square. 

4. All numbers belong to one of the forms 3 w, 3 n ± 1. 

5. Every square number is of the form 5n or 5n ± 1. 

6. Every cube number is of the form 7 w or 7 w ± 1. 

7. A number which is a perfect square will divide by 5 
without a remainder, or will leave 1 or 4 for a remainder. 

8. Show that n {v? + 5) is divisible by 6, when w is an 
integer. 

9. Show that n{n^ - 1) {n^ - 4) is divisible by 120, when 
n is an integer. 

10. All even square numbers are of the form 16 w or 
4 (4 w + 1), and all odd squares of the form Sn.+ 1. 

11. Every number of the form 4 w + 1 is the sum of two 
squai'es. 
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12. If the difference between a and h is divisible by /?, a 
is said to be congnious to fc, for the modulus p. Hence 
show that ii a'z=ih (mod, p), and CEzd (mod, p)y then 
o + c E= 6 + c^ (mod. ^). 

1 3. If a E^ 5 (mod. ^), then a* = 5" (mod. ^), and ma = m5 
(mod. jt?). 

14. If ma = m6 (mod. p)y what is the condition that a H 5 
(mod. p) 1 

15. If the congruence ^ (a;) = (mod. p) is satisfied by 
a = a, show that eveiy nimiber of the form a + mp is also a- 
solution, and that among these numbers there always exists 
one, and only one, between the limits and p - \ inclusive. 

16. If oo; + 5 = (mod. p), how many solutions are pos- 
eible in the three cases : (i.) when a is prime to /> ; (ii.) 
when a and p have a common measure, which will not 
divide h ; (iiL) when a, h, p have a common measure ] 

17. If ^ be a prime number, show that 

(a? + 1) (a: + 2) (aj + 3) . . . . (a + p - 1) 
= a?**"* - 1 (mod. p), 
end hence deduce Wilson's theorem. 

18. If 2" - 1 be a prime number, then will 2*"* (2* - 1) 
be a perfect number — that is, a number which is equal to the 
sum of all its aliquot parts, or its divisors. 

19. If 3 .'2« - 1, 6 . 2» - 1, 18 . 2=" -^1 are primenum- 
bers, show that 

2»+i(18 . 2»» - 1), and 2«+i(3 . 2* - 1) (6 . 2» - 1), 

are amicable numbers — that is, numbers each of which is 
equal to the sum of the divisors, of the other. 

20. Any power of the sum of two squares may be sepa- 
rated into the sum of two squares. 

21. If a, by and n are positive integers, and h less than 

2 a - 1, show that the integral part of (a + Ja^ - d)" is an 
odd number. 

22. If 91 be a prime number, and m be odd, show that 
»»" + 4 cannot be a perfect square. 
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23. If ff> (N) IS the number of integers not greater than N 
and prime to it, and 1, du d^ tS^., are all the divisors 
of N, tlien 

^ (1) + ^ ((fj) + </> (c^a) +....= N. 

24. If j3 be the G. C. M. of m and n, then as' - 1 is the 
G. C. M. of a;"* - 1 and af» - 1. 

25. If j9 be a prime number, and a one of the numbers 
1, 2, 3, .... j? - 1, then a -k- kp contains square numbers 

or not according as a ^ - 1, or a * + 1, is divisible by ^. 

26. With the notation of Ex. 23, show that, when N is 
on odd number, p (2 N) = p (N). 

27. Find the sum of the positive integers which are less 
than a given number (IT) and prime to it. 

28. Show that the sum of the squares of these integers 

=TO-y(i-|)0-^)-n<i-»)^i-*)<i-''>--' 

and that the sum of their cubes 

where a, 5, c, .... , are the prime factors of N. 

29. If ^ be a prime number, then the congnhence 

a^ + a^o;"'-* + a^"^ + . . . . + o« = (mod.^) 
cannot admit of more than m solutions less than p. 

30. The congruence a' = 1 (mod. p) has always p (p - 1) 
roots, where p (n) represents the number of integers less 
than n and prime to it^ and where j9 is a prime number. 
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CHAPTER XXVI. 



DETERMINANTS. 



233. "We close witli a short chapter as an introduction to 
Determinants. For further information the student is 
referred to special treatises on the subject. 

234. When we eliminate x and y from the equations 

CiX + h^y = Of 
ax + h.^ = Oj 

we obtain the relation aj)^ — aj)i = 0. 

The expression afi^ - ^a^i is called the eliminant of the 
given equations ; and the condition that the given equations 
may have simultaneous values of x and y is that the 
eliminant must vanish. 

It is convenient to express this relation thus— 



Oi, hi 



= 0. 



The expression on the Erst side of this equation is called 
a determinant. 

We have then generally, according to this notation, 



02 , h^ 



= a^2 — (Q>\* 



We have also, on the same principle, 



6i, 5a 


= 


Oiftg - a 


Oi, \ 




«!, «2 


Ojs, \ 




51 , \ 



therefore 



Hence the value of the determinant is not altered by 
making the rows columns, and columns rows. 
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This we sliall see is a" general property, whatever be the 
number of rows and columns. 

The quantities Oi, 5i, <&c., are called the COnBtitnents, and 
the products Uih^, &c., the elements of the determinant. 

235. Suppose we have the two equations 

OiX + a^ + a^ = (1), 

biX + % + b^ = (2). 

We may express the mutual ratios of a?, y^ z in the nota- 
tion of determinants thus — 

Multiplying each side of (1) by 63 , and of (2) by Oo, we at 
once 

or 

therefore, 



«i7 61 

a2> ^2 


X = 


a.2y 62 
as? ^3 


z. 


X 




z 


«2J ^2 






(hi h 




(hi pi 






(hi i 


2 





And so we therefore get 



X 



y 



(hi h 




(hi bi 




(hi h 


(hi h 




(hi h 


* 


(hi b^ 



(3). 



Cob. 1. If we put each of these ratios = m, and substitute 
the corresponding value of a;, y, z in the given equations, we 
obtain the identities — 



and 



Ol 


(hi bi 
(hi h 


- (h 


«i> bi 
a^f ^3 


+ (h 


a^, b^ 


\ 


(hi ^2 

(hi bs 


-h 


(hi bi 
(hi ^3 


+ Cg 


(hi h 
(hi h 



= 0, 
= 0. 

X 
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Cob. 2. If we put « = 1 in the given equations, they 
become 

OiX + Of^ + a^ = 0, and bjX + 1^-^-1^ = 0, 

and we get from (3) the values of x and y satisfying these 
equations, viz. : — 



a; = 



3^2 






236. Taking the system of three equations 

cb^x + h^y + c^z = (1), 

a^ •¥ h^ ■{• c^ = (2), 

OjK + 632^ + C3« = (3), 

And multijdying (1) by 



^3> ^ 



, (2) by 






. (3) by 






we get, remembering the identities proved in Cor. 1 of the 
last Art., 



«3> *8 



-Cj 



^8» ^ 



+ C3 






= 0, 



This relation may also be written 



or 



h 




-h 


^3' «3 


+ 63 




«1 


6., c, 


-«. 


h . c 

1 > 1 

hf ^3 


+ 03 





= 0. 



= 0. 



The expression on the first side of these equations is 
expressed in the language of determinants by the form 

a.2, 62 , C2 
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"WTien the value of this determinant vanishes we have just 
seen it to be the condition that x, y, z satisfy the simul- 
taneous equations (1), (2), (3). 

CoR. Since we have identicaUy — 
it follows at once that 

6l, ^2 1 ^8 

237. Using the same notation, we have 



Ol, 5j, 


Ci 




<hy hi 


Ca 


= 


fl^sj 63 > 


Ca 





= a. 



«4> ^4» 



^2» ^2> ^a 
64, C4, d^ 



^8^ ^3 



'4' 



e?. 



»i> «2» 

^ > ^2 » 
^1 ' ^8 > 



a. 



3» 
^8» 



a. 



3 > ^4 

d » d % d • d 

I J ^^2 ' 3 ' 4 





«.. 


c,, d^ 


-5I 


«3' 


«». <^8 




««, 


C4, d^ 




«.. 


h> ". 


-d, 


«3. 


^. c. 




«4> 


5«' «4 



+ c. 



fl(. 



9 



2 ' 2 
^^4' ^» ^4 
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238. If any two rows {or columns) he inierclianged, tJie 
value of the determinant is changed in sign. We have — 






= afi^ - afi^. 



h , a 
1 ' 1 
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Again, 



= ai 



^3» ^3 



-h 



2 ' 2 
«3> ^3 



+ c. 



^SJ ^3 



a • c 

2 ' 2 
«^8» ^3 



+ a. 



I |«3» ^3 



- a. 



*2» ^2 
^3» ^8 

^> ^^2 

hy ^3 



- c. 



+ c. 



hy «2 

^3» »3 



>-2|l 



^» ^2» ^2 
\y »8> ^3 

And "we may extend the principle to a determinant of any 
order, the rule being that every single permutation of two 
rows or columns requires a change of sign. 

239. If two rows (or columns) of a determinant are xdenti- 
cat the determinant vanishes. 

For, by the last article, if we interchange these identical 
rows or columnsy the sign of the determinant is changed. 
But there is actually no change in the determinant by inter- 
changing identical columns or rows. Hence the determinant 
has the same value whether positive or negative, and must 
therefore be zero. 

240. If the constituents of a/ny row {or column) of a de- 
tefi*minant he multiplied hy the sa/me constant factor^ iJie de- 
terminant is thereby multiplied hy the swme factor. 

Thus 



a, 



a> 



a., 



3 9 



©2 , C2 

03, C3 


1 


hi 




1 

- mbi 

1 


1 1 


<hy hy Ci 


+ mci 


»2 9 ^2 

■? 


= m 


Og, Jgj Cg 




ttg 


y f>'i 






»3J 


63, C3I 
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Cor. 1. — Hence, wJien tJie constitrients of any row or 
colwmn contain a constant factor, that /actor may be placed 
as a coefficient to the determinant formed by striking the com- 
mon factor out of the row or column. 



Cor. 2, — Since 

mOl y ^ 9 ^1 

ina^ y <hy b^ 
mag, a^y b^ 



= m 



«3> «8> ^8 



= 0, it follows that, 



wlien amy row (or column) of a determinant may be obtained 
from any other row (or column) by a constant multiplier, 
the determinant vanishes. 

241. If to the constituents of any row (or column) tJiere be 
added the corresponding constituents of any otiier row (or 
column), multiplied by a constant factor, the value of the de- 
terminant is not altered. 



Thus 



ai + wwfgT bi -^ mbz, c^ + mc. 



aa, 



b 



s= (oi + ma*^ 



hi ^2 

63, C3 



*•>'• 



+ m 



0^3 , 63 , C3 

But, Article 230, 



Hence 



- (bi + mSa) 



^2, b^y Cj 

2 9 2 7 ^2 

«3J 2>3, Cg 



^2 ) ^2 > ^2 

Oa , Oa , Ca 
^2 > ^3 > ^3 



3 9 
i 
(hi 

ag. 



2 
Ca 

C3 



Ca 
^8 



+ *(cji + mc2) 



«2> 62 

ag, ft. 



= a 



Cti + WKTa , 



a 



2 ) 



a 



3 9 



bi + wJa > ^1 + ^^2 

62, Ca 

63 , C3 



Oi, 61, Ci 

Og , 62 > ^2 

CJ3 , 63 , €3 
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"We shall now work out a few examples to show how to 
evaluate determinants, and how they may be practically 
applied. 

Ex. 1. — ^Rnd the value of the determinant — 









6 


, 4 


1 






2, -1 


• * 


Value required = 6 ( - 1) - 2 (4) = - U. 

• 


Ex. 2.— Find the value of 




1, 2,3 






3, -1,4 


• 




4, 2,5 




TslIuq = 1 


-1,4 
2,5 


— 


2 


3,4 

[4, 5 


+ 3 


3, -1 

4, 2 



= 1 (- 13) - 2 (- 1) + 3 (6 + 4) = 19. 
Ex. 3.— Find the value of 



48, 6, 12, 18 

30, 6, 6, 12 

4, 4, 6, 10 

20, 20, 5, 25 



Value = 6x3x2x5. 



8, 1, 2, 3 
10, 2, 2, 4 

4,4, 1, 5 



>=6x3x2x5x2. 



4, 1, 2, 3 

5, 2, 2, 4 
1, 2, 3,5 
2,4, 1,5 
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add the 2nd and 3rd columns together for a new 3rd column : 



= 360. 



4, 1, 3, 3 

5, 2, 4, 4 

1, 2, 5, 5 

2, 4, 6, 5 



= 0, by Article. 



Ex. 4. — Solve the simultaneous equations — 

3aj- 3^-2«=- 1. 

2a;-4y + 5«= 9. 

aj + 3y-6«= -11. 

If we suppose m = 1, we have 

3x + y - 2z + u = 0, 

2a;-4y + 5«- 9w = 0. 

aj + 3y-6«+llw = 0. 

Hence, as in Article 235 » 



X 



1,-2, 1 

-4, 5,-9 

3, -6, 11 

z 

its', r 

- 9, 2, -4 
11,1, 3 



y 



3,-2, 1 

2, 5,-9 
1, -6, 11 

1 

3, 1,-2 
2,-4, 6 
1, 3,-6 



The value of the determinants are respectively 

- 24, - 48, - 72, - 24. 



Therefore 



X 



- ?y - 



-24 - 48 - 72 - 24 



therefore 



ic = 1, 2/ = 2, « = 3, 
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Ex. 5.— If 



2 ^ (h - Cs^ ^^^ 



bi — Ci ^2 — C2 &8 " ^J 



8 



di • U, 



Ok 



1 > wa > "'a 
61, Jaj ^8 



a > ^2 > ^8 



= 0. 



Let m be tlie value of each of the given ratios, then 

Oj - 5i = wi(6i - Ci) (1). 

ttj - 62 = 771(63 - ^2) (2). 

Oa - 63 = 2»(63 - C3) .(3), 

Now, Article 232, 



Oi, Oa, 


«3 




61, 62, 


&3 


= 


Ci , C2 , 


<?3 





a J 



^2 > 



m(6i - Ci) , 7»(62-C2) ; »i(&3-C8) 



5i - Ci , 



= WJ 



Oj — C2 > ^2 "" ^2 > ^8 "" ^3 

61 - Ci , 63 - C2 , 63 - Cj 

6j - Cj , 62 - C2 , 63 - Cs I = m (0) ss 0, 

C2 , Cj , C3 



63— C2 , 














Ex. XLV, 










1. Find the value of the determinants — 








3,0, 1 
4,2, 7 
6, 2, 1 


9 


6, -1, 5, 5 
1, 1,0,2 

-1, 4,8,3 

7, 6,7,4 


, 


4, 
6, 

-1, 
6, - 


0, 1, 

4,1, 
2,4, 

•1,7, 


-2 

1 



2. Evaluate the determinants 










a 
b 
c 
d 


9 < 
9 < 

> 


a^, a^, a* 
b^, b*, 6* 

iS d», d* 


, and 


1 
1 
1 
1 


, a, o2, 

, b, b\ 

f c , c , 
, d, d?i 


, 0* 


y 
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and show that their ratio is 



(ibcd 



o + 6 + c + d 



3. If 






— « • 



Xi + X^ + OC^ + * * r ••+fl?ii-l = ^n> 

show that 

Xi = {oa-f Og +...,+ a« - (w- 2)ai}, 

X2 = J {oi + as + ' • • * + a« - (w - 2) Oa} , 



• • — • « 



^ • ■ 



•I « • B 4 • 



• • 



» - * • 



«» = T {«! + Oa + . . , , + flfn-l - (^ - 2) On} 



4. Show that 
1, 1, 1 

yi9 y2y Vs 



= r»i2fe - ay/i + «2y8 - a^a + ^Tiyi - aoys* 



5. If a, 6, c be the sides of a trian^e, show that the square 
of the area of the triangle 



- 16 



0, 1, 1, 1 

1, 0, c2, 62 

1, c2, 0, a2 
1, 6Sa2, 



, -2a, -26, -2c 

2a, , 2c, 26 

26, 2c, , 2a 

2c, 26, 2a, 



6. Show that 

6c , ^ ac f 
62 - c2 , a2 + 2 ac , 



.2 



c», 



- a6 

a2 - 2 a6 

(a + 6)2 



= ^ a6c (a + 6 + c)^. 



330 



ALQEBR^ 



7. If o; = a(y + z),y = b{z + »),« = c{x + y), show that 

ah + be + ac + 2 abo = 1, 

8. If fCi - a?i : a?j - (Tj :: 2/a - 2/j 5 y^ - y^ show that 






= 0. 



9. If 



Oj — ^2 ^ ^1 "* ^a 



X 



y 



, then 



Oi, Ji, 1 
a; , 2/ , 



= 0. 



10. Show that 



«!, &i. Cj 




a^j ^a> ^s 


• 


as, 63, C3 





»2^i + ^«i + ^a/i ' Ma + ^^3 + ^J^y Ms + Vs + ^i/s 
Ml + ^^1 + ^Ji> Ma + V« + ^3/a> Ms + Vs + ^./s 



11. Show that 



1^ 

X 






aj, 
0, 





X 



— a, — 6 , — c 



1 
2/ 



0, 
- a. 



sc, 
- 6 , - c 



+ 1 



0, 

- b. 



0, 



- a 



y 

X 

- c 



= oo; + 5y + c«. 



12. Show that 



a, 5, c 


2 


d, e,/ 


= 


g, hy k 





a^ + b^ + c^, ac^ + 6e + c/*, o^ + 67a + c^ 1 
ocZ + 6e + c/; d^ + e^ + /2, (^ + eA +/A; 
o^ + 6A + cA; dg + eh + fh^ ^^ + &^ + A^ 
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13. If 

{a + P + y) X " TJ " Pz - By 

— yas + (6 + y + a) y - a » = 0, 

- Px - ay + (c + a + /?)» = 0, 
and 

a + ^ + y, -y, - P 

-y,6+y + a, -a 
" Py " ay c + a + P 



d = 
show that 



a; = 1 1(6 + y) (c + jS) + a(6 + c + /3 + y)} • 

HisGellaneouB Examples. 

1. Show that abcla > (a + 6 - c) (a + c - 6) (5 + c - a), 
except when a = b = c. 

2. If the number n be divided into any two parts, the 
difference of the squares of the parts is n times the difference 
of the parts. 

3. Find to five places of decimals tiie value of x from the 
equation 

3 + a; o - X 
L Show that 

(a^ + 6^) {(? + d^ (6« + D 
= {adf + hcf + bed - acef + {bee + aed + acf - 6c^)'. 

5. Prove that 

25 {(y - »)7 + (« - a/ + (a; - 3/)'} 
X {(y - zf + (» - aj)8 + (cc - 2/)'} 

= 21 {(2/ - ^)» + (« - «)» + (tc - vyY: 

6. Clear of surds the equations 

^x + ^y + ^z = 0, and 
Jx + ^y + Jz + Ju = 0. 

7. Find a; and y from the equations 

»+/-= — , and 
Ny 2/ 

27?y ^ Zxjy = 324. 
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8. Prove that 

'W'hen n is a positiye integer. 

9. Show that the sum of the squares of the coefSicients of 

(1 - aj + a*)" 



10. For what values ofajisaj + — >or<i: and find 

the leaat value of (^ + ^) (^ + «^) . 

3 + jc 

11. If a, )8 be the roots of the quadratic ooj* + 6a; + c = 0, 

show that the equation whose roots are -77 and ^ is 

p a 

c«*ca? - 6 (6* - 5 oS'c + 6 aV) a? + cwj* = 0. 

12. What is the interpretation of the expression x^% 

13. Show that unless a =: 5 = c » • . . . , then 

l^d n ... . ' ooc^ .... 



• • • • 



(6-a)(c-a) (ci-o) ... (a - 6) (c - 6) (ci - 6) 

+ &c. = 1- 

14. Sum the series 1* + 2' + 3' + . . . • + n^. 

15. Show that 

\{{x - y)^ + (y - 2;)» + (« - a;)»} 

16. Show that .^.^^ 

^n + a Jn + 9 ^n + a 

is always equal to the sum of the homogeneous products of 
n dimensions of a^ bf c. 
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17. Tte integral part of (1 + ^3)='"+^ is divisible by 

18. If E« = y+ ^/^T?, theny = ^^ ".^"^ 

J 

19. Resolve into factors the expression 

1 + Oo + (1 + »o) ^ + (1 + »o) (1 + «l) «3 • • • • 

+ {(1 + ao) (1 + ai) (1 + ««-i)a«}. 

20. Show that *^- ' 

21. Show that (^zlljLl^y + (^zJLz^lz^y = 2, if n 

be a multiple of 3; and is equal to - 1 if 7» be any other 
integer. 

22. Show how to sum the series a^x^ + a^ + n®*""*" 
+ ^m+if^^^"* + <fec., when the sum of Uq + OiX + Offd 
-r • t i> is known. 



n 
2 



i 

1 



23. If (a + 5 >rnL)*' ^ c + dj^l, then 

(a - 6n/^)^ = c -c£^^^. 

24. If a^, ^2, Oj, <S^c.y a„ be unequal^ and m < n " 1, 
then 



««** 



25. If ^ " ^" , = ^^-y , then each of 

them 

26. Kesolve into partial fractions 

a? + mx + n 
{x + a) {x + Z>) (» + c) * 
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27. Find the number of homogeneous products of n 
quantities a, b, c, <bc., of r dimensions. Hence find the. 
number of terms in the expansion of (a + 6 + c + &c.)», 
n being integral. 

28. Eind a factor which will rationalize a^ - ^£^> and 
extract the square root of 37 - 20 JZ. 

29. If aa? = b^ = cs?, and — + — +—=—, show that 

X y z . a 

aa? + ht^ + cs^ = (a^ + bi + dfcP. 

30. If a debt a at compound interest is discharged in n 

years by annual payments of— , show that 

m 

(1 + ry (1 - «ir) = 1. 

31. If X = h ^/«» + •0075a', find the value of x when 
h = 28-4 metres, 8 = 3*2 metres, a = 5*2 kilometres. Of 
what c^tmeTi^Ti is a;? 

32. Show that P "^ g + ^ + ^ jigs between the greatest 

and least of the fractions £-,-? , — ,-? , but differs from the 

abed 

average value of those quantities. 

33. Ifw, = ^'^ ^ I....X -f r - 1 sho^thafc 

jr 

.^. a;+l.a? + 2....a; + « .• 
* ** |» 

34. Show that the minimum value of 

35. If 10' « 2, find a; as a continued fraction. 

36. Calculate T from the following formula : 

when A = 3503-6 sq. ft, S = 13-532 sq. ft., m = -548, 
g = 32-1998 ft., H = 6-3945 ft 



37. Beduce to its simplest form 

(yg - a£f - (ao - y') {^ '^ ^ 
(be - as") (y« - oar) - (a» - 6y) (ary - c») 

38. If^ and q are each less thtnL 1, show that 

log (I - y) y ? - ^ 

39. If a: = 2aJ + 6^^^ ^ ,"'-/'„ show- 

that 0? + y = q^ j^ X, 

40. Prove that 

where •S^/(wi) denotes the sum of r terms of the series 
"whose mth term is/(w). 

41. Show that the integral part of (5 + ^24)* is odd if 7d 
be a positive integer. 

42. Ji^ =. ?.= ^, imd^ +-g + J = 1, then 

o* t' ? a* + ^ + «* * 
43i Write down the coefficient of ^* in the expression 
1 - J (^ - 1) + i («' - i)' - ^ 

+ ^ -^ , (J - 1)=» - &C. 

44. On a smn of money borrowed, interest is paid at the 
rate of 5 per cent. After a time £600 of the loan is paid 
off, and the interest on the remainder reduced to 4 per cent., 
and the yearly interest is now lessened one-third. What 
was the sum borrowed ? 

45. Ky = aj-Ja? + ^a"-|a3^ + &a, find xm 
terms of y by the method of indeterminate coefficients. 

46. Show how the solution of the equation (kc •¥ hy = G 
in positive integers may be obtained by the properties of 
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continued and converging fractions. Solve 17a;+19^ = 250, 
in positive integers. 

47. In the equation of •{•piOf^'^+p^''^ +....+ ^„ = 0, 
find the value of a^P + a^y + p^a + (Py + (fee., where a, 
13, y are the roots of the equation. 

48 If y + ^' ,- y* -L- 



* at ..4 



(a-^)(a-7) (^-a)(^-y) (y-a)(y-^) ' 



6 «6 



(a-/^) (a-7)"*'(^-a) (/J-y) + (y -a) (7-/^) ' 
Bhow that LN-M2 = a«)3» + ay + ^S"/- aj87(a + ^8 + yX 

49. Sum to n terms, and to infinity 

X aa 

(1 + a) (1 + oa) (I + oa) (1 + a^) 



(1 + a^x) (1 + a'a?) 

50. Show that the result of eliminating x, y^ z from tha 
equations 

«!« + 6iy + c^z = 0, 

Oga; + Jay + Ca* = 0, 

a^ + h^ + c^ = 0, 

is the same as the result of elimination from 

Oyps + a^ + a^ = 0, 
hjX + b^ + b^ = Oy 
CiO? + Cjy + CgW = 0, 
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I.— Page 13. 

1 8, 27, 6, - 16. 2. 6, 2, 4, 0. 3. 5, 11, - 7. 

4. 11, 16. 6. - 2, - 15. 6. 8. 7. - 5, - 7. 

8. - 11,-3. 9. 7, - 69. . 10. 72, - 68. 

11, - 2, - 8. ^ 12. - 10, 32. 

IL— Page 18. 

1. 51, 6, 3. 2. 125, 35. 3. - 513, - 65. 

4. - 1224, 30. 6. 0, 2. 6. 1, - 27. 7. 2, - 2. 

8. 1591, 0. 9. 144. 10. 1521. 
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m.— Page 21. 

1.10a + 35. 2.11a*. 3. 126 + 8c. 4.0. 

6. 8a' + ab. 6. 3i«* - a:" - 15a: - 2. 7. iab - 4. 

8. a* + 3^ + «" — 3 X7/Z. 9. aJ* + ai"^ + y\ 

10. a» + 5» + c» + 3a=6 + 3 06^ - a'^c - ao^ - 6'c - 6c* 
2a6c. 

11. aJ* + ^ + «^ - 4 a?y + 4 a^« - 4 a;^ - 4 y** + 4 ajs* 
4y2!» + 6ai"3/» + Gauss' + 62/*s» - 12»»y« + Uxfz 

12ay«». 12. 0. 

ly.— Page 22. 

1. 4a + 26 + 5c. 2.-4a; + 2y-6«. 

3. a' - 3 a6 - 6^ - 5 (* - 7 6 - §. 

T 
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4. 2a*- 2a«i*?+V. • 5. 4a*+ 8a'5« + 46* 

6. ^3a:^-3s'-3a»«- Stos". 

7. oJ* - CKC» - 9 a'ar* - 3 a'aj - 2 a*. 8. 0. 

9. -a-6-c-c2 + e+/+flr+^. 
JO. 2aJ« - Sar'j/ + 12 ary- - 80^2/* + 22/t 

11. oJ* - 2 aJ^2/'» + 2^*. 

12. a^ + 6' - 2 <? + 2 06 - 2 ac - 2 6c. 

v.— Page 24. 

1. -« + 8y + «. 2. a' '6'. 3. 13 - 6a. 
4. 5a^ - 3aj- 7. 

fi. (a + 6) + (c - cO» ^ - (^ "" ^ + ^' 
. {a - (6 - c)} - <^. 

6. - (6a - 76)-(3c - ^d), -6a + (76 - 3c + 5(£), 
^.{60- (76-3c)} + 6d 

7. - (4a:' - 12a?y) - (12aJ2/" - ^f)* 
.^ 4ar» + {Ux'y - ISoj/* + ^P^h 

- {4a?- (12ar'2/-12aJ2/')}+ 42^. 

8. (a' - 6») - (c» - 3a6c), a' - (6» + c» - 3a6c), 
f^s - (6» + c')} + 3a6c. 

9. - (a - 6 + cZ)a? - (a - 6 - 3c)a;2/ 
. - (26 -c - e "/)}/'. 

10. (a-6 + c-cOaj-(c-c2 + e - /)y 

- (e - / + S' - ^) ^• 

11. (a - 6 - c^aj - (a - 76 - c)y - (6 - c + ^«. 

12. (» - a:) a« + (aj - y)a6 + (2/ - «)&'• 

YI.— Page 27. 

1. 12a'» - a6 - 66^ 18ar» - ^xy - 353/«. 

2. af»- 602/" + 43^> 30ar» + 49 ai^ + 9ay - 42^ 

3. a* - 2a^6= + 6*, a* - 6*. 4. a* - 2/*, a:' - y** 

6. a' + 6« + c» - 3 a6c. 6. a.^ - 2^- 

7. a' + 3a^6 + 3a6« + h\ 

8. 5 a' + a* - 405 a - 405. 
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9. - ra« + l7aP - Saj - 2, a» -V. 

10. a« + 2 a«6« + 3a*6* + 2 a^b^ + 6». 

11. q/* + (oc + ^) a? + {h +/)gx? + (a? + d/)a? + cdx\ 

12. a? + (p - a) a? + (q ^ ap)x — aq. 

13. JB* + (a + b -^ c)a^ + {ab + ac + 6c) aj + abc. 

VIL— Page 32. 

1. a" - 2 aJ2^ + 2/«, 9 a' - 30 a6 + 25 6', 16 c* + 8 c^cP + d\ 
9 aJ* - 12 ay + 4y*. 'T ^ 

2. a* - 61 3. mV - wy, 50a* - 186*. 
4. (a + c)« - (6 + d)^ (a + by - (c + d)\ 

6. ar^ + 4aj - 5,ar» + 7a; + 10,»» + 2 » - 15, a^ - 25. 

7. a^ - 37a? - 24aj + 180. 

8. TV{4a'^'- (a" ' b^ - c^Y}. 

9. 4 (a» + U" + c" + dr). 

VIIL— Page 38. 

1. 4 a« - o& + 2 6', ajy - 4y'. 

2. 2a* - 5 a% + V a"^'* 2 a? + 3 ay + 23/» 
a ^aar-'' + 6a;-y + ca;-<*+j;>2^", 

aa;'""'* + 6y" + caf'^y*. 
4. 6 a? + 4 2/, 5 a; - 3 y. 5. 1 + a? + a?. 
G. - 3aj - 4, - 7aj + 3. 

7. a? - 3a;V + 5ay + 272/^ +'-^^, 

aj - 02/ 

a? - ar?/ - Saj?/^ + 15 2/' - -^^- 

X + y 

8. aJ* + aj'2/ + ar2/^ + a^' + ^, a;* - a?2/ + a?2/^ - ay + 2/*. 

9. oaf + 62/». 10. a» + a% + a6^ + 61 
11. 6 + c, a + 6. 12. a + 6a; + ca?. 

13. a* - (p - l)a» - (p - gr - l)a» - (p - l)a + 1. 

14. The given expression is — 

(a +6 + c-(Q(o6 + 6--c + c?)(a-6 + c + c/)(a — 6-c-c?). 
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16. - aj*y^- aV> 35 + «"■*• 

17, (x + yf + (a; + yfz - (a; + y)2? - z\ 
20. (a-^c)' - 2 (a - c) (6 ^ cQ + (6 - d)l 

IX.— Page 45. 

1. (X + 3a) (a5 - 3a), {iy^ + 5srf{4:y^ - 6«*), 

6(2a + 36)(2a-35),(2iB-3y)(4iB» + 6a^ + 93^. 

a a;(aj - y) (as" + 0:3/ + jr^, 

(a - h){a + b) (a« + 6^) (a* + 6*), 

aJ2^(a:+ y) {^ - ^ + f)^ 
2 xy^z {x + 2z) {x - 2 z), 

3. (a« - 25^ (a' + 2 6^, (a? + ajy + 2/^ (a? - ay + y^, 
(a + by {a - by (a + b + c) {a + b - c). 

{a + b — c + d){a'-b + c + d)f 
(a + b ^ c) {a - b + c). 

5. 5 (2a; + 9), 3 (2aj + 7), (3a + 6 - c) (a + 6 ^^ c). 

6. (ai' + a?/ + 2/^ {(aj-2^)(a?-2/^ + 4a?2/=(ai'-ay-2r^}^ 

(af* + a^^ + 3/^ (a:* - aJ2^ + jr') (a: + 2/)' (* - 3(.^^' 

7. (aj - 10) (a; + 7), (a: + 1) (a; + 10), 

(a - 76) (a - 8 6), (a; - 16) (a? + 12). 

8. (oa; + 7 6y) (aa: - 6 by), 3a(aj - 10) {x + 2), 
ac{c - 8) (c + 3>. 

9. (3aj + 5) (2a; - 7), (2 a? + 9) (4aj - 15), 
3(2a + 3) (3a; - 8), (4a; - 7) (5a; + 6). 

10. xy{3x + y) {x + 3 y), a; (5 a; + 3 a) (4 a; + 5 5), 
{mx + p) (nx + q), 

11. a* + 2ai2 + 4a; + 8, 3aJ* - 6a;»+ 12a? - 24a; + 48, 
a?* + 3 a? + 9. 

12. {a + by - {a + b){c + d) + {g + d)\a - b -h c -^ cL 

13. a* + pa^ + qor + m + «, 2 a*. 14. - 102, 17. 

X.— Page 48. 
1. a% - 27 «'6^ 16 a'tV, - s^y"^. 



a o* + 12a»6 + 54o'6» + 108flJ« + 818*, 
16a* + 32a'6 + 24a«6« + 8a6» + 6*, 
o» - 6a*6 + 10a«6» - 10a»6» + 6a6* - 9^, 
27 a» - 108 a'6 + 144 a6« - 64 6». 

8. 16m* + 32m' + 24m' + 8m + 1, 
125 a» + 150jb^ + 60aj + 8, 

81 a* - 432 a'c + 864 aV - 768 ac» + 256 (f, 
- a» - 3a»6 - 3a6« - 61 

4. ai*+2a»+3aj* + 2aj + l, 

9 a* + 6» + 16 (r» + <?» - 6 ofi + 24 ac - 6'ai - 866 

+ 2 6c? - 8 cc?, 
o'+4 6' + c' + 4a6-2a<3-46<?, ^ 
9 (a» + 6' + <? + 2 a6 + 2 ac + 2 6c). 

5. l + 3a;-5a? + 3a^-a^, (aa; + hyf + 3(flKC + 63/) c» + <fec; 

6. 1 + 7a; + 21a» + 35aj»+ 35 jtf* + 21 aj» + 7 a:^ + a?^, 
(1 + «)* + 4 (1 + a;)W + 6 (1 + a;)V + 4 (1 + a)ai» + a*, 
(a + 6a:)* + 4 (a + 6a;)* ccc' + <fec. 

7. oW - 8 o^6a^y + 28 cS^Va^f - 56 aWa?f + 70 a*6*a!*/ 

- 56 a^l^T^u" + 28a25«ary - 8a6»ay* + 6y, 
729a« - 243a^y» + 27ar»2^ - /, 
a*- 3a/»y»+ 3a»y*-2^. 

a"-^ 6ai<'6« + 15 a«6*- 20 aW + 15 a*9»- 6 a=6^* + 6» 

9. a» + 3a«6 + 3a6» + h\ 10. (a - c)» 
11 2(1 + 3a?)*. 12. 81a*s^*(« + y). 

XI.— Page 62. 

1 2 a;^/^;^', 4 aV, ai» + a«. 2. 2 a? - 3 a?y + 5 ajj/^. 

8. 5a» - 3a6 + 61 4. 1 - 2aj + 3af» - ^aP. 

6. a + bx + (XX? + da?. 6. aV - 3 oaf*"* + 4 af-*, 

7. a + «~S oar* - a'^ai 8. 3 a;** — ^ 5 a. 

9. 36, 79, 207, 289. 10. 103-2, -024, -3, {. 

11. 4-123, 1-224, -618, 3-732. 

12. -0203, 4-6, 3-5036. 13. 2a6y, 5aJ*2^, a + 26. 
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14. a* + 3 ar* - 7. 15. a? + y - <?. 

16. X + x-\ iry-i + 1. 17. 18018, IML 

18. 273, -3, |. ! 19. -5, -2599. 

20. 4^= 1-709. 21. 7-6457, 50-2487. 

22. 4-4142, 3-7320. 23. -25. 24. 0. 

XII.— Page 69. 

1. aj - 3. 2. JB* + 4 a? + 3. 8. a; + 3. 

4. a: + a. 5. c? -{• ah -¥ h\ 6. a; - 1. 

7. a; - 3. 8. 3a; - 2. 9. 12ar» + 6x. 
10. 3 a + 2 6. 11. a; - 1. 12. 2 a? - 4a? + a: - 1. 
13. 2 a + 3 6 + c. 14. ar* + 1. 15. a; - 1. 

16. 2 a? - 3 a + 9. 17. 1. 18. a + 6 +a 

XIII.— Page 72. 

1 12 aV^* -•- ^ 2. 60a=iV. 

8. (a ^ 6) (5 ^ t) (c -" tt). 4. a^x {a? - a% 

fi. (a; + 1) {x + 2) (aj + 3)* 6. {x-' 6) (a; + 5) (a? - 5). 

7. (2a: + 7)(3aj + 8) (4aJ + 5). 

8. 210 (a? + 1) (a:^ + 1). 9. a«(a^ + aV + a*)i 
10. (a; + a) {x + h) {x + c). IL 1 - ai^i 

12. (a; + 1) (aJ + 2) {x + 3) (a; - 5) (a: - 6) (aj + 5)8 

13. a {a- by (a? ■- ab + b^. 

14. (aj - 1) (ai + i) (ar» + 1) (G a? + 5 a? + 2a: - 1). 

15. {a^ - V^y. 

16. 2a;(a:2-l)(3a;' + 3a;-l)(2ar^ + 2a;-5)(2a?-2a; + 5). 

17. 3 (a: - 2)2 (a: + 4) (5 a:» + 10 a:* + 20a: + 18). 

18. aW{a + 5) (a - b). 19. 15 (3 a? - 10) (a:* - 16); 
20. (ar» - f)^ (a:« + f) (a^ + 2/^). 21. aP - a«. 

22. (a + 6 + c + e^(a + 6-c — c?)(a-6-c + c£), 

23. (a + 5 + c) (a» + 6« + c8 - 3 ofic). 

84.* (gj + 6 + c + cZ) (6 + c + c2 - a) (a + c + c^- 6) 
(a+6 + (?-c)((* + 6i-c-(^(a + 6-c-cO« 
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XIV.— Page 75. 

2 a; - 1 or* + a; - 2 
' X + 6* aP + 5x + 5!^ 

2 ^-5-i_^ 2ic» + 2a; + 9 
* 7 a; + 2' ba^ + 2x-2' 

a--3a6 + 6** a + 36'. 

4 g(y - g) - 2/* 1 g - 2g 25 

' «(y + ») - 2/^' ar^ - y^* • a^ - i'^ a^ - 6^ 

l»f\ —as? — a3^+3a;— 1 

''• 2 (« - 1) (a;» + If 

g 10 

(« +!)(« + 2)» (»» + 1)' 

Q 8a! - 20 -- Sa;' + 8 

^' (a; + 1)» (a; + 3)' ^"' (as- l)«(a?Tiy 

11. 0. 12. 0. 13. 1. 14. a + 6 + & 15. 1. 16. 0, 

17..- 1^,. 18. ^^-'■^ 19' 1- 80- 1- 
(a* - ar/ a' -!- 06 - 6* 

(a; - y) (y - «) (aj - «)' ' a^* 

23. , , ^ ,, , -'. 24. :^ - 4a + 3aj* 

(a? - a) (a; + 6) (a; + c) a; 

88. , ^'(^-y) , 29. 1. sa I, 

{a + a;) (a + 2^)' ar 

XV.— Page S2. 

1 3. 2. 4. 8. a + 6. 4. 5. 

B. 6. 6. 3. 7. 5. 8. 2. 
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9. c. 10. a + b. 11. a + b + e. 12. ^+^jL?. 

. 

13. abc. 14. -(a + 6). 15. a5c. 16. ^fJ?i--~^-) 
17. 2. 18. 8. 19. i. 20. _^"-?* 

21 ?l±^Ll_?. 22.4-^ 28.a + 6 + fl; 

24/ 1 



a + 6 + c 







XVI.- 


-Page 87. 






L 6. 




8.. ^- 

a + 6 ■ 


-ed 
- c — 


/ 

If 




a4a 


4 }gM. 




6. -tVs. 








6 -i. 


7 H- 




& 3. 








9. - U- 


10. 8. 




IL IH. 








lj,3^™-. 


13.-- «' +. 


6» 


14. 2O. 


l-b' 


^'. 


^1 


- *V. 



15. S. 1& - 8. 17. 1. 18. ^pLl. 

19. ( V« + \/&)'. 20. - a. . 21. cf + 2a. 

22. f 23. . 2i. 24. ^^g - ^^ + K" ""i^- 

a'(6c - ocQ - (^ - a«)c* 

XVIL— Page 92. 

t 10. 2. 45, 25. 8. £360, X240, £120; 

4. 20, 15 miles per hour. 6. 24. 

6. 36s., 48s. 7. 12. 8. 36s. 9. SOsl 

10. 13. 11. 10. 12. 24 lbs., 40 lb& 
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13. 13.^ 14, 500. 15. 15a 16. 46 A- 

1 7. 18 miles from A. 18. ^V hr. 

19. 15 per cent. 20. 28 miles. 21. 10. 

22. 4 J, 4 miles per Hour. 23. 12 miles. 

24. 20 miles per hour in same direction. 

25. 120. 28. 6s., 4s. 27. 2, 1, f, 6 hours. 

28. 98 per cent. 29. £1,000. 80. 38^ miles per houn 
81. 2 inches. 82. 16 vols, of hydrogen, 8 of oxygen, 

on 1 - 100c 1006 - 1 04 ah'c - a'hc' 

^"^^ ~6"r^' i-c • cc'(a'6 - 06')' 

83. - 40'. 86. ~^^-,. 



XVIII.— Page 99. 

1. 3, 4. 2. 5, 2. 8. 3, 7. 4. 4, 6. 

6. 12, 8. 6. 2, 6. _ 7. 1, 2, 3. 8. 1, 2, a 

9. 4, 1, 2L 10. \""^^ ^^?^^f- 

aJbi — OiO abi — OjO 

11. a, _ , <fcc. 12. « ^ g-^ 

13. 4, 5. 14. 3, 8. 15. 4, 8. 16. 3, 4. 

17. 3, 5. 18. 8, 1. 19. X = ? — -,, &C 

' a + c - b 

SO. 2, 3, 4, 1. 2L 3, 4, 5. Sa a> = « + « + ^-^ ^fa; 
23. X = ?^^'^-^/"^>, Ac. ' 30. a; = y = » = 1. 

2 

XIX.— Page 102. 

1. 12, 8. 2. 37. 3. 6 lbs., 5 stones. 

4. ». 6. 17 horses, 24 cows. 
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6. 6s., So. 7. 220 and £2. Us. 

8. 200, 300, 400. 9. 48, 23, 18. " 10. 6, 3, 4^. 
11. 4, 6, 8 hours. 12. 6, 10, 18. 13. 'Ti, 12, 3. 

14. 4, 3 miles per honr. 15. 16, 32, 48 miles per hour. 
16- OiX + biy + cfi =i di, cb^ + h^ + c^ = d^ 

Onfi + &sy + c^s = ^ &om vliich ^ ^i ^ 
20. 30^^ 152^. 

XX.— Page 109. 



L ±3. 


• 

2. ±4. a +6. 


4. ±f. 


& ± 2. 6. ± (a + 6). 


7. ±1. 


a ±-^/a«-6». 9. ±>/2a6-6». 


10. ±3-175: 


11 + « /36» + 1 


2 va 


la 2, 3, 14. 9, - a 


15. 1, - \. 


16. 4, - i. 17. - h -h 


la - 6, - 1. 


19. i(6 -s/6V-.4ac). 


20. 5, 3^. 


2L 7, - 6. 22. 6, - f . 


23. !,«'-(« + 

00 


^)''. 24. J, a. 


25 o + 6, ** ' 
a + 6 


2a rt, 6. 27. " , , '^ .. 


OQ a' + o6 + 6* 
^- a-h '. 


~5 i »V ^*'* ** TTJ* 


80. 5, - ih 


81. 3, - 5. 32. 2, - 3J. 


33. 2, - iff; 


34. 5, i. 35. 8, - f. 


86. 3, - a. 


37. 2, 2j. 38. 4, - |. 


89. U, - h 


40. 2, 0. 4L 0, 2a& 


42. a,3|a. 


iio A a* + 6" + 2&is/ai 



A37SWSRS. 3l7 



44. 1 «'&V - iy 



45. a + 6 + c, - ^Lt^. 

XXI.— Page 115. 
1. ±3. a 2, - ^V. 8. ±5, ± 4- 

4. 2, - 5. 6. ± i. & </2, ^ 7. 4, 69. 
8. + 4, ± V7. a 3, - 4, 3 ± Jn. 10. I, 4. 

11. - 2, -^ 2 ± ^3. 12. ?. 

13. 4, J, -i (- 13 ± >/Ii5). 14. 0, 6 - a. 

15. ± ia /s/sT 16. I * Jb-2aS+ f' 

^^' {t^)'- ^- * ^* * '^'^• 

21. 2, - i, i{- 11 4: V97). 22. 4, f. 

23. 6, 3^, i (- 7 + /v/53). 24. 3a. 

25. 3j - 2. 26. 4, - Uj, l(- 19 ± ^/?JI). 

27. 3, - 2 J, if. 28. J (1 ± V4 a - 3). 

29. ± 1, anda!* + a? + 1 = 0. 30. ± h + ^ + e 

31 o, i { -s/dc''- 3»* + 2a6 + 6» - (a - i)}. 

S2> ts s m is one solution. 

33. oisa + S + cia one solution. 
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84. oj = ~, and a« + oaj + «» = 0. 
m 

36. X = ^LjLz is one solution. 
a + c 

86. a? - » + 1 = gives two solutions. 

XXII.— Page 119. 
1. a: = 2, 3, y = 3, 2. % x = 6, - 3, y = 3, - 6. 
8. a = 3, 4, y = 4, 3. 4. a: = 2, 4, y = 4, 3. 

6. oj = 5, - 2, y = 2, - 5. 6. ± 7, ± 6. 

7. ± 6, ± 3. 8. 4, 2. 9. ± 2, ± 7. 

1 8 

10. ± 4, ± 3. 11. aj = ± ^»-Jl^y = ± 2, - -^. 

12. a: = 9, 4, y = 4, 9. 13. a; = 2, 8, y = 8, 2. 
14. a; = 3, 2, y = 2, 3. 

•^'^ - ^/2 (a» + 1)' ~ 2 -v^^n 

"• NTT' ~ ^ 2 6 

18. « = 2, 3, y = 3, 2. 19. « = 2, 3, y = 3, 2. 

20. a! = 2, 3, y = 3, 2. 21. «= 5, - 3,y = 3, - 5, 

22. « = "t/^^" - 23. « = 2. 3,y = 3, 2. 

24. « = ±3, +^JW.y= ± 2, ± ^/§f 

26. a; = 4, 9,y = 9, 4. 26. a = 4, 1, y = 8, 0. 

27. » = 4, 3, y = 3, 4. ■ 28. ± 3, ± 1. 
89. » = 0, 3, - iUh y = 0, 2, iijf. 

30. 0, - 1. 81. x = i, HW, y = 3, - SW- 



ANSWERS. 349 

32. oj « 6, 6, y = 4. 33. a; « 3, 1, y » 1, 0. 

34. a: = 3, - Wi y = 1, - U- 

35. X =2, 7,y = 4, -14. 

36. X + ^ = e, and a^ = 5a; + o^ 

37. a: = 0, a - 6, y = 0, a - a 

88. V ± 9 K/ih * ± ^/^|. 

39. X = yEZ^!pJ«Z42A 

^ 2 (6 + c - a) 

40. 1, 2, 3. 41. ± 1, 0, 0. 

42.a: = y = . = 0,alsol=i(^+l,.l,), 
43 ^ ^ g 

' 1/T+WT^' iJi?~viFT~c'' llWTWT? 

44. x=sy = z = u = a + b. 

45. * &a 

(a + 6 + c) * (a + 6 + c)^ * 

46. a? =•• 6, 4, y = 4, 6,« = 5. 



XXIIL— Page 123. 

1. 9, — 6. 2. Numerator 2j|, denominator 3. 

3. 35 or 23. 4. 10, - 16. 5. 78, - 68 ft. 

6. 2s., 9s. 7. 20 hours. 8. 48 shillings. 
9. 3 ft., 2 ft. 10. 1, |. 11. 3 ft., 4 ft., 5 ft. 



22. " "\/^1^2^3---^*» j " "/V^1^2%---^n ^ 

13. 2, 3, 6 days. 



«! ^2 
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14. Solve the equations P(R'- 1) = a, TW(R - 1) = 6, where 

F is the principal, and R the amount of £1 for one year. 

15. Let X be the equated time, then x is the root of the equor 

tion — 240< a(w-a:)-6(a5-w) > = 6(a; - »)(w - cc). 

16. a5 = 2^ = « = — ^. 

17. Job, iJaCf tjbc, 

XXrV.— Page 129. 



1. 1^/165. 2. car* + 5a: + a = 0. 

3. {x+yf''p{x + y)+q = 0. 4. 4. 

5. a(ac' - acy + &(a 6 - db'){ac' - a c) + c(a'6 - a6')« = 0. 

7. m+^n±j) = 0, 

12. (3a; + 42/ + 5}(2» + 32/-2) = 0, 

XXY.— Page 133. 

1. a^ a', a^f a, 2. a + «, (a - x)K 

2. a + a^xi + »*♦ 4. aiy7i - aj'^yi 

5. a^~* +ic7V + 1- 6. a^ + a6* + 6?, a* + 5*. 

7. aj - aj^y. 8. a? + 6* + c"S - a*6i - ah^ - fcic^. 

9. a%-* - 6i 13. a* + 6* + c*. 

14. 2a;V - 3ajy* + 2aj*. 15. aJ" ^- 2 + 2a- ^6* 

16. xi + 3a* - 7. 17. (x?i/'\ + l. 18. (a* + 65)». 

XXVL— Page 143. 

1. x% aH^, x^yi, a^hi' 

2. XT/a'^b"^, c^d^x'^T/'i, a'mxn* 
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a n/2T, m, ^/v, ^. 4. ^/32, ^ Xm, ^. 

10. -CCa + «)», '5'(a - »)». 11. o^,6*^' 

13. 2a>Jir+T,by^r+U','~ ^a* + o^ 

1 , 

14^ - - a, ft! - a*a;*. 

•0 5.- 

1ft 4 V3, 6 4^7. 17. ^^^VW. 

18. (3o«t - Sa^+V- 12)4^ 

19. a^ -bi,a - h. 20. (af + y)% a* - m^. 

28. a - 6? + c* - d* + 2 a^ci - 2iM. 

23. X — a!*yi + y; 

24. aj» - iB^i + a;%J - ag^ + a;*^/* - yK 

25. J ViF, ^ jr, i ^175. 

36. 3 (2 - V3), I (3 V§ - 2 V3), ^(^5+ VSJ. 

27. 1(2 + ^/2 - n/6), i (2 ^/3 + 3 ^/2 - ^/3(J),5 + 2^6. 

28. a {xi - a?yi + «%* - i»y + as^yJ - yf), 

i^ (3t - 3«. 2J + 3t. 2? - 3 . 2 + 3*. 2* - 2»), 
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29. 2 + V7, V6 + V3,5 - ^5. 

30. V6 + V2, Ve - a/3, Vis - tjT. 

XXVIL— Page 148. 

1. a' + 6' : o' - 6' is the greater, if a > 6. 

2. The former. 8. 6 - — . 

c 

4. (1 - y) (1 + a) : 1 + iB», 5. 30, 35. 

6. Less than 5 when x lies between 2 and 3 ; greater than 
5 for all values beyond these limits. 

8. X satisfies the equation — 

4 iB» - (a + 6 - 6 c)a; + 2 (c» - oft) = 0. 

9.\. 10.1. 14. 26-a,^, — ^. 

2 a^ 2 a ^ b 



XXVIIL— Page 153. 
1. 27. 2. 1. 3. 3, 5. 

4. ?4^. 6. 156.8. 6. «= 16^. 

.7. 6 J tons 8. m^ : 20 n\. 

9. .:??^^ .% -^ . (t^)* 11. -067. 

m + 1 a* w + 1 ^0 ^ 

12. 7-231 ; 23-717. 

XXIX.— Page 162. 



a jil -IL 5 11 
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6. -^9 if no person is to Iiave ihe same neighbours twice. 

7. 12. a 7. 12. m\ 16. 10. 
3 1100 



17. 



um: 



XXX.— Page 167. 
1. 38, 288. 2. 17i. 8. - 18. 

4. 150. 6. 50». 6. 13 a. 

7. 10 a., a 84j. a 5,8,11,,... 

10. 229i. 11. 2. 

13. ..^a-g)-Qa-y),^ = p^Q 

20. (3'»i - 7);. 21. 3, 5, 7. 22. 1, 2, 3, 4. 

23. An A. P, where ;?, §', r are the P**, Q* R** terms 
respectively. The common differences are the reciprocals of 
each other. 



24. 9 or - 10|. 




XXXI.— Page 172. 




1. 96. 2. T^. a 60f. 


4. n{(i)»-i} 


6-|{l-(-i)"}- 6.1-1 


7. 2. 


a |. 9. 8VV. la 7i. 


11. A. 


12. f^ ,. la (? - ^) (« ^^ff. 


14. i(ll + 5 ^5). 



15. 2f 16. 2^f 17. t ( 73 + 1)". 

z 
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1& ^ 19. a = - gf . SO. «¥. 

23. a= iiii2-,r=^-:i-^. 85. 2(2»:^l) + |n(» + l> 

XXXn.— Page 177. 

1. iV. tV. t5t. &c. 2. «, ih h &«5- 

3. - 6, 00 , 6, 3 ftud 1, f, I, }. 

Q - P 

5. The common difference of the A. P. ia ^ . y 

e 2ac - to -a5 
26 - a - c 

10. WV (* - -Z?). H. ■i*i\ (* + */7)- 

XXXIIL— Page 199. 
7. 126 o»6«, 126 oW 8. 252 (15 x)'. 9, > 20 a«8» 

in »» 1.3.5....(2w- 1) 11. 1!5 a?. *? a? 

12. - 35 . 4* . 3» a'6, 85 . 4' . 3^ a^6*. 

_J_ 1.6.11....(5r-4V 

Qr + l • r ^ ' 



13 

3 



14. 1^ a"-''6-a;"-'^ 15. a'Ur + ^^A 



T \n — T 



gl. 1st term. 22. Istterm. 

XXXIV.— Page 208. 

1. i2/ + iV + *t2/* + <^c. 

2. l+aj-2a?-5a^-&a 

8. 1 +a; + iaj^-aj' + &o. 

4. 5 a; t Sd* + 35 a' + &c. 5. ^ w (n + l)(27i + 1). 
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« _3 i_ 8 ^l-J l-\ 

x+3 aj + 5' ■"la? -6 a? + 8/ 



9. 1-.-. 1 + 1 



2 (a? + 1) sc + 2 2 (a? + 3/ 

' » (aj + 1)* aj + 1 1 + a + a?* 
11. .-J-.^ ^ ^ 



12. 



3aj - 1 a; — 1 x 

1 fl;-2 

1+a 1-aj + a?* 



14 1 + 1 

(a - 6) (a - c) (» + a) (6 -o)(6-c) (a; + 6; 

(c - o) (c - 6) (a? + c) 

15, 55 + 5 

' (a - 6) (c - o) (a + o) {h - c) (a - i) (aj + 6) 

+ ? , 

(c - ffl) (6 - c) (a; + c) 

iG. , y 

(a -- b) {a - c) (x + a) (b - c) (6 - a) (x + h) 

+ <^ 

(c - a) (c - 6) (a? + c) 



18. 



(a - 5) (a — c) (a; + a) (6 - a) (6 - c) (a; + h) 

<? - mc + n 

(c - a) (c -r 6) (a? + c) 

XXXY.— Page 217. 
1 2, 3, |, - 1, - 2, 1-5, . 2. 4, 6, 1-5, 
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3. 1-0791812, 1-6563025, 1-6532125, 1-8750613, 
2-6020600, -6740313, 1-8239087, "2-8696761. 

4. 1-3172901, 3-3172901, 23172901, 3-3172901. 

6. -020912, 2091200, -20912, 20912. 7. I-3162760, 



8. 3493-768. 
11. 6, 5. 

14. 6-7193696. 
17. 2-07892. 



9. -2427189. 10- 31303338. 

12. 1-67. 18. 1-6774495. 

16. i-8213310. 16. -0616835. 

18. £177-63nearly. 19. £663-449. 
20. 2620-248. 



1. 16. 
4. - 84600. 

6. H. 

9. 840. 

11. 0. 



S71g 

isiors- 



XXXVIL— Page 236. 

2. 111. 8. 

5. 12 ao^aias + 6^0^+12 aoai'^2^^*- 
7. 420. 8. 10. 

10. ^a^a^ + 24 a^-fl^^ + 4 a^a^ 
16.15.14.13 



12. 



"1.2.3.4 



14, 1 + } a'^ + i a^ - V a^- 



XXXVIII.— Page 245. 
1. £360(1035)« 

150-76 



2. « = Jogg . 
log 1-05 



3. £1250{(l-04r-l}. 4. y^^^^. 



5. 6 -f^f^ montH 



Q^n^^ML. 



log 1-06 
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7. 6i. 8. Siee Ex. 2, page 99. 



9* 


logs 


^ 1/ per ut/Ub. ^r aiuiuiu. 


10. 


96(1'06)» 


11. ^^'•i^:. 

R- - 1 


12. 


log a - log {a - br) 


*" ■ 




log(l + r) 


t 




XXXTX. 


* 

—Page 257. 


L 


^ + 2 + Ti:'i9- 


5. See Art 72. 


12. 


a; = 7, 12, 17, &o. 
y = 2, 5, 8, &c. 






XL.— Page 267. 


L 


^ -^ ' ' • 


2 4 + „i 1 . 




6+ 6+ 


8+ 8+ 


8. 


+ + i' o^ , ^ . 


4. 5 + -^ — = — = — -= * 




1+ 2+ 3+ 


2+ 1+ 1+ 2+ .../ 


5. 


1 + o\' . ' • 


6. 2 + ,^ ^ ^ . 




2+ 1+ 6+ 


1+ 8+ ... . 


7. 


,+ 11 1 


. O. 3 + •= TT « 




2+ 3+ 10+ .... 


1+2+ 


9. 


2-»-o\\' ' 






2+ 1+ 1+ 2 + .. 


1+ 1+ 2+ 1+ .... 


10. 


1 + / .J ' ' 


1 1 




1+ 12+ 1+ 1 + 


1+2+ 


11. 


2-*- ' ' ' ' 


1111 1 




3+ 1+ 1+ 3+ . 


,. . 4+ 1+ 1+ 3+ 1 + 


12. 


1111 1 
1+ 2+ 6+ 2+ 1+ .. 


1111 1 
./r2+ 6+ 2+ 1+ 2 + ....* 
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13.6+ I 1 1 1 



1+ 3+ 1+ 3+....' 
1+1111 1 



4+ 4+ 1+ 3+ 1+ .../ 
14. 2a±(«» ^^^l ). 15. Via 

19 9 + JT5 

7 
20. 2, f, i, V, &o. i 1, 2, f I, IJ ; 2, 1, 5, V- 
23. No. 

XLIL— Page 292. 
1 1 + 5a! „ 1 + 2a; 

l-3a! + 2ar'* 1 - a: + 2 a?' 

3 2 + 5a! 4 3 - 7a; 

■ 1 - 4a! + 7a!' 1- 6a;+ 3a!>' 

K 9 - 2a; /,' 6-2x+a? 

0. = = — » 6. - 



l+ai + 7a? l-3a! + 4ar'-a!> 

9 2= ^ ~ ^^ 8 2 _ 6 — 3a! 

(l-2a!)(l + 5ai/ ~ (l + 7a;Kl-2»)' 



9. 2 = 



10; 2 = 



1 - 2a! 



(l+a;)(l + 2a!)(l-3a;) 

1 - 4a! 
(1 - 3a!) (1 -a;)(l + a:)' 



11 2 _ 2 - 3 a! - .« V 1" § + 3 a! 

(1 - a:) (1 + 5 x)' ~ (1 - 3a!) (1 + 2a!)' 

iQ V _ 3 + 5a! + 3a!« 
(1-a!)' 

ijv 4 + 6a! + a!' 

" "^ (l-(fc)(l-2»)(I-3a!)' 

15. 1 - 3a> + 3a;« - «». 16. liJ^JI^. 

(1 - a:)' 
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19. i » (n + 1) (n + 2) (n + 3) + M (« + 1 ) (n + 2) + f n (n + 1). 

20. i{(a!+n)(a!+n+l)(a!+n+2)(ai+«+3)-a!(a!+l)(aj+2)(a!+3)} 

2L i /-?i - 1 1 1 

* 1 120 {n + 2) (» + 4) (n + 3) (» + 5) J * 

22. 4 3»jf5 gg » , , 2). 

' (n + 2) (» + 3) 3 ^ ' 

24.J_/__i 1 _ ]. 

2 & I (a + J) (* + 26) (a + M + 1 . 6) (a + » + 2 . 6) J 

25. I (4 w« - 1). 86. n«(2»»-l). 

27. 1 - ^ 



n+ I 



28. 1 + .—A-:. - T— ^. 29* -. 



|?t + 2 w + 1 » 



XLIIL— Page 302. 

1. 3010, 1443. 2. 744. S. 2671 

4. 9. B. 12* 6. 7. 

7. 117-7* 8. 6 41. ft e 25-33* 

10. 15* 11. 222. 12. «. 

16. 3', 1 in otie scale, and 3«, 3^ 3* in the other. 

19. p^^ = ^p,p^ 

XLIV.— Page 317. 

16. (i.) one ; (ii.) equal to G.C.M. ; (iii) may be reduced td 
(i.) and (ii.). 

Miscellaneous Examples. — Page 331. 
3. i (9 ± n/833). 6. Transpose, cube, &c.' 

^. 4,9.. 10. According as it is beyond or between 3 and Ij 
2 /s/2 - 3. 
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19. (1 + a.) (1 + oi) (1 + ««)• 

gg. «•-»»« + ^ _i_ + &c 
(6 - a){i)-a) X - a- 

28. The rationalized expresaon is a» - 5* j 5 - 2 -J^ 
SL; .12789-8 sq. met 35. g^-j^ g^f TTZT.' 

36. 301-9. 87. ^. 

48. ^3^ ^here B„ B«, &c., have the following relation : 

44. £3600. 

* 

45. a: = y + i 2/* + is/" + t\ 2/^ + *<^- 

1 

46. a; = 8, 2^ = 6. 49. 



(a - 1) (1 + X) 



\ 
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KOTIOES OF THB PRESS. 

''Euclid has been edited with a threefold object of facilitating 
and inducing the study of Geometry, of rendering it more suggestive 
than it is usually made, and of introducing such improvements as 
should tend to remove the objections of the modem school of geo- 
metricians. The editors have been, in the main, successful. The 
improvements to which they call attention are worthy of much 
praise. We notice a very neat proof of Euclid I. 24, which, in the 
original, is a pretty example of petUio principii, and a warning to 
t^os; the theorems relating to rectangles have undergone great 
simplifications; the Third and the Sixth Books have been made 
conveniently short without any omission of the theorems in former 
editions ; the Fifth Book is treated algebraically, and, as will be 
readily believed by those who have read Mr. Munn's admirable 
Theory of Arithmetic, in a very lucid manner. There are some 
good examples of geometrical analysis, explanatory appendices of 
great value to the beginner, and numerous exercises for the moro 
advanced pupil." — Examiner, 

"It would take more space than we have at command to state all 
the changes which the compilers have made in Euclid's Elements. 
Generally speaking, the broad lines which Euclid has laid down 
they follow; but not with a blind or slavish obedience. Proposition 
is compared with proposition ; one proposition where it has relation 
to another is quoted, and the relationship pointed out. What we 
can say for this work is this, that pupils learning Geometry from this 
text-book would have a more intelhgent knowledge of the subject, 
and yet would be able to quote propositions in the same order, and 
proofs given in substantially the same way (stripped of circumlocu- 
tion and verbiage) as if they had studied fiom the edition of Potts or 
Simpson.'' — NaU<mal Schoolmaster, 
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